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h?2 +QKTmi�iBQM Q7 i?2 `2;`2bbBQM +Q2{+B2Mi 7Q` i?2 /�i�b2i b?QrM BM h�#H2 kXk
rBHH #2 i?2 iQTB+ Q7 �M 2t2`+Bb2X "mi H2i mb �bbmK2 i?�i r2 ?�p2 +QKTmi2/ i?2
p�Hm2 Q7 b̂- i?2M i?2 T`2/B+i2/ p�Hm2 Q7 i?2 #Q/v r2B;?i ŷs 7Q` �M �MBK�H s Bb
+QKTmi2/ #�b2/ QM i?2 K2�bm`2/ #`2�bi +B`+mK72`2M+2 xs Q7 �MBK�H s �b 7QHHQrb

ŷs = b̂ ∗ xs UkXkkV

Ai ?�b iQ #2 MQi2/ i?�i i?2 T`2/B+iBQM ŷs Bb QMHv p�HB/- B7 i?2 K2�bm`2/ p�Hm2
xs Bb +HQb2 iQ i?2 K2�bm`2/ T`2/B+iQ`b i?�i r2`2 mb2/ iQ 2biBK�i2 b̂X 6Q` Qm`
2t�KTH2 rBi? #Q/v r2B;?i �M/ #`2�bi +B`+mK72`2M+2- r2 +QmH/ MQi mb2 i?2 b�K2
`2;`2bbBQM HBM2 iQ T`2/B+i i?2 #Q/v r2B;?i 7Q` +�Hp2b- B7 b̂ r�b 2biBK�i2/ rBi?
/�i� Q7 �/mHi #mHHbX

