
*?�Ti2` 8

"�v2bB�M �TT`Q�+?2b

8XR AMi`Q/m+iBQM

AM bi�iBbiB+b i?2`2 �`2 irQ 7mM/�K2Mi�HHv /Bz2`2Mi T?BHQbQT?B2bX h?2 K�BM /B7@
72`2M+2 Bb BM i?2B` mM/2`bi�M/BM; Q7 i?2 i2`K T`Q#�#BHBivX

Ç 6`2[m2MiBbib mM/2`bi�M/ T`Q#�#BHBiv �b � K2�bm`2 Q7 ?Qr Q7i2M � +2`i�BM
2p2Mi ?�TT2MbX

Ç "�v2bB�Mb mb2 T`Q#�#BHBiv �b � iQQH iQ [m�MiB7v mM+2`i�BMiv �#Qmi � +2`@
i�BM 2p2MiX lM+2`i�BMiv �M/ Bib T2`+2TiBQM +�M p�`v #2ir22M /Bz2`2Mi
BM/BpB/m�HbX h?Bb 7�+i ?�b #22M � #B; TQBMi 7Q` +`BiB+BxBM; "�v2bB�M �T@
T`Q�+?2bX

�HH K2i?Q/b i?�i r2`2 T`2b2Mi2/ BM i?Bb +Qm`b2 bQ 7�` �`2 6`2[m2MiBbi +QM+2TibX
h?2 `2H2p�Mi /Bz2`2M+2b #2ir22M "�v2bB�Mb �M/ 6`2[m2MiBbib +�M #2 7QmM/ BM
i?2 7QHHQrBM; TQBMibX

Ç mM/2`bi�M/BM; Q7 T`Q#�#BHBiv
Ç /Bz2`2MiB�iBQM #2ir22M +QKTQM2Mib Q7 � KQ/2H �M/ i?2 /�i�
Ç i2+?MB[m2b iQ 2biBK�i2 T�`�K2i2`bX

h?2 7QHHQrBM; i�#H2 ;Bp2b �M Qp2`pB2r Qp2` i?2 /Bz2`2M+2bX

h�#H2 8XR, .Bz2`2M+2b #2ir22M 6`2[m2MiBbib �M/ "�v2bB�Mb

hQTB+ 6`2[m2MiBbib "�v2bB�Mb
S`Q#�#BHBiv _�iBQ #2ir22M +�`/BM�HBiB2b Q7 b2ib J2�bm`2 Q7 mM+2`i�BMiv
JQ/2H �M/ .�i� S�`�K2i2` �`2 mMFMQrM- /�i� �`2

FMQrM
.Bz2`2MiB�iBQM #2ir22M FMQrMb �M/
mMFMQrMb

S�`�K2i2` 1biBK�@
iBQM

JG Q` _1JG �`2 mb2/ 7Q` T�`�K2i2`
2biBK�iBQM

J*J* i2+?MB[m2b iQ �TT`QtBK�i2
TQbi2`BQ` /Bbi`B#miBQMb

9N
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8Xk GBM2�` JQ/2H

h?2 "�v2bB�M r�v iQ 2biBK�i2 T�`�K2i2` Bb b?QrM rBi? i?2 7QHHQrBM; bBKTH2
HBM2�` KQ/2HRX G2i mb �bbmK2 i?2 7QHHQrBM; HBM2�` KQ/2H 7Q` � bBM;H2 Q#b2`p�iBQM
yi

yi = β0 + β1xi1 + ϵi U8XRV

r?2`2 β0 Bb i?2 BMi2`+2Ti �M/ xi1 Bb � T`2/B+iQ` p�`B�#H2X h?2 2``Q` i2`K Bb
/2MQi2/ #v ϵi rBi? � p�`B�M+2 σ2X

