
*?�Ti2` k

6Bt2/ GBM2�` 1z2+ib JQ/2Hb

kXR Pi?2` _2bQm`+2b

h?Bb +?�Ti2` Bb #�b2/ QM i?2 rQ`F Q7 ("m2?HK�MM �M/ J�2+?H2`- kyR9)X �T�`i
7`QK i?�i i?2`2 �`2 K�Mv Qi?2` `2bQm`+2b 7Q` i?2 iQTB+ Q7 JmHiBTH2 GBM2�`
_2;`2bbBQMbX �M BMi2`2biBM; QMHBM2 #QQF Bb (GBHD�- kyRe)X

kXk JQiBp�iBQM

q?v Bb i?2 iQTB+ Q7 7Bt2/ HBM2�` 2772+ib KQ/2Hb U6G1JV BKTQ`i�Mi 7Q` i?2
�M�HvbBb Q7 ;2MQKB+ /�i�\ h?Bb [m2biBQM Bb #2bi �Mbr2`2/ r?2M HQQFBM; �i i?2
/�i�X AM +?�Ti2` R- r2 b�r i?�i ;2MQKB+ #`22/BM; p�Hm2b +�M 2Bi?2` #2 2biBK�i2/
mbBM; � irQ@bi2T T`Q+2/m`2 Ub22 b2+iBQM RX9V Q` #v � bBM;H2 bi2T �TT`Q�+? Ub22
b2+iBQM RX8VX �i i?2 KQK2Mi- r2 �bbmK2 i?�i r2 �`2 BM i?2 }`bi bi2T Q7 i?2
irQ bi2T �TT`Q�+? r?2`2 r2 2biBK�i2 i?2 a 2z2+ib BM � `272`2M+2 TQTmH�iBQM Q`
�Hi2`M�iBp2Hv r2 ?�p2 � T2`72+i /�i� b2i rBi? �HH �MBK�Hb ;2MQivT2/ �M/ rBi? �
T?2MQivTB+ Q#b2`p�iBQM BM � bBM;H2 bi2T b2iiBM;X "Qi? bBim�iBQMb �`2 2[mBp�H2Mi
r?2M Bi +QK2b iQ i?2 bi`m+im`2 Q7 i?2 mM/2`HvBM; /�i�b2i �M/ rBi? `2bT2+i iQ
i?2 T`QTQb2/ KQ/2H iQ �M�Hvb2 i?2 /�i�X

kXj .�i�

�b �H`2�/v K2MiBQM2/ BM b2+iBQM kXk- r2 �`2 �bbmKBM; i?�i r2 ?�p2 � T2`72+i
/�i� b2i 7Q` � ;Bp2M TQTmH�iBQM Q7 �MBK�HbX h?�i K2�Mb 2�+? �MBK�H i ?�b �
T?2MQivTB+ Q#b2`p�iBQM yi 7Q` � ;Bp2M i`�Bi Q7 BMi2`2biX 6m`i?2`KQ`2- r2 �bbmK2
iQ Dmbi ?�p2 � K�T Q7 i?`22 aLS K�`F2`bX h?2 K�`F2` HQ+B �`2 +�HH2/ G- H �M/

Rd
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IX 1�+? Q7 i?2 K�`F2`b ?�b Dmbi irQ �HH2H2bX 6B;m`2 kXR i`B2b iQ BHHmbi`�i2 i?2
bi`m+im`2 Q7 � /�i�b2i mb2/ iQ 2biBK�i2 :"oX

6B;m`2 kXR, ai`m+im`2 Q7 .�i�b2i hQ 1biBK�i2 :"o

�b +�M #2 b22M 7`QK 6B;m`2 kXR 2�+? Q7 i?2 N �MBK�Hb ?�p2 FMQrM ;2MQivT2b
7Q` �HH i?`22 aLS K�`F2`b �M/ i?2v �HH ?�p2 � T?2MQivTB+ Q#b2`p�iBQM yi (i =
1, ·, N)X "2+�mb2 r2 �`2 �bbmKBM; 2�+? aLS K�`F2` iQ #2 #B@�HH2HB+- i?2`2 �`2
QMHv i?`22 TQbbB#H2 K�`F2` ;2MQivT2b �i 2p2`v K�`F2` TQbBiBQMX >2M+2 K�`F2`
;2MQivT2b �`2 /Bb+`2i2 2MiBiB2b rBi? � }t2/ MmK#2` Q7 H2p2HbX .m2 iQ i?2 M�im`2 Q7
i?2 aLS K�`F2` ;2MQivT2 /�i�- r2 +�M �H`2�/v b�v i?�i i?2v +QmH/ #2 KQ/2H2/
�b }t2/ 2z2+ib BM � }t2/ HBM2�` 2z2+ib KQ/2HX JQ`2 /2i�BHb �#Qmi i?2 KQ/2H rBHH
7QHHQr BM b2+iBQM kX9X

kX9 JQ/2H

h?2 ;Q�H Q7 Qm` /�i� �M�HvbBb mbBM; i?2 /�i�b2i /2b+`B#2/ BM b2+iBQM kXj Bb iQ +QK2
mT rBi? 2biBK�i2b 7Q` ;2MQKB+ #`22/BM; p�Hm2b 7Q` �HH �MBK�Hb BM Qm` /�i�b2iX h?2
;2MQKB+ #`22/BM; p�Hm2b rBHH H�i2` #2 mb2/ iQ `�MF i?2 �MBK�HbX h?2 `�MFBM;
Q7 i?2 �MBK�Hb �++Q`/BM; iQ i?2 :"o Bb mb2/ iQ b2H2+i i?2 T�`2Mib Q7 i?2 7mim`2