kXN _2;`2bbBQM PM .mKKv o�`B�#H2b

AM � `2;`2bbBQM KQ/2H Ubm+? �b b?QrM BM UkXRyVV #Qi? i?2 `2bTQMb2 p�`B�#H2 �M/
i?2 T`2/B+iQ` p�`B�#H2b �`2 +QMiBMmQmb p�`B�#H2bX 1t�KTH2b Q7 bm+? p�`B�#H2b �`2
#Q/v r2B;?i �M/ #`2�bi +B`+mK72`2M+2 r?B+? �`2 #Qi? K2�bm`2/ �M/ i?2
K2�bm`2K2Mib �`2 2tT`2bb2/ �b `2�H MmK#2`bX AM +QMi`�bi iQ bm+? � `2;`2bbBQM
KQ/2H- i?2 bi�iBbiB+�H KQ/2H b?QrM BM UkXeV ?�b � +QMiBMmQmb `2bTQMb2- #mi i?2
T`2/B+iQ` p�`B�#H2b �`2 /Bb+`2i2 p�`B�#H2bX h?2 T`2/B+iQ` p�`B�#H2b �`2 �bbmK2/
iQ #2 ;2MQivT2b Q7 � +2`i�BM b2i Q7 aLS ;2MQivT2b �M/ ?2M+2 i?2b2 ;2MQivT2b
+�M QMHv ?�p2 � }t2/ MmK#2` Q7 bi�i2bX lM/2` i?2 �bbmKTiBQM Q7 #B@�HH2HB+ GQ+B-
� aLS HQ+mb +�M ?�p2 Dmbi i?`22 ;2MQivT2b �M/ ?2M+2 i?2 T`2/B+iQ` p�`B�#H2 i?�i
Bb mb2/ iQ `2T`2b2Mi �Mv ;Bp2M aLS@HQ+mb +�M QMHv i�F2 i?`22 /Bb+`2i2 bi�i2bX
6B;m`2 kXj b?Qrb i?2 /Bz2`2M+2 #2ir22M � `2;`2bbBQM KQ/2H �b i?2 QM2 Q7 #Q/v
r2B;?i QM #`2�bi +B`+mK72`2M+2 �M/ � }t2/ HBM2�` 2z2+ib KQ/2H r?2`2 QM2
HQ+mb ?�b �M 2z2+i QM � [m�MiBi�iBp2 i`�BiX AM i?2 H27i /B�;`�K Q7 6B;m`2 kXj
i?2 `2/ HBM2 /2MQi2b i?2 `2;`2bbBQM HBM2X h?Bb HBM2 Bb K2�MBM;7mH #2+�mb2 QM
i?2 t@�tBb �M/ QM i?2 v@�tBb 2p2`v bBM;H2 TQBMi Q7 i?2 `2/ HBM2 rQmH/ #2 p�HB/
Q#b2`p�iBQMbX PM i?2 t@�tBb Q7 i?2 /B�;`�K QM i?2 `B;?i?�M/ bB/2- QMHv i?`22
p�Hm2b �`2 TQbbB#H2X AM i?2 /B�;`�K i?2v �`2 b?QrM �b :2MQivT2b G1G1- G1G2
�M/ G2G2X q2 rBHH b22 p2`v bQQM i?�i BM Qm` bi�iBbiB+�H KQ/2H- i?2v rBHH #2
2M+Q/2/ #v 1- 0 �M/ −1X h?2 `2bTQMb2 p�`B�#H2 BM i?2 /B�;`�K QM i?2 `B;?i Q7
6B;m`2 kXj Bb � +QMiBMmQmb `�M/QK p�`B�#H2- bBKBH�`Hv iQ i?2 `2;`2bbBQM KQ/2H
b?QrM BM i?2 H27i /B�;`�KX h?Bb +QK#BM�iBQM Q7 +QMiBMmQmb `2bTQMb2 p�`B�#H2 QM
� /Bb+`2i2 ivT2 Q7 p�`B�#H2 H2�/ iQ i?2 i2`K `2;`2bbBQM QM /mKKv p�`B�#H2b
#2+�mb2 i?2 T`2/B+iQ` p�`B�#H2b �`2 MQi +QMiBMmQmb #mi Dmbi /Bb+`2i2 H2p2Hb Q7
� +2`i�BM 7�+iQ`X AM i?Bb H2+im`2- r2 �`2 mbBM; }t2/ HBM2�` 2z2+ib KQ/2H
`�i?2` i?�M `2;`2bbBQM QM /mKKv p�`B�#H2b 7Q` i?2 b�K2 ivT2 Q7 KQ/2HX h?2
i2`K Q7 }t2/ HBM2�` 2z2+ib KQ/2H r�b mb2/- #2+�mb2 BM i?2 M2ti +?�Ti2` BM
:2MQKB+ "GlS r2 �`2 ;QBM; iQ BMi`Q/m+2 KBt2/ HBM2�` 2z2+ib KQ/2H r?B+? �`2
�M 2ti2MbBQM Q7 i?2 }t2/ HBM2�` 2z2+ib KQ/2H mb2/ BM i?Bb +?�Ti2`X
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6B;m`2 kXj, *QKT�`BbQM "2ir22M _2;`2bbBQM JQ/2H �M/ 6Bt2/ GBM2�` 1z2+ib
JQ/2H qBi? �M aLS@GQ+mb �b � .Bb+`2i2 S`2/B+iQ` o�`B�#H2b

