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AM +?�Ti2` k r2 BMi`Q/m+2/ i?2 }t2/ HBM2�` 2z2+ib KQ/2H iQ 2biBK�i2 �//BiBp2
;2MQivTB+ p�Hm2b 7Q` aLS@GQ+BX AM KQbi `2�H@rQ`H/ ;2MQKB+ /�i�b2ib i?2 MmK#2`
Q7 aLS HQ+B Bb H�`;2` i?�M i?2 MmK#2` Q7 Q#b2`p�iBQMbX "mi 7`QK i?2 TQBMi Q7
pB2r Q7 [m�MiBi�iBp2 ;2M2iB+b- r2 biBHH �bbmK2 i?�i QMHv � bm#b2i Q7 i?2 Q#b2`p2/
aLS@GQ+B Bb HBMF2/ iQ � ZhG �M/ +QmH/ i?2`27Q`2 ?�p2 �M 2biBK�#H2 2z2+i QM Qm`
i`�Bi Q7 BMi2`2biX >2M+2 i?2 Q`B;BM�H T`Q#H2K Q7 2biBK�iBM; aLS@2z2+i T�`�K2i2`
Bb 2ti2M/2/ #v � M2r T`Q#H2K Q7 /2i2`KBMBM; r?B+? aLSb �`2 BKTQ`i�Mi 7Q` i?2
2tT`2bbBQM Q7 � ;Bp2M i`�Bi Q7 BMi2`2biX

jXR 6BM/BM; _2H2p�Mi aLS GQ+B

lM7Q`imM�i2Hv Bi Bb MQi �b 2�bv �b Bi K�v ?�p2 b2�K2/ r?2M r2 r2`2 HQQFBM;
�i i?2 KQMQ;2MB+ KQ/2H BM 6B;m`2 RX9X q?2M i?2`2 �`2 K�Mv aLSb i?�i �`2
Q#b2`p2/ �M/ i?�i �`2 TQi2MiB�HHv BM~m2M+BM; � i`�Bi- i?2 /Bz2`2Mi HQ+B �`2 BMi2`@
�+iBM; rBi? 2�+? Qi?2` �M/ i?2 /Bbi`B#miBQM Q7 i?2 /Bz2`2Mi i`�Bi p�Hm2b �+`Qbb
i?2 /Bz2`2Mi ;2MQivT2b Bb Km+? KQ`2 #Hm``vX 6m`i?2`KQ`2 r?2M r2 mb2 `2�H@
rQ`H/ Q#b2`p�iBQMb Q7 HBp2biQ+F �MBK�Hb i?2b2 �`2 T?2MQivTB+ p�Hm2b r?B+? �`2
BM~m2M+2/ #v K�Mv /Bz2`2Mi 2MpB`QMK2Mi�H 7�+iQ`b 7Q` r?B+? i?2 T?2MQivTB+
K2�bm`2K2Mib �HH ?�p2 iQ #2 +Q``2+i2/ 7Q`X
h?Bb M2r T`Q#H2K Q7 /2i2`KBMBM; r?B+? aLS HQ+mb Bb HBMF2/ iQ � ZhG K�v bQmM/
HBF2 � MQi bQ /B{+mHi T`Q#H2KX "mi i?2 MmK#2` Q7 TQbbB#H2 aLS +QK#BM�iBQMb
Bb [mBi2 H�`;2X 6Q` � ;Bp2M MmK#2` Q7 k aLS HQ+B i?2 TQbbB#H2 MmK#2` Q7 aLS
+QK#BM�iBQMb i?�i KB;?i �z2+i � i`�Bi Bb /2i2`KBM2/ #v i?2 +�`/BM�HBiv Q7 i?2

jj
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TQr2`b2i Q7 k 2H2K2Mib r?B+? Bb BM i?2 Q`/2` Q7 2kX hvTB+�H p�Hm2b Q7 k KB;?i
#2 1.5 ∗ 105 �M/ ?2M+2 i?2 MmK#2` Q7 TQbbB#H2 +QK#BM�iBQMb Q7 �Mv MmK#2` aLS
HQ+B Bb � p2`v H�`;2 MmK#2`X �b � +QMb2[m2M+2 Q7 i?�i � #`mi2 7Q`+2 �TT`Q�+?
r?2`2 �HH TQbbB#H2 +QK#BM�iBQMb Q7 aLS HQ+B �`2 i`B2/ +�MMQi #2 mb2/X 6B;m`2
jXR i`B2b iQ BHHmbi`�i2 i?2 T`Q#H2K Q7 b2H2+iBM; BKTQ`i�Mi aLSb 7Q` � ;Bp2M i`�BiX

6B;m`2 jXR, 6BM/BM; aLS GQ+B AKTQ`i�Mi 6Q` h?2 1tT`2bbBQM P7 � Zm�MiBi�iBp2
h`�Bi

jXk ai2TrBb2 �TT`Q�+?