kX9X JP.1G RN

;2M2`�iBQM Q7 HBp2biQ+F �MBK�HbX Ai T`Q#�#Hv K�F2b b2Mb2 iQ /BbiBM;mBb? #2ir22M
irQ /Bz2`2Mi ivT2b Q7 KQ/2Hb i?�i r2 ?�p2 iQ b2i mTX PM i?2 QM2 bB/2 r2 M22/ �
KQ/2H i?�i /2b+`B#2b i?2 mM/2`HvBM; ;2M2iB+ �`+?Bi2+im`2 r?B+? Bb T`2b2Mi BM Qm`
/�i�b2iX q2 rBHH #2 mbBM; � bQ@+�HH2/ ;2M2iB+ KQ/2H iQ /2b+`B#2 i?BbX PM i?2
Qi?2` bB/2- r2 ?�p2 �i bQK2 TQBMi #2BM; �#H2 iQ ;2i 2biBK�i2b 7Q` i?2 :"ob r?B+?
`2[mB`2b � bi�iBbiB+�H KQ/2H r?B+? Bb �#H2 iQ 2biBK�i2 mMFMQrM T�`�K2i2`b �b
� 7mM+iBQM Q7 Q#b2`p2/ /�i�X AM i?2 2M/- r2 rBHH `2�HBx2 i?�i i?2 irQ KQ/2Hb �`2
�+im�HHv i?2 b�K2 KQ/2H #mi i?2v �`2 Dmbi /Bz2`2Mi r�vb Q7 HQQFBM; �i i?2 b�K2
bi`m+im`2 Q7 mM/2`HvBM; T?2MQK2M�X

kX9XR :2M2iB+ JQ/2H

h?2 �p�BH�#BHBiv Q7 ;2MQKB+ BM7Q`K�iBQM 7Q` �HH �MBK�Hb BM i?2 /�i�b2i K�F2b
Bi TQbbB#H2 iQ mb2 � TQHv;2MB+ KQ/2HX AM +QMi`�bi iQ �M BM}MBi2bBK�H KQ/2H- �
TQHv;2MB+ KQ/2H mb2b � }MBi2 MmK#2` Q7 /Bb+`2i2 HQ+B iQ KQ/2H i?2 ;2M2iB+ T�`i
Q7 �M 2tT`2bb2/ T?2MQivTB+ Q#b2`p�iBQMX 6`QK [m�MiBi�iBp2 ;2M2iB+b Ub22 2X;X
(6�H+QM2` �M/ J�+F�v- RNNe) 7Q` � `272`2M+2V r2 FMQr i?�i 2p2`v T?2MQivTB+
Q#b2`p�iBQM y +�M #2 b2T�`�i2/ BMiQ � ;2M2iB+ T�`i g �M/ �M 2MpB`QMK2Mi�H T�`i
eX h?Bb H2�/b iQ i?2 p2`v bBKTH2 ;2M2iB+ KQ/2H

y = g + e UkXRV

h?2 2MpB`QMK2Mi�H T�`i +�M #2 bTHBi BMiQ bQK2 }t2/ FMQrM bvbi2K�iB+ 7�+iQ`b
bm+? �b ?2`/- b2�bQM 2772+ib- �;2 �M/ KQ`2 �M/ BMiQ � `�M/QK mMFMQrM T�`iX
h?2 bvbi2K�iB+ 7�+iQ`b �`2 ivTB+�HHv ;`QmT2/ BMiQ � p2+iQ` Q7 }t2/ 2z2+ib +�HH2/
βX h?2 mMFMQrM 2MpB`QMK2Mi�H `�M/QK T�`i Bb mbm�HHv +�HH2/ ϵX h?Bb �HHQrb iQ
`2@r`Bi2 i?2 bBKTH2 ;2M2iB+ KQ/2H BM UkXRV �b

y = β + g + ϵ UkXkV

h?2 ;2M2iB+ +QKTQM2Mi g +�M #2 /2+QKTQb2/ BMiQ +QMi`B#miBQMb 7`QK i?2 }MBi2
MmK#2` Q7 HQ+B i?�i �`2 BM~m2M+BM; i?2 Q#b2`p�iBQM yX AM Qm` 2t�KTH2 /�i�b2i
Ub22 6B;m`2 kXRV i?2`2 �`2 i?`22 HQ+BR i?�i �`2 �bbmK2/ iQ ?�p2 �M 2z2+i QM yX
A;MQ`BM; �Mv BMi2`�+iBQM 2z2+ib #2ir22M i?2 i?`22 HQ+B- r2 +�M /2+QKTQb2 i?2
Qp2`�HH ;2M2iB+ 2z2+i g BMiQ i?2 bQK2 Q7 i?2 ;2MQivTB+ p�Hm2b Q7 2�+? HQ+mbX >2M+2