kXNXR 6Bt2/ GBM2�` 1z2+ib JQ/2H 6Q` aLS .�i�

q2 �`2 mbBM; ;2M2iB+ /�i� �M/ �bbmK2 i?�i i?2 aLS ;2MQivT2b ?�p2 �M 2z2+i QM
� [m�MiBi�iBp2 i`�BiX Pm` ;Q�H Bb iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2b #�b2/ QM i?2
BM7Q`K�iBQM 7`QK i?2 aLS ;2MQivT2b 7Q` i?2 [m�MiBi�iBp2 i`�BibX q2 ?�p2 b22M
i?�i mM/2` bQK2 bBKTHB7vBM; �bbmKTiBQMb Q7 �//BiBpBiv Q7 i?2 ;2M2iB+ 2z2+ib- i?2
;2MQKB+ #`22/BM; p�Hm2b /2T2M/ QM i?2 �#bQHmi2 p�Hm2 Q7 i?2 ;2MQivTB+ p�Hm2b Ua
p�Hm2bV Q7 i?2 ?QKQxv;Qmb aLS ;2MQivT2bX >2M+2 �HH r2 M22/ iQ FMQr 7`QK Qm`
�M�HvbBb Q7 i?2 /�i� mM/2` � }t2/ HBM2�` 2z2+ib KQ/2H �`2 i?2 a p�Hm2b 7Q` 2�+?
aLS HQ+mbX h?2 /2+QKTQbBiBQM Q7 i?2 T?2MQivTB+ Q#b2`p�iBQM b?QrM BM kX9XR
mM/2` i?2 �bbmK2/ ;2M2iB+ KQ/2H i2HHb mb i?�i i?2 T?2MQivTB+ Q#b2`p�iBQM +�M
#2 2tTH�BM2/ �b � HBM2�` 7mM+iBQM Q7 i?2 ;2MQivTB+ p�Hm2b Q7 i?2 aLS ;2MQivT2b
THmb � `�M/QK 2``Q` i2`KX h?2 7�+i i?�i Qm` ;2M2iB+ KQ/2H Bb � }t2/ HBM2�` 2z2+ib
KQ/2H i?�i mb2b T?2MQivTB+ Q#b2`p�iBQMb �b `2bTQMb2 �M/ aLS HQ+B �b T`2/B+iQ`b
�HHQrb mb iQ b2i mT i?2 7QHHQrBM; KQ/2H 7Q` �M 2t�KTH2 /�i� b2i b?QrM BM i?2
7QHHQrBM; bm#b2+iBQMX

kXNXk 1t�KTH2 .�i� a2i qBi? aLS GQ+B �M/ � S?2MQ@
ivTB+ P#b2`p�iBQM

q2 �`2 mbBM; i?2 /�i�b2i b?QrM BM h�#H2 kXj �b �M 2t�KTH2 QM ?Qr iQ mb2 �
}t2/ HBM2�` 2z2+ib KQ/2H iQ 2biBK�i2 i?2 ;2MQivTB+ p�Hm2 Q7 i?2 aLS ;2MQivT2bX
AMbi2�/ Q7 }iiBM; BM/BpB/m�H 2z2+ib 7Q` i?2 /Bz2`2Mi aLS ;2MQivT2b iQ 2tTH�BM
i?2 `2bTQMb2 p�`B�#H2- r2 �`2 /B`2+iHv BM+Hm/BM; i?2 ;2MQivTB+ p�Hm2b aG �M/ aH

BMiQ i?2 }t2/ 2z2+ib HBM2�` KQ/2HX >Qr i?2 ;2MQivTB+ p�Hm2b �`2 `2H�i2/ iQ i?2
aLS ;2MQivT2b Bb �HbQ b?QrM BM h�#H2 kXjX 6Q` �HH �MBK�Hb BM h�#H2 kXj- r2 +�M
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h�#H2 kXj, �MBK�Hb qBi? � aBM;H2 aLS GQ+mb �z2+iBM; � Zm�MiBi�iBp2 h`�Bi
�MBK�H aLS : :2MQivTB+ o�Hm2 : aLS > :2MQivTB+ o�Hm2 > P#b2`p�iBQM

R G1G1 aG H1H2 0 8Ry
k G1G2 0 H1H1 aH 8k3
j G1G2 0 H1H1 aH 8y8
9 G1G1 aG H2H2 −aH 8jN
8 G1G1 aG H1H1 aH 8jy
e G1G2 0 H1H2 0 93N
d G1G2 0 H2H2 −aH 93e
3 G2G2 −aG H1H1 aH 938
N G1G2 0 H2H2 −aH 9d3

Ry G2G2 −aG H1H2 0 9dN
RR G1G1 aG H1H2 0 8ky
Rk G1G1 aG H1H1 aH 8kR
Rj G2G2 −aG H1H2 0 9dj
R9 G2G2 −aG H1H2 0 98d
R8 G1G2 0 H1H1 aH 9Nd
Re G1G2 0 H1H2 0 8Re
Rd G1G1 aG H1H2 0 8k9
R3 G1G1 aG H1H2 0 8yk
RN G1G1 aG H2H2 −aH 8y3
ky G1G2 0 H1H2 0 8ye

r`Bi2 i?2 KQ/2H 2[m�iBQMb BM K�i`Bt@p2+iQ` MQi�iBQM �b

y = Xb + ϵ UkXkjV

r?2`2 y Bb i?2 p2+iQ` Q7 Q#b2`p�iBQMb- b Bb � p2+iQ` Q7 ;2MQivTB+ p�Hm2b THmb �M
BMi2`+2Ti- X Bb � /2bB;M K�i`Bt HBMFBM; i?2 2H2K2Mib BM b iQ y �M/ ϵ Bb � p2+iQ`
Q7 `�M/QK 2``Q`bX q`BiBM; Qmi i?2 K�i`B+2b �M/ p2+iQ`b H2�/b iQ
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⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