8XkXR EMQrMb �M/ lMFMQrMb

AM "�v2bB�M bi�iBbiB+b- i?2 b2T�`�iBQM BMiQ FMQrMb �M/ mMFMQrMb `2TH�+2b i?2 /B7@
72`2MiB�iBQM #2ir22M /�i� �M/ T�`�K2i2` 7`QK 7`2[m2MiBbi bi�iBbiB+bX q?2M2p2`
i?2`2 �`2 MQ KBbbBM; /�i� i?2 b2T�`�iBQM BMiQ FMQrMb �M/ mMFMQrMb +Q``2bTQM/
iQ i?2 /Bz2`2MiB�iBQM BMiQ /�i� �M/ T�`�K2i2`X 6Q` Qm` KQ/2H U8XRV i?2 b2T�`�@
iBQM BMiQ FMQrMb �M/ mMFMQrMb Bb ;Bp2M BM i?2 7QHHQrBM; i�#H2X

h�#H2 8Xk, a2T�`�iBQM AMiQ EMQrMb �M/ lMFMQrMb

h2`K EMQrM lMFMQrM
yi s
x1 s
β0 s
β1 s
σ2 s

8XkXk "�v2bB�M S�`�K2i2` 1biBK�iBQM

"�v2bB�Mb #�b2 i?2B` 2biBK�iBQM Q7 mMFMQrMb QM i?2 TQbi2`BQ` /Bbi`B#miBQM Q7
i?2 mMFMQrMb ;Bp2M i?2 FMQrMbX h?2 TQbi2`BQ` /Bbi`B#miBQM Bb +QKTmi2/ mbBM;
"�v2b h?2Q`2K #�b2/ QM i?2 T`BQ` /Bbi`B#miBQM Q7 �HH mMFMQrMb �M/ #�b2/ QM
i?2 HBF2HB?QQ/X h?2 i2`Kb ǳT`BQ`Ǵ �M/ ǳTQbi2`BQ`Ǵ �`2 iQ #2 mM/2`biQQ/ `2H�iBp2
iQ i?2 TQBMi BM iBK2 r?2`2 i?2 /�i� iQ #2 �M�Hvb2/ r�b +QHH2+i2/X h?Bb +QM+2Ti
Bb b?QrM BM 6B;m`2 8XRX
6Q` i?2 HBM2�` KQ/2H U8XRV- r2 /2}M2 i?2 p2+iQ` β �b

β =
[

β0
β1

]
.

RAM "�v2bB�M bi�iBbiB+b i?2`2 Bb MQ b2T�`�iBQM BMiQ }t2/ �M/ `�M/QK 2z2+ibX >2M+2- r2 +�HH
i?Bb KQ/2H Dmbi HBM2�` KQ/2HX
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6B;m`2 8XR, .BbiBM+iBQMb #2ir22M S`BQ` �M/ SQbi2`BQ` BM "�v2bB�M ai�iBbiB+b
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h?2 Q#b2`p�iBQMb �`2 +QHH2+i2/ BM i?2 p2+iQ` yX 6Q` i?Bb bBKTH2 2t�KTH2- r2
�bbmK2 i?�i i?2 p�`B�M+2 σ2 Bb FMQrMkX AM "�v2bB�M bi�iBbiB+b i?2 2biBK�i2
Q7 i?2 mMFMQrM β Bb #�b2/ QM i?2 TQbi2`BQ` /Bbi`B#miBQM f(β|y)X lbBM; "�v2b
h?2Q`2K- i?2 TQbi2`BQ` /Bbi`B#miBQM +�M #2 r`Bii2M �b

f(β|y) = f(β, y)
f(y)

= f(y|β)f(β)
f(y)

∝f(y|β)f(β) U8XkV

AM 2[m�iBQM U8XkV i?2 TQbi2`BQ` /Bbi`B#miBQM f(β|y) Bb 2tT`2bb2/ �b � T`Q/m+i
Q7 i?2 T`BQ` /Bbi`B#miBQM f(β) �M/ i?2 HBF2HB?QQ/ f(y|β)X h?2 7�+iQ` f(y)−1

+Q``2bTQM/b iQ i?2 MQ`K�HBxBM; +QMbi�Mi �M/ Bb MQi Q7 7m`i?2` BMi2`2bi iQ mbX
>2M+2 BM i?2 }M�H `2bmHi- i?2 TQbi2`BQ` /Bbi`B#miBQM Bb ;Bp2M �b � T`QTQ`iBQM�HBiv
`2H�iBQMX
h?2 TQbi2`BQ` /Bbi`B#miBQM f(β|y) +�M BM K�Mv +�b2b MQi #2 2tT`2bb2/ 2tTHB+BiHvX
6Q` � HQM; iBK2 i?Bb ?�b #22M � T`Q#H2K `2bi`B+iBM; i?2 mb2 Q7 "�v2bB�M K2i?@
Q/bX hrQ BKTQ`i�Mi /2p2HQTK2Mib ?�p2 +QMi`B#mi2/ BKTQ`i�Mi bQHmiBQMb iQ i?Bb
T`Q#H2KX