g =
k∑

j=1
gj UkXjV

RAKTHB+BiHv- r2 �`2 i`2�iBM; i?2 aLS@K�`F2`b iQ #2 B/2MiB+�H rBi? i?2 mM/2`HvBM; ZhGX "mi
#�b2/ QM i?2 7�+i i?�i r2 ?�p2 p2`v K�Mv aLSb bT`2�/ Qp2` i?2 +QKTH2i2 ;2MQK2- i?2`2 rBHH
�Hr�vb #2 aLS bm{+B2MiHv +HQb2 iQ 2p2`v ZhG i?�i BM~m2M+2b � +2`i�BM i`�BiX "mi BM `2�HBiv
i?2 mMFMQrM ZhG �z2+i i?2 i`�Bib �M/ MQi i?2 aLSbX
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r?2`2 7Q` Qm` 2t�KTH2 k Bb 2[m�H iQ i?`22kX
*QMbB/2`BM; �HH aLS HQ+B iQ #2 Tm`2Hv �//BiBp2 r?B+? K2�Mb i?�i r2 �`2 B;MQ`BM;
�Mv /QKBM�M+2 2z2+ib- i?2 ;2MQivTB+ p�Hm2b gj �i �Mv HQ+mb j +�M Dmbi i�F2 QM2
Q7 i?2 i?`22 p�Hm2b −aj - 0 Q` +aj r?2`2 aj +Q``2bTQM/b iQ i?2 a p�Hm2 7`QK
i?2 KQMQ@;2MB+ KQ/2H Ub22 6B;m`2 RX9VX 6Q` Qm` 2t�KTH2 /�i�b2i i?2 ;2MQivTB+
p�Hm2 7Q` 2�+? aLS ;2MQivT2 Bb ;Bp2M BM i?2 7QHHQrBM; i�#H2X

h�#H2 kXR, :2MQivTB+ o�Hm2b 6Q` �HH h?`22 aLS@GQ+B

aLS GQ+mb :2MQivT2 :2MQivTB+ o�Hm2
SNP1 G1G1 a1
SNP1 G1G2 0
SNP1 G2G2 −a1
SNP2 H1H1 a2
SNP2 H1H2 0
SNP2 H2H2 −a2
SNP3 I1I1 a3
SNP3 I1I2 0
SNP3 I2I2 −a3

6`QK i?2 h�#H2 kXR r2 +�M b22 i?�i �Hr�vb i?2 �HH2H2 rBi? bm#b+`BTi 1 Bb i�F2M
iQ #2 i?�i rBi? i?2 TQbBiBp2 2z2+iX *QK#BMBM; i?2 BM7Q`K�iBQM 7`QK h�#H2 kXR
iQ;2i?2` rBi? i?2 /2+QKTQbBiBQM Q7 i?2 ;2MQivTB+ p�Hm2 g BM UkXjV- r2 ;2i

g = M · a UkX9V

r?2`2 M Bb �M BM/B+�iQ` K�i`Bt i�FBM; p�Hm2b Q7 −1- 0 �M/ 1 /2T2M/BM; QM i?2
aLS K�`F2` ;2MQivT2 �M/ a Bb � p2+iQ` Q7 a p�Hm2bX *QK#BMBM; i?2 /2+QKTQbB@
iBQM BM UkX9V iQ;2i?2` rBi? i?2 #�bB+ ;2M2iB+ KQ/2H BM UkXkV- r2 ;2i

y = β + M · a + ϵ UkX8V

h?2 `2bmHi Q#i�BM2/ BM UkXkV Bb i?2 7mM/�K2Mi�H /2+QKTQbBiBQM Q7 i?2 T?2MQivTB+
Q#b2`p�iBQM y BMiQ � ;2M2iB+ T�`i `2T`2b2Mi2/ #v i?2 aLS K�`F2` BM7Q`K�iBQM
UMV �M/ �M 2MpB`QMK2Mi�H T�`i Uβ �M/ ϵVX h?2 a p�Hm2b �`2 mMFMQrM �M Kmbi
#2 2biBK�i2/X h?2 2biBK�i2b Q7 i?2 a p�Hm2b rBHH i?2M #2 mb2/ iQ T`2/B+i i?2
:"obX >Qr i?Bb 2biBK�iBQM T`Q+2/m`2 rQ`Fb Bb /2b+`B#2/ BM i?2 M2ti b2+iBQM
kX9XkX

kAM `2�HBiv k +�M #2 1.5∗105 7Q` bQK2 +QKK2`+B�H aLS +?BT TH�i7Q`KbX q?2M rQ`FBM; rBi?
+QKTH2i2 ;2MQKB+ b2[m2M+2b- k +�M �HbQ #2 BM i?2 Q`/2` Q7 3 ∗ 107X



kX8X .16ALAhAPL P6 6G1J kR

kX9Xk ai�iBbiB+�H JQ/2H

q?2M HQQFBM; �i i?2 7mM/�K2Mi�H /2+QKTQbBiBQM ;Bp2M BM i?2 bi�iBbiB+�H KQ/2H
T`2b2Mi2/ BM UkX8V 7`QK � bi�iBbiB+b TQBMi Q7 pB2r- i?2 KQ/2H BM UkX8V +�M #2
BMi2`T`2i2/ �b }t2/ HBM2�` 2z2+ib KQ/2H U6G1JVX 6G1J `2T`2b2Mi � +H�bb
Q7 HBM2�` KQ/2Hb r?2`2 2�+? KQ/2H i2`K 2t+2Ti 7Q` i?2 `�M/QK `2bB/m�H i2`K Bb
� }t2/ 2z2+iX
lbBM; i?2 /2+QKTQbBiBQM ;Bp2M BM Qm` ;2M2iB+ KQ/2H Ub22 2[m�iBQM UkX8VV 7Q` Qm`
2t�KTH2 /�i�b2i BHHmbi`�i2/ BM 6B;m`2 kXR- 2p2`v Q#b2`p�iBQM yi Q7 �MBK�H i +�M
#2 r`Bii2M �b

yi = Wi · β + Mi · a + ϵi UkXeV

r?2`2
Ç yi Bb i?2 Q#b2`p�iBQM Q7 �MBK�H i
Ç β Bb � p2+iQ` Q7 mMFMQrM bvbi2K�iB+ 2MpB`QMK2Mi�H 2z2+ib
Ç Wi Bb �M BM/B+�iQ` `Qr p2+iQ` HBMFBM; β iQ yi