510
528
505
539
530
489
486
485
478
479
520
521
473
457
497
516
524
502
508
506

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 0
1 0 1
1 0 1
1 1 −1
1 1 1
1 0 0
1 0 −1
1 −1 1
1 0 −1
1 −1 0
1 1 0
1 1 1
1 −1 0
1 −1 0
1 0 1
1 0 0
1 1 0
1 1 0
1 1 −1
1 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎣
b0
aG

aH

⎤

⎦ + ϵ UkXk9V

kXNXj S�`�K2i2` 1biBK�iBQM AM � 6Bt2/ GBM2�` 1z2+ib
JQ/2H

h?2 ;Q�H 7Q` KQ/2H UkXkjV Bb iQ ;2i �M 2biBK�i2 7Q` i?2 mMFMQrM T�`�K2i2`b b0-
aG �M/ aH X AM b2+iBQM kXNXj r2 b�r ?Qr mMFMQrM T�`�K2i2`b +�M #2 2biBK�i2/
7Q` � `2;`2bbBQM KQ/2H mbBM; H2�bi b[m�`2bX q?2M �TTHvBM; i?2 H2�bi b[m�`2b
K2i?Q/- r2 /B/ MQi K�F2 �Mv �bbmKTiBQMb �#Qmi i?2 T`2/B+iQ` p�`B�#H2bX h?2
KBMBKBx�iBQM Q7 i?2 bmK Q7 i?2 b[m�`2/ `2bB/m�Hb +�M �HbQ #2 �TTHB2/ 7Q` i?2 }t2/
HBM2�` 2z2+ib KQ/2HX h?Bb KBMBKBx�iBQM H2�/b iQ i?2 b�K2 MQ`K�H 2[m�iBQMb

XT Xb(0) = XT y UkXk8V

aQ 7�` 2p2`vi?BM; r�b B/2MiB+�H iQ i?2 +�b2 Q7 i?2 `2;`2bbBQM KQ/2HX "mi r?2M
i`vBM; iQ }M/ � bQHmiBQM 7Q` UkXk8V r2 ?�p2 iQ �++QmMi 7Q` i?2 /Bz2`2Mi M�im`2
Q7 i?2 /2bB;M K�i`Bt XX AM i?2 `2;`2bbBQM KQ/2H i?Bb K�i`Bt X +QMi�BMb `2�H
MmK#2`bX AM Qm` 2t�KTH2 Q7 � }t2/ HBM2�` 2z2+ib KQ/2H- i?2 K�i`Bt X Dmbi
+QMi�BMb Dmbi i?2 i?`22 MmK#2` −1- 0 �M/ 19X h?2 7�+i i?�i i?2 K�i`Bt X
+QMi�BMb QMHv � 72r /Bb+`2i2 p�Hm2b K�F2b Bi p2`v HBF2Hv i?�i X /Q2b MQi ?�p2
7mHH +QHmKM `�MFX h?�i K2�Mb Bi Bb p2`v HBF2Hv i?�i bQK2 +QHmKMb Q7 X +�M #2
2tT`2bb2/ �b HBM2�` +QK#BM�iBQMb Q7 Qi?2` +QHmKMbX h?Bb HBM2�` /2T2M/2M+2 Q7
i?2 +QHmKMb Q7 X +�mb2b i?2 K�i`Bt XT X iQ #2 bBM;mH�` �M/ ?2M+2 i?2 BMp2`b2 Q7