RX AM ("2b�;- RNd9)- Bi r�b b?QrM i?�i 2p2`v TQbi2`BQ` /Bbi`B#miBQM +�M #2
2tT`2bb2/ BM i2`Kb Q7 i?2B` 7mHH +QM/BiBQM�H /Bbi`B#miBQMX 6Q` Qm` 2t�KTH2
Q7 i?2 HBM2�` KQ/2H U8XRV- i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQMb �`2, UBV i?2
+QM/BiBQM�H /Bbi`B#miBQM Q7 β0 ;Bp2M �HH Qi?2` T�`�K2i2`b- ?2M+2 f(β0|β1, y)
�M/ UBBV i?2 +QM/BiBQM�H /Bbi`B#miBQM Q7 β1 ;Bp2M �HH Qi?2` T�`�K2i2`b r?B+?
+Q``2bTQM/b iQ f(β1|β0, y)X

kX h?2 b2+QM/ BKTQ`i�Mi /2p2HQTK2Mi +QMbBbib Q7 i?2 /2p2HQTK2Mi Q7 2{+B2Mi
Tb2m/Q@`�M/QK MmK#2` ;2M2`�iQ`b i?�i �`2 2�bv iQ mb2 QM +QKTmi2`bX

8Xj :B##b a�KTH2`

h?2 BKTH2K2Mi�iBQM Q7 i?2 �#Qp2 irQ K2MiBQM2/ /2p2HQTK2Mib ?�b H2�/ iQ �
T`Q+2/m`2 i?�i Bb `272``2/ iQ �b i?2 :B##b a�KTH2`X JQbi Q7 i?2 iBK2b (:2@
K�M �M/ :2K�M- RN39) Bb ;Bp2M +`2/Bi 7Q` � }`bi �TTHB+�iBQM Q7 i?2 /2b+`B#2/
T�`�K2i2` 2biBK�iBQM i2+?MB[m2X q?2M i?2 :B##b a�KTHBM; i2+?MB[m2 Bb �TTHB2/
iQ � bBKTH2 HBM2�` KQ/2H- i?2 7QHHQrBM; T`Q+2/m`2 +�M #2 /2`Bp2/X AM ;2M2`�H- �
/�i� �M�HvbBb rBi? i?2 :B##b a�KTH2` +�M �Hr�vb #2 /QM2 #v ;QBM; i?`Qm;? i?2
7QHHQrBM; bi2TbX

RX .2i2`KBM2 i?2 T`BQ` /Bbi`B#miBQMb 7Q` i?2 mMFMQrMb
kX .2i2`KBM2 i?2 HBF2HB?QQ/

k�b � +QMb2[m2M+2- σ2 Bb QKBii2/ 7`QK �HH bm#b2[m2Mi /2`Bp�iBQMbX
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jX .2i2`KBM2 i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQMbX

8XjXR S`BQ` .Bbi`B#miBQMb

AM Qm` 2t�KTH2 Q7 i?2 bBKTH2 HBM2�` KQ/2H- i?2 T`BQ` /Bbi`B#miBQM +Q``2bTQM/b
iQ f(β)X AM KQbi +�b2b r?2M � +2`i�BM ivT2 Q7 /�i�b2i Bb �M�Hvb2/ 7Q` i?2 }`bi
iBK2- i?2`2 Bb MQ T`BQ` BM7Q`K�iBQM �#Qmi i?2 mMFMQrMb �p�BH�#H2X AM bm+? �
+�b2 �M mMBM7Q`K�iBp2 T`BQ` Bb +?Qb2MX h?�i K2�Mb f(β) Bb +?Qb2M �b � +QMbi�MiX
6Q` Qm` 2t�KTH2- r2 rQmH/ mb2 �M mMBM7Q`K�iBp2 T`BQ` 7Q` β �M/ ?2M+2- r2 b2i
f(β) = c r?2`2 c Bb � +QMbi�MiX
� r2HH 2bi�#HBb?2/ �Hi2`M�iBp2 iQ mMBM7Q`K�iBp2 T`BQ`b �`2 T`BQ` /Bbi`B#miBQMb Q7
mMFMQrMb i?�i ?�p2 #22M mb2/ BM K�Mv /�i� �M�Hvb2bX �b � `2bmHi bm+? T`BQ`
/Bbi`B#miBQMb +�M #2 +QMbB/2`2/ �b /2@7�+iQ bi�M/�`/ /m2 iQ i?2B` rB/2@bT`2�/
mb�;2X