Ç a Bb � p2+iQ` Q7 mMFMQrM �//BiBp2 �HH2H2 bm#biBimiBQM 2z2+ib Ua p�Hm2bV
Ç Mi Bb �M BM/B+�iQ` `Qr p2+iQ` 2M+Q/BM; i?2 aLS ;2MQivT2b Q7 �MBK�H i �M/
Ç ϵi Bb i?2 `�M/QK mMFMQrM 2MpB`QMK2Mi�H i2`K #2HQM;BM; iQ �MBK�H i

AM i?2 7QHHQrBM; b2+iBQM- r2 r`Bi2 /QrM i?2 /2}MBiBQM Q7 � 6G1J �M/ +QKT�`2
Bi iQ i?2 bi�iBbiB+�H KQ/2H ;Bp2M BM UkXeVX

kX8 .2}MBiBQM Q7 6G1J

h?2 KmHiBTH2 }t2/ HBM2�` 2z2+ib KQ/2H Bb /2}M2/ �b 7QHHQrbX

.2}MBiBQM kXR U6Bt2/ GBM2�` 1z2+ib JQ/2HVX AM � }t2/ HBM2�` 2z2+ib KQ/2H-
2p2`v Q#b2`p�iBQM i BM � /�i�b2i Bb +?�`�+i2`Bx2/ #v � `2bTQMb2 p�`B�#H2 �M/
� b2i Q7 T`2/B+iQ`bX lT iQ bQK2 `�M/QK 2``Q`b i?2 `2bTQMb2 p�`B�#H2 +�M #2
2tT`2bb2/ �b � HBM2�` 7mM+iBQM Q7 i?2 T`2/B+iQ`bX h?2 T`QTQb2/ HBM2�` 7mM+iBQM
+QMi�BMb mMFMQrM T�`�K2i2`bX h?2 ;Q�H Bb iQ 2biBK�i2 #Qi? i?2 mMFMQrM T�@
`�K2i2`b �M/ i?2 2``Q` p�`B�M+2X

kX8XR h2`KBMQHQ;v

6Q` /�i�b2ib r?2`2 #Qi? i?2 T`2/B+iQ`b �M/ i?2 `2bTQMb2 p�`B�#H2b �`2 QM �
+QMiBMmQmb b+�H2- r?B+? K2�Mb i?�i i?2v +Q``2bTQM/ iQ K2�bm`2/ [m�MiBiB2b
bm+? �b #Q/v r2B;?i- #`2�bi +B`+mK72`2M+2 Q` KBHF vB2H/- i?2 KQ/2H Bb `272``2/
iQ �b KmHiBTH2 HBM2�` `2;`2bbBQM KQ/2HX "2+�mb2 i?2 bi�iBbiB+�H KQ/2H BM
UkXeV +QMi�BMb i?2 aLS ;2MQivT2b �b /Bb+`2i2 }t2/ 2z2+ib- r2 �`2 MQi /2�HBM;
rBi? � `2;`2bbBQM KQ/2H #mi rBi? � KQ`2 ;2M2`�H }t2/ HBM2�` 2z2+ib KQ/2HX
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kX8Xk JQ/2H aT2+B}+�iBQM

�M �M�HvbBb Q7 i?2 KQ/2H ;Bp2M BM UkXeV b?Qrb i?�i Bi 2t�+iHv +Q``2bTQM/b iQ
i?2 /2}MBiBQM kXRX AM i?Bb 2[mBp�H2M+2- i?2 Q#b2`p�iBQM yi +Q``2bTQM/b iQ i?2
`2bTQMb2 p�`B�#H2X 6m`i?2`KQ`2- i?2 mMFMQrM 2MpB`QMK2Mi�H i2`K ϵ +Q``2bTQM/b
iQ i?2 `�M/QK `2bB/m�H T�`i BM i?2 6G1JX 1t+2Ti 7Q` i?2 `�M/QK `2bB/m�Hb i?2
`2bTQMb2 p�`B�#H2 yi Bb � HBM2�` 7mM+iBQM Q7 i?2 }t2/ 2z2+ib r?B+? +Q``2bTQM/b
iQ �HH bvbi2K�iB+ 2MpB`QMK2Mi�H 2z2+ib �M/ iQ �HH aLS ;2MQivT2 2z2+ibX
6Q` i?2 /2b+`BTiBQM Q7 ?Qr iQ 2biBK�i2 i?2 mMFMQrM T�`�K2i2` β �M/ a BM i?2
KQ/2H UkXeV- Bi Bb mb27mH iQ +QK#BM2 β �M/ a BMiQ � bBM;H2 p2+iQ` Q7 mMFMQrM
T�`�K2i2`b �M/ r2 +�HH Bi bX

b =
[

β
a

]
UkXdV

h�FBM; i?2 2[m�iBQMb �b b?QrM BM UkXeV 7Q` �HH Q#b2`p�iBQMb Ui = 1, . . . , NV �M/
2tT`2bbBM; i?2K BM K�i`Bt@p2+iQ` MQi�iBQM- r2 ;2i

y = Xb + ϵ UkX3V

r?2`2
Ç y Bb i?2 p2+iQ` Q7 N Q#b2`p�iBQMb
Ç b Bb i?2 p2+iQ` Q7 �HH mMFMQrM }t2/ 2z2+ib
Ç X Bb i?2 BM+B/2M+2 K�i`Bt HBMFBM; i?2 T�`�K2i2`b Q7 b iQ y
Ç ϵ Bb i?2 p2+iQ` Q7 `�M/QK `2bB/m�Hb

h?2 BM+B/2M+2 K�i`Bt X BM UkX3V +�M #2 +QKTQb2/ 7`QK i?2 K�i`B+2b W �M/ M
#v +QM+�i2M�iBM; i?2 H�ii2` irQ K�i`B+2b- BX2X-

X =
[

W M
]

UkXNV

kXe S�`�K2i2` 1biBK�iBQM lbBM; G2�bi a[m�`2b

h?2 K2i?Q/ Q7 T�`�K2i2` 2biBK�iBQM Bb 2tTH�BM2/ mbBM; i?2 bBKTH2` +�b2 Q7 �
`2;`2bbBQM KQ/2HX h?�i K2�Mb #Qi? i?2 T`2/B+iQ`b �M/ i?2 `2bTQMb2 p�`B�#H2b
�`2 QM � +QMiBMmQmb b+�H2X �b � 7m`i?2` bBKTHB}+�iBQM- r2 �bbmK2 i?�i i?2`2 Bb
QMHv QM2 T`2/B+iQ` p�`B�#H2 �M/ QM2 `2bTQMb2 p�`B�#H2X h?2 T`2/B+iQ` p�`B�#H2
Bb +�HH2/ x �M/ i?2 `2bTQMb2 p�`B�#H2 Bb +�HH2/ yX h?2 KQ/2H Bb biBHH i?2 b�K2 �b
b?QrM BM UkX3VX h?2 K�i`Bt X ?�b Dmbi QM2 +QHmKM rBi? i?2 K2�bm`2/ p�Hm2b Q7
i?2 T`2/B+iQ` p�`B�#H2 �M/ b Bb Dmbi � b+�H�` mMFMQrM T�`�K2i2`X h?2 p2+iQ` y
+QMi�BMb i?2 Q#b2`p2/ p�Hm2b 7Q` i?2 `2bTQMb2 p�Hm2bX
h?2 ;Q�H Q7 i?2 �M�HvbBb Q7 i?2 bBKTH2 /�i�b2i Bb iQ }M/ �M 2biBK�i2 Q7 i?2 b+�H�`
b bm+? i?�i i?2 HBM2�` +QK#BM�iBQM Q7 X �M/ b #2bi 2tTH�BMb i?2 p�Hm2b BM yX >Qr
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r2 +�M }M/ bm+? �M 2biBK�iBQM T`Q+2/m`2 i?�i �HHQrb mb iQ +�H+mH�i2 �M 2biBK�i2
Q7 b Bb 2tTH�BM2/ mbBM; � bK�HH 2t�KTH2 /�i� b2i BM i?2 7QHHQrBM; bm#b2+iBQMX

kXeXR �M 1t�KTH2 .�i�b2i

� rB/2Hv mb2 2t�KTH2 /�i�b2i 7Q` bm+? � bBKTH2 `2;`2bbBQM �M�HvbBb BM �MB@
K�H #`22/BM; +QMbBbib Q7 K2�bm`2K2Mib Q7 #Q/v r2B;?i U"qV �M/ #`2�bi
+B`+mK72`2M+2 U"*V 7Q` � ;Bp2M ;`QmT Q7 �MBK�HbX

h�#H2 kXk, .�i�b2i 7Q` _2;`2bbBQM Q7 "Q/v q2B;?i QM "`2�bi *B`@
+mK72`2M+2 7Q` i2M �MBK�Hb

�MBK�H "`2�bi *B`+mK72`2M+2 "Q/v q2B;?i
R Rde 9dR
k Rdd 9ej
j Rd3 93R
9 RdN 9dy
8 RdN 9Ne
e R3y 9NR
d R3R 8R3
3 R3k 8RR
N R3j 8Ry

Ry R39 89R

h?2 /�i�b2i b?QrM �#Qp2 Bb i�F2M 7`QK h�#H2 NXR BM (1bbH- RN3d)X PM2 Q7 i?2
TQbbB#H2 `2�bQMb 7Q` }iiBM; � `2;`2bbBQM 7`QK "q QM "* Bb i?�i i?2 H�ii2` Bb
2�bB2` iQ K2�bm`2X h?2 K2�bm`2/ p�Hm2b Q7 "* +�M #2 mb2/ iQ T`2/B+i "q QM+2
r2 ?�p2 /2i2`KBM2/ i?2 `2;`2bbBQM +Q2{+B2MiX 6Q` i?Bb T`2/B+iBQM- r2 mb2 "q �b
`2bTQMb2 p�`B�#H2 y �M/ "* �b T`2/B+iQ` p�`B�#H2 xX h?Bb H2�/b iQ i?2 `2;`2bbBQM
KQ/2H

y = x ∗ b + ϵ UkXRyV

r?2`2 y Bb i?2 p2+iQ` Q7 #Q/v r2B;?ib �M/ x Bb i?2 p2+iQ` Q7 #`2�bi +B`+mK72`2M+2bX
b Bb � b+�H�` p�Hm2 r?B+? Bb mMFMQrM �M/ ϵ Bb i?2 p2+iQ` Q7 `�M/QK mMFMQrM 2``Q`
i2`KbX h?2 ;Q�H Bb iQ /2i2`KBM2 b bm+? i?�i i?2 T`2/B+iQ` p�`B�#H2 #2bi 2tTH�BMb
i?2 `2bTQMb2 p�`B�#H2X >Qr b Bb /2i2`KBM2/ Bb 2tTH�BM2/ rBi? i?2 7QHHQrBM; THQiX
AM 6B;m`2 kXk i?2 #Hm2 TQBMib +Q``2bTQM/ iQ i?2 /�i� TQBMib ;Bp2M #v i?2 /�i�b2i
b?QrM BM h�#H2 kXkX h?2 `2/ HBM2 +Q``2bTQM/b iQ i?2 `2;`2bbBQM HBM2 /2}M2/ #v
i?2 mMFMQrM `2;`2bbBQM T�`�K2i2` bX h?2 /Bbi�M+2 #2ir22M i?2 /�i� TQBMib iQ
i?2 T`QD2+iBQM BM i?2 /B`2+iBQM Q7 i?2 y@�tBb +Q``2bTQM/b iQ i?2 `2bB/m�H rX 6Q`
� ;Bp2M /�i� TQBMi i- i?2 `2bB/m�H ri Bb +QKTmi2/ �b



k9 *>�Sh1_ kX 6As1. GAL1�_ 1661*ha JP.1Ga

6B;m`2 kXk, _2;`2bbBQM Q7 "Q/v q2B;?i PM "`2�bi *B`+mK72`2M+2
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ri = yi − xi ∗ b̂ UkXRRV

r?2`2 b̂ /2MQi2b � +QM+`2i2 2biBK�i2/ p�Hm2 Q7 bX 6Q` � /Bz2`2Mi +?QB+2 Q7 � p�Hm2
Q7 b̂- /Bz2`2Mi p�Hm2b 7Q` i?2 `2bB/m�Hb ri +�M #2 +QKTmi2/X Pm` ;Q�H Bb iQ }M/ i?2
p�Hm2 Q7 b̂ i?�i `2bmHib BM i?2 bK�HH2bi `2bB/m�Hb riX AM Q`/2` iQ �pQB/ +�M+2HH�iBQM
Q7 TQbBiBp2 �M/ M2;�iBp2 p�Hm2b Q7 i?2 `2bB/m�Hb- i?2 ri p�Hm2b �`2 b[m�`2/ �M/
�//2/X h?Bb bmK Q7 i?2 b[m�`2/ `2bB/m�Hb Bb mb2/ �b � K2�bm`2 Q7 ?Qr ;QQ/ �
;Bp2M `2;`2bbBQM HBM2 /2i2`KBM2/ #v b̂ }ib � ;Bp2M b2i Q7 /�i� TQBMibX "2+�mb2 r2
r�Mi iQ ?�p2 � ;QQ/ }i i?Bb K2�Mb i?�i i?2 bmK Q7 i?2 b[m�`2/ `2bB/m�Hb b?QmH/
#2 �b bK�HH �b TQbbB#H2X
h?2 K2i?Q/ i?�i /2i2`KBM2b b̂ bm+? i?�i i?2 bmK Q7 i?2 b[m�`2/ `2bB/m�Hb Bb
KBMBK�H Bb +�HH2/ G2�bi a[m�`2bX AM � ;2M2`�H 7Q`KmH� rBi? KQ`2 i?�M QM2
T`2/B+iQ` p�`B�#H2b r2 +�M r`Bi2 i?2 H2�bi b[m�`2b 2biBK�i2 b̂LS �b

b̂LS = argminb||y − Xb||2 UkXRkV

r?2`2 ||.|| /2MQi2b i?2 1m+HB/2�M MQ`KX h?2 2biBK�i2 b̂LS +�M #2 7QmM/ #v
}M/BM; i?2 KBMBKmK Q7 ||y − Xb||2X h?2 KBMBKmK Q7 ||y − Xb||2 Bb 7QmM/ #v
}`bi i�FBM; i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ b �M/ i?2 b2iiBM; i?�i /2`Bp�iBp2 iQ 0X
h?2 /2`Bp�iBp2 Q7 ||y − Xb||2 rBi? `2bT2+i iQ b +�M #2 +QKTmi2/ �b 7QHHQrb

LS = ||y−Xb||2 = (y−Xb)T (y−Xb) = yT y−yT Xb−bT XT y+bT XT Xb UkXRjV

h?2 /2`Bp�iBp2 Q7 LS rBi? `2bT2+i iQ b Bb

∂LS

∂b
= −yT X − yT X + 2 ∗ bT XT X UkXR9V

h?2 KBMBKmK Bb 7QmM/ #v b2iiBM; ∂LS
∂b iQ 0X

∂LS

∂b
= −yT X − yT X + 2 ∗ b̂T XT X = 0 UkXR8V

6`QK 2[m�iBQM UkXR8V- r2 ;2i i?2 bQ@+�HH2/ H2�bi b[m�`2b LQ`K�H 1[m�iBQMb
7Q` b̂X

XT Xb̂ = XT y UkXReV

6Q` � `2;`2bbBQM KQ/2H- r2 FMQr i?�i X ?�b 7mHH +QHmKM `�MFjX h?�i K2�Mb r2
+�M bQHp2 i?2 MQ`K�H 2[m�iBQMb UkXReV 2tTHB+BiHv 7Q` b̂X

jAM � `2;`2bbBQM KQ/2H- �HH p�Hm2b BM i?2 K�i`Bt X �`2 `2�H p�Hm2bX >2M+2 MQ +QHmKM Q7 X
rBHH #2 � HBM2�` +QK#BM�iBQM Q7 �Mv Qi?2` +QHmKMb �M/ i?2`27Q`2 X ?�b 7mHH +QHmKM `�MFX
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b̂ = (XT X)−1XT y UkXRdV

1[m�iBQM UkXRdV T`2b2Mib � bQHmiBQM iQ i?2 2biBK�iBQM T`Q#H2K Q7 i?2 mMFMQrM
T�`�K2i2` b BM i?2 `2;`2bbBQM T`Q#H2KX h?2`2 Bb QM2 �//BiBQM�H mMFMQrM T�@
`�K2i2` i?�i r2 ?�p2 MQi K2MiBQM2/ bQ 7�`X h?2 `2;`2bbBQM KQ/2H +QMi�BMb i?2
`�M/QK 2``Q` i2`Kb ϵX "2+�mb2 ϵ Bb `�M/QK- r2 ?�p2 iQ bT2+B7v i?2 2tT2+i2/
p�Hm2 �M/ i?2 p�`B�M+2X h?2 2``Q` i2`Kb �`2 /2pB�iBQMb Q7 i?2 T`2/B+i2/ p�Hm2b
7`QK i?2 Q#b2`p2/ /�i� TQBMibX >2M+2 i?2 2tT2+i2/ p�Hm2b E [ϵ] Kmbi #2 0X h?2
p�`B�M+2 σ2 Q7 i?2 2``Q` i2`Kb Bb �M �//BiBQM�H mMFMQrM T�`�K2i2` i?�i ?�b iQ
#2 2biBK�i2/ 7`QK i?2 /�i�X PM2 r�v Q7 2biBK�iBM; i?2 2``Q` p�`B�M+2 7`QK i?2
/�i� Bb b?QrM BM bm#b2+iBQM kXeXkX

kXeXk o�`B�M+2 Q7 1``Q`b

h?2 H2�bi b[m�`2b T`Q+2/m`2 Bib2H7 /Q2b MQi vB2H/ �M 2biBK�i2 Q7 i?2 2``Q` p�`B�M+2
σ2X "mi i?2 2biBK�i2 Q7 σ2 #�b2/ QM i?2 `2bB/m�Hb Bb Q7i2M /2+H�`2/ iQ #2 i?2
H2�bi b[m�`2b 2biBK�i2 Q7 σ2X h?2 `2bB/m�Hb ri �b /2}M2/ BM UkXRRV �`2
2biBK�i2b Q7 i?2 2``Q` i2`Kb ϵiX �b � K�ii2` Q7 7�+i i?2 `2bB/m�Hb +�M #2 mb2/ iQ
2biBK�i2 σ2X h?Bb 2biBK�i2 Bb ;Bp2M #v

σ̂2 = 1
n − p

n∑

i=1
r2

i UkXR3V

h?2 7�+iQ` (n − p)−1 BM UkXR3V Bb mb2/- #2+�mb2 Bi H2�/b i?2 2biBK�i2 σ̂2 iQ #2
mM#B�b2/- r?B+? K2�Mb E

[
σ̂2

]
= σ2X

kXd .Bz2`2Mi hvT2b Q7 GBM2�` _2;`2bbBQMb

kXdXR _2;`2bbBQM h?`Qm;? h?2 P`B;BM

h?2 `2;`2bbBQM KQ/2H �b Bi r�b T`QTQb2/ BM UkXRyV 7Q` i?2 /�i�b2i Q7 #Q/v r2B;?i
�M/ #`2�bi +B`+mK72`2M+2 /2}M2b � HBM2 BM i?2 x − y@TH�M2X h?Bb HBM2 b?QrM
BM 6B;m`2 kXkX q?�i Bb MQi b?QrM BM i?2 THQi- #mi r?�i #2+QK2b +H2�` 7`QK
i?2 KQ/2H Bb i?�i i?2 `2;`2bbBQM HBM2 ;Q2b i?`Qm;? i?2 Q`B;BM Q7 i?2 +QQ`/BM�i2
bvbi2KX J�i?2K�iB+�HHv i?2 Q`B;BM Bb ;Bp2M #v x = 0 �M/ y = 0X AM i?Bb
`2;`2bbBQM KQ/2H- i?2 Q`B;BM Bb i?2 }t2/ TQBMi r?B+? Bb QM i?2 `2;`2bbBQM HBM2X h?2
}t2/ TQBMi iQ;2i?2` rBi? i?2 2biBK�i2/ `2;`2bbBQM +Q2{+B2Mi b̂ mMB[m2Hv /2}M2
i?2 `2;`2bbBQM HBM2X 6`QK � ;2QK2i`B+�H TQBMi Q7 pB2r i?2 2biBK�i2/ `2;`2bbBQM
+Q2{+B2Mi /2}M2b i?2 bHQT2 Q7 i?2 `2;`2bbBQM HBM2X
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kXdXk _2;`2bbBQM qBi? AMi2`+2Ti