9AM KQbi Qi?2` }t2/ HBM2�` 2z2+ib KQ/2Hb- i?2 /2bB;M K�i`Bt +QMi�BMb Dmbi 0 �M/ 1X
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XT X +�MMQi #2 +QKTmi2/X q?2M2p2` i?2 K�i`Bt XT X Bb bBM;mH�`- i?2 bQHmiBQM
;Bp2M BM UkXRdV +�MMQi #2 +QKTmi2/X
h?2 MQ`K�H 2[m�iBQMb BM UkXk8V �`2 r`Bii2M rBi? i?2 bvK#QH b(0) iQ /2MQi2 i?�i
i?2 2[m�iBQMb /Q MQi ?�p2 � bBM;H2 bQHmiBQM b(0) BM i?2 b2Mb2 i?�i r2 r2`2 �#H2
iQ +QKTmi2 i?2K BM i?2 +�b2 Q7 i?2 `2;`2bbBQM KQ/2HX AM i?2 +�b2 r?2`2 XT X
Bb bBM;mH�`- i?2`2 �`2 BM}MBi2Hv K�Mv bQHmiBQMb b(0)X h?2b2 bQHmiBQMb +�M #2
2tT`2bb2/ �b

b(0) = (XT X)−XT y UkXkeV

r?2`2 (XT X)− /2MQi2b i?2 ;2M2`�HBx2/ BMp2`b2 Q7 i?2 K�i`Bt XT XX � ;2M@
2`�HBx2/ BMp2`b2 G Q7 � ;Bp2M K�i`Bt A Bb /2}M2/ �b i?2 K�i`Bt i?�i b�iBb}2b
i?2 2[m�iBQM AGA = AX h?2 K�i`Bt G Bb MQi mMB[m2X �TTHvBM; i?2 +QM+2Ti
Q7 � ;2M2`�HBx2/ BMp2`b2 iQ � bvbi2K Q7 2[m�iBQMb Ax = y- Bi +�M #2 b?QrM i?�i
x = Gy Bb � bQHmiBQM- B7 G Bb � ;2M2`�HBx2/ BMp2`b2 Q7 AX "2+�mb2 G Bb MQi mMB[m2-
i?2`2 �`2 BM}MBi2Hv K�Mv bQHmiBQMb +Q``2bTQM/BM; iQ x̃ = Gy + (GA − I)z r?2`2
z +�M #2 �M �`#Bi`�`v p2+iQ` Q7 +QMbBbi2Mi Q`/2`X �TTHvBM; i?2b2 bi�i2K2Mib
+QM+2`MBM; ;2M2`�HBx2/ BMp2`b2b �M/ bQHmiBQMb iQ bvbi2Kb Q7 2[m�iBQMb iQ UkXkeV-
Bi K2�Mb i?�i b(0) Bb MQi � mMB[m2 bQHmiBQM iQ UkXk8V #2+�mb2 i?2 ;2M2`�HBx2/ BM@
p2`b2 (XT X)− Bb MQi mMB[m2X �b � +QMb2[m2M+2 Q7 i?�i i?2 bQHmiBQM b(0) +�MMQi
#2 mb2/ �b �M 2biBK�i2 Q7 i?2 mMFMQrM T�`�K2i2` p2+iQ` bX
h?2 MmK2`B+ bQHmiBQM Q7 i?2 �M�HvbBb Q7 i?2 2t�KTH2 /�i�b2i ;Bp2M BM h�#H2 kXj
Bb i?2 iQTB+ Q7 �M 2t2`+Bb2X q?2M /2p2HQTBM; i?�i bQHmiBQM- r2 rBHH b22 i?�i bQK2
HBM2�` 7mM+iBQMb Q7 b(0) +�M #2 7QmM/ r?B+? /Q MQi /2T2M/ QM i?2 +?QB+2 Q7 i?2
;2M2`�HBx2/ BMp2`b2 (XT X)−X am+? 7mM+iBQMb �`2 +�HH2/ 2biBK�#H2 7mM+iBQMb
�M/ +�M #2 mb2/ �b 2biBK�i2b 7Q` i?2 mMFMQrM T�`�K2i2` p2+iQ` bX JQ`2 /2i�BHb
�#Qmi ;2M2`�HBx2/ BMp2`b2b �M/ 2biBK�#H2 7mM+iBQMb +�M #2 7QmM/ BM (a2�`H2- RNdR)X
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