8XjXk GBF2HB?QQ/

aBKBH�`Hv iQ 7`2[m2MiBbi bi�iBbiB+b- i?2 HBF2HB?QQ/ Bb /2}M2/ �b i?2 +QM/BiBQM�H
/Bbi`B#miBQM f(y|β) Q7 i?2 /�i� y ;Bp2M i?2 T�`�K2i2` βX AM i?2 +�b2 r?2`2 MQi
/�i� �`2 KBbbBM;- i?2 "�v2bB�M HBF2HB?QQ/ Bb i?2 b�K2X

8XjXj 6mHH *QM/BiBQM�H .Bbi`B#miBQM

qBi? 7mHH +QM/BiBQM�H /Bbi`B#miBQMb- r2 K2�M i?�i 7Q` 2p2`v mMFMQrM- i?2 +QM/B@
iBQM�H /Bbi`B#miBQM Q7 i?�i mMFMQrM ;Bp2M 2p2`vi?BM; 2Hb2 ?�b iQ #2 /2i2`KBM2/X
AM Qm` 2t�KTH2 Q7 i?2 bBKTH2 HBM2�` KQ/2H- i?2`2 �`2 irQ mMFMQrMb β0 �M/ β1X
>2M+2- r2 ?�p2 irQ 7mHH +QM/BiBQM�H /Bbi`B#miBQMbX �bbmKBM; i?�i i?2 /�i� y
7QHHQr � MQ`K�H /Bbi`B#miBQM- i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM +�M #2 r`Bii2M �b
b?QrM BM i?2 7QHHQrBM; i�#H2X

lMFMQrM 7mHH +QM/BiBQM�H `2bmHiBM; /Bbi`B#miBQM
β0 f(β0|β1, y) N

(
β̂0, var(β̂0)

)

β1 f(β1|β0, y) N
(

β̂1, var(β̂1)
)

"�b2/ QM � b2`B2b Q7 +QKTmi�iBQMb MQi b?QrM ?2`2 i?2 7mHH +QM/BiBQM�H /Bbi`B#m@
iBQMb +�M #2 +QMp2`i2/ BMiQ i?2 `2bmHiBM; /Bbi`B#miBQMbX h?2 bvK#QH N bi�M/b 7Q`
MQ`K�H /Bbi`B#miBQM r?2`2 i?2 }`bi �`;mK2Mi Bb i?2 K2�M �M/ i?2 b2+QM/ �`;m@
K2Mi Bb i?2 p�`B�M+2X hQ +QKTmi2 i?2 K2�M �M/ i?2 p�`B�M+2 i?�i �`2 BM+Hm/2/
BM i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQMb- i?2 KQ/2H U8XRV ?�b iQ #2 `2@7Q`KmH�i2/ �b
7QHHQrbX

y = 1β0 + xβ1 + ϵ U8XjV
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h?2 KQ/2H U8XjV Bb MQr r`Bii2M bm+? i?�i r2 ?�p2 � M2r HBM2�` KQ/2H rBi? β0
�b Bib QMHv T�`�K2i2`X h?Bb K2�Mb