.2T2M/BM; QM i?2 /�i� �M�Hvb2/ rBi? � `2;`2bbBQM KQ/2H- Bi /Q2b MQi K�F2 b2Mb2
iQ 7Q`+2 i?2 `2;`2bbBQM HBM2 iQ `mM i?`Qm;? i?2 Q`B;BMX h?Bb +�M #2 �pQB/2/ #v
BM+Hm/BM; �M �//BiBQM�H }t2/ i2`K BM i?2 `2;`2bbBQM KQ/2HX h?Bb i2`K Bb +�HH2/
i?2 BMi2`+2TiX � `2;`2bbBQM KQ/2H rBi? �M BMi2`+2Ti +�M #2 r`Bii2M �b

yi = b0 + xi ∗ b1 + ϵi UkXRNV

h?2 i2`K b0 +Q``2bTQM/b iQ i?2 p�Hm2 Q7 i?2 `2bTQMb2 p�`B�#H2 y r?2M i?2 p�Hm2
Q7 i?2 T`2/B+iQ` x Bb 0X h?2M i?2 }t2/ TQBMi Q7 i?2 `2;`2bbBQM HBM2 Bb MQ HQM;2`
i?2 Q`B;BM- #mi i?2 TQBMi x = 0 �M/ y = b̂0X h?2 bHQT2 Q7 i?2 `2;`2bbBQM HBM2
Bb /2i2`KBM2/ #v b̂1X AM K�i`Bt@p2+iQ` MQi�iBQM i?2 BMi2`+2Ti b0 Bb �//2/ iQ i?2
p2+iQ` Q7 mMFMQrM T�`�K2i2`b b �M/ i?2 /2bB;M@K�i`Bt X ?�b iQ #2 �m;K2Mi2/
#v � +QHmKM Q7 �HH QM2b QM i?2 H27iX

kXdXj _2;`2bbBQM qBi? h`�Mb7Q`K2/ S`2/B+iQ` o�`B�#H2b

_2;`2bbBQM KQ/2Hb +�M �HbQ +QMi�BM /Bz2`2Mi i`�Mb7Q`K�iBQMb Q7 i?2 T`2/B+iQ`
p�`B�#H2bX �b �M 2t�KTH2- r2 +�M BM+Hm/2 �Mv ?B;?2` Q`/2` TQHvMQKB�H 7mM+iBQMb
Q7 T`2/B+iQ` p�`B�#H2b bm+? �b

yi = b0 + b1 ∗ xi + b2 ∗ x2
i + · · · + bk ∗ xk

i + ϵi UkXkyV

�Hi?Qm;? i?2 KQ/2H UkXkyV +QMi�BMb MQM@HBM2�` 7mM+iBQMb Q7 i?2 T`2/B+iQ`b xi-
i?2 7mM+iBQM Bb biBHH HBM2�` BM i?2 mMFMQrM T�`�K2i2`b bj Uj = 1, . . . kV �M/ ?2M+2
i?2 KQ/2H UkXkyV Bb biBHH � HBM2�` `2;`2bbBQM KQ/2HX
h`�Mb7Q`K�iBQMb Q7 i?2 T`2/B+iQ` p�`B�#H2b �`2 MQi `2bi`B+i2/ iQ TQHvMQKB�H 7mM+@
iBQMbX J�Mv /Bz2`2Mi FBM/b Q7 i`�Mb7Q`K�iBQMb �`2 TQbbB#H2X �M 2t�KTH2 Bb
b?QrM BM i?2 7QHHQrBM; 2[m�iBQM

yi = b0 + b1 ∗ log(xi) + b2 ∗ sin(πxi) + ϵi UkXkRV

kX3 S`2/B+iBQMb

PM2 ;Q�H Q7 2biBK�iBM; i?2 `2;`2bbBQM +Q2{+B2Mi r�b i?�i r2 r�Mi iQ #2 �#H2 iQ
T`2/B+i i?2 `2bTQMb2 #�b2/ QM +QM+`2i2 p�Hm2b Q7 i?2 T`2/B+iQ` p�`B�#H2bX 6Q` Qm`
2t�KTH2 rBi? i?2 #Q/v r2B;?i �M/ i?2 #`2�bi +B`+mK72`2M+2- i?Bb K2�Mb i?�i
r2 r�Mi iQ K2�bm`2 i?2 #`2�bi +B`+mK72`2M+2 Q7 �M �MBK�H 7Q` r?B+? r2 /Q MQi
FMQr i?2 #Q/v r2B;?iX h?2M #�b2/ QM i?2 2biBK�i2/ `2;`2bbBQM +Q2{+B2Mi- r2
r�Mi iQ #2 �#H2 iQ T`2/B+i i?2 #Q/v r2B;?i Q7 i?�i �MBK�HX
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h?2 +QKTmi�iBQM Q7 i?2 `2;`2bbBQM +Q2{+B2Mi 7Q` i?2 /�i�b2i b?QrM BM h�#H2 kXk
rBHH #2 i?2 iQTB+ Q7 �M 2t2`+Bb2X "mi H2i mb �bbmK2 i?�i r2 ?�p2 +QKTmi2/ i?2
p�Hm2 Q7 b̂- i?2M i?2 T`2/B+i2/ p�Hm2 Q7 i?2 #Q/v r2B;?i ŷs 7Q` �M �MBK�H s Bb
+QKTmi2/ #�b2/ QM i?2 K2�bm`2/ #`2�bi +B`+mK72`2M+2 xs Q7 �MBK�H s �b 7QHHQrb

ŷs = b̂ ∗ xs UkXkkV

Ai ?�b iQ #2 MQi2/ i?�i i?2 T`2/B+iBQM ŷs Bb QMHv p�HB/- B7 i?2 K2�bm`2/ p�Hm2
xs Bb +HQb2 iQ i?2 K2�bm`2/ T`2/B+iQ`b i?�i r2`2 mb2/ iQ 2biBK�i2 b̂X 6Q` Qm`
2t�KTH2 rBi? #Q/v r2B;?i �M/ #`2�bi +B`+mK72`2M+2- r2 +QmH/ MQi mb2 i?2 b�K2
`2;`2bbBQM HBM2 iQ T`2/B+i i?2 #Q/v r2B;?i 7Q` +�Hp2b- B7 b̂ r�b 2biBK�i2/ rBi?
/�i� Q7 �/mHi #mHHbX
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