AM }t2/ HBM2�` 2z2+ib KQ/2H r?2M i?2 MmK#2` Q7 T`2/B+iQ`b Bb 2t+2bbBp2Hv H�`;2
Bi Bb Q7i2M /2bB`�#H2 iQ }M/ i?2 bm#b2i Q7 T`2/B+iQ`b i?�i ?�p2 � `2H2p�Mi 2z2+i
QM i?2 `2bTQMb2 p�`B�#H2X >�pBM; iQQ K�Mv T`2/B+iQ`b BM � KQ/2H /2+`2�b2b
i?2 TQr2` iQ T`2/B+i 7mim`2 p�Hm2b Q7 `2bTQMb2bX hQ }M/ � bm#b2i Q7 `2H2p�Mi
T`2/B+iQ` p�`B�#H2b Qmi Q7 � H�`;2 b2i Q7 T`2/B+iQ`b +�M #2 /QM2 rBi? irQ bi2T@
rBb2 �TT`Q�+?2bX

RX 6Q`r�`/ b2H2+iBQM
kX "�+Fr�`/ 2HBKBM�iBQM

AM r?�i 7QHHQrb i?2b2 irQ �TT`Q�+?2b �`2 QMHv /2b+`B#2/ p2`v b?Q`iHvX .m2 iQ
bQK2 T`�+iB+�H T`Q#H2Kb rBi? i?2b2 i2+?MB[m2b i?2v /B/ MQi }M/ i?2B` r�v BMiQ
i?2 T`�+iB+�H �M�Hvb2b Q7 ;2MQKB+ /�i�X
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jXkXR 6Q`r�`/ a2H2+iBQM

h?2 bi�`iBM; TQBMi Q7 i?2 7Q`r�`/ �TT`Q�+? Bb i?2 2KTiv KQ/2H rBi? MQ T`2/B+iQ`
p�`B�#H2bX AM �M Bi2`�iBp2 b2[m2M+2 Q7 bi2Tb �//BiBQM�H T`2/B+iQ`b �`2 BM+Hm/2/
BMiQ i?2 KQ/2H mMiBH � T`2@/2}M2/ KQ/2H [m�HBiv +`Bi2`BQM +�MMQi #2 BKT`Qp2/
�Mv 7m`i?2`X �b KQ/2H [m�HBiv +`Bi2`BQM- /Bz2`2Mi [m�MiBiB2b +�M #2 mb2/X AM �
bmKK�`v QmiTmi Q7 _Ƕb HKUV 7mM+iBQM- i?2 [m�MiBiv �/Dmbi2/ R2 Bb b?QrMX �H@
i2`M�iBp2 [m�MiBiB2b �`2 i?2 J�HHQr Cp p�Hm2- i?2 �F�BF2 AM7Q`K�iBQM *`Bi2`BQM
U�A*V Q` "�v2b AM7Q`K�iBQM *`Bi2`BQM U"A*VX h?2 T`Q#H2K rBi? i?2 7Q`r�`/
b2H2+iBQM �TT`Q�+? Bb i?�i Bi Bb ?2�pBHv /2T2M/2Mi QM i?2 bi�`iBM; TQBMi- i?�i
K2�Mb i?2 `2bmHiBM; bm#b2i Q7 T`2/B+iQ`b /2T2M/b QM i?2 T`2/B+iQ` rBi? r?B+?
r2 bi�`i2/X aBKBH�`Hv i?2 Q`/2` BM r?B+? i?2 T`2/B+iQ`b �`2 i2bi2/ +�M �HbQ ?�p2
�M BM~m2M+2 QM i?2 }M�H `2bmHiX h?2b2 T`Q#H2Kb K�F2 Bi p2`v /B{+mHi iQ 2M/ mT
rBi? � bi�#H2 b2H2+iBQM T`Q+2/m`2 7Q` `2H2p�Mi T`2/B+iQ` p�`B�#H2bX

jXkXk "�+Fr�`/ 1HBKBM�iBQM

"�+Fr�`/ 2HBKBM�iBQM bi�`ib rBi? i?2 7mHH KQ/2H r?2`2 i?2 7mHH KQ/2H +QMi�BMb �HH
T`2/B+iQ` p�`B�#H2bX AM �M Bi2`�iBp2 T`Q+2/m`2 bK�HH2` KQ/2Hb �`2 +QMbi`m+i2/ #v
2HBKBM�iBM; T`2/B+iQ` p�`B�#H2b r?B+? ?�p2 � p2`v bK�HH 2z2+i QM i?2 `2bTQMb2
p�`B�#H2X h?Bb 2HBKBM�iBQM T`Q+2bb Bb +QMiBMm2/ mMiBH � +2`i�BM KQ/2H [m�HBiv
+`Bi2`BQM `2�+?2b �M QTiBKmKX h?Bb KQ/2H b2H2+iBQM i2+?MB[m2 Bb Q7i2M mb2/ BM
T`�+iB+�H /�i� �M�Hvb2bX "mi /m2 iQ i?2 ;`22/v M�im`2 Q7 i?Bb i2+?MB[m2 �M/
rBi? H�`;2 MmK#2`b Q7 T`2/B+iQ`b Bi +�M �HbQ #2 /B{+mHi iQ ;2i bi�#H2 `2bmHibX

jXj JQ/2H a2H2+iBQM qBi? :2MQKB+ .�i�

AM `2�H@rQ`H/ ;2MQKB+ /�i