w0 = 1β0 + ϵ U8X9V

rBi? w0 = y − xβ1X h?2 H2�bi b[m�`2b 2biBK�i2 β̂0 +�M #2 r`Bii2M �b

β̂0 = (1T 1)−11T w0 U8X8V

h?2 p�`B�M+2 Q7 β̂0 Bb

var(β̂0) = (1T 1)−1σ2 U8XeV

q?�i r�b b?QrM 7Q` β0 +�M �HbQ #2 /QM2 7Q` β1X

β̂1 = (xT x)−1xT w1 U8XdV

r?2`2 w1 = y − 1β0

var(β̂1) = (xT x)−1σ2 U8X3V

8XjX9 AKTH2K2Mi�iBQM P7 h?2 :B##b a�KTH2`

h?2 :B##b a�KTH2` Bb BKTH2K2Mi2/ #v `2T2�i2/ /`�rBM; Q7 `�M/QK b�KTH2b
7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQMbX h?�i K2�Mb- r2 mb2 bi�`iBM; p�Hm2b
7Q` �HH mMFMQrMbX 6Q` β0 �M/ β1 r2 mb2 0 �b � bi�`iBM; p�Hm2X AM i?2 b2+QM/
bi2T- r2 +QKTmi2 i?2 2tT2+i2/ p�Hm2 �M/ i?2 p�`B�M+2 7Q` i?2 7mHH +QM/BiBQM�H
/Bbi`B#miBQMb �M/ r2 /`�r � `�M/QK b�KTH2 7`QK i?Bb /Bbi`B#miBQMX h?2 `�M/QK
b�KTH2 �`2 i?2M mb2/ 7Q` i?2 +QKTmi�iBQM Q7 i?2 KQK2Mib Q7 i?2 7mHH +QM/BiBQM�H
/Bbi`B#miBQMb BM i?2 M2ti `QmM/X h?Bb T`Q+2/m`2 Q7 +QKTmiBM; 2tT2+i�iBQMb �M/
p�`B�M+2 Q7 i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQMb �M/ /`�rBM; `�M/QK b�KTH2b 7`QK
i?2b2 /Bbi`B#miBQMb Bb `2T2�i2/ �#Qmi Ryyyy iBK2bX �HH /`�rM b�KTH2b 7Q` β0 �M/
β1 �`2 biQ`2/X 6`QK i?2 /`�rM b�KTH2- r2 +QKTmi2 i?2 K2�M �M/ i?2 bi�M/�`/
/2pB�iBQMX h?2b2 �`2 mb2/ �b `2T`2b2Mi�iBp2b Q7 "�v2bB�M T�`�K2i2` 2biBK�i2b
�M/ bi�M/�`/ /2pB�iBQM Q7 i?2b2 2biBK�i2bX
h?2 7QHHQrBM; _ +Q/2 +?mMF ;Bp2b �M BKTH2K2Mi�iBQM Q7 i?2 :B##b a�KTH2`
7Q` i?2 mMFMQrMb β0 �M/ β1X 6Q` `2�bQMb Q7 bBKTHB+Biv σ2 r�b �bbmK2/ iQ #2
+QMbi�Mi rBi? � p�Hm2 Q7 σ2 = 1X
O OOO bi�`iBM; p�Hm2b 7Q` #2i�y �M/ #2i�R
#2i� Iė +Uy- yV
O OOO b2i i?2 MmK#2` Q7 Bi2`�iBQMb
MBi2` Iė Ryyyy
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O OOO BMBiB�HBx2 i?2 p2+iQ` Q7 `2bmHib
K2�M"2i� Iė +Uy- yV
OOO O HQQT Qp2` Bi2`�iBQMb
7Q` UBi2` BM R,MBi2`V &

O ;2i 2tT2+i2/ p�Hm2 �M/ p�`B�M+2 7Q`
O 7mHH +QM/BiBQM�H Q7 #2i�ny
r Iė v @ s(- k)  #2i�(k)
t Iė s(- R)
tTtB Iė RfUiUtV W W tV
#2i�>�i Iė iUtV W W r  tTtB
O OOO /`�r `�M/QK p�Hm2 7Q` #2i�y
#2i�(R) Iė `MQ`KUR- #2i�>�i- b[`iUtTtBVV
O 2tT2+i2/ p�Hm2� M/ p�`B�M+2 7Q` #2i�R
r Iė v @ s(- R)  #2i�(R)
t Iė s(- k)
tTtB Iė RfUiUtV W W tV
#2i�>�i Iė iUtV W W r  tTtB
O OOO M2r `�M/QK MmK#2` 7Q` #2i�R
#2i�(k) Iė `MQ`KUR- #2i�>�i- b[`iUtTtBVV
K2�M"2i� Iė K2�M"2i� Y #2i�

'
O OOO PmiTmi Q7 `2bmHib
+�iUbT`BMi7U]�+?b2M�#b+?MBii 4 WeXj7 $M]- K2�M"2i�(R)fBi2`VV
+�iUbT`BMi7U]ai2B;mM; 4 WeXj7 $M]- K2�M"2i�(k)fBi2`VV

h?2 �TTHB+�iBQM Q7 i?Bb T`Q+2/m`2 iQ � `2�H /�i� b2i rBHH #2 i?2 iQTB+ Q7 �M
2t2`+Bb2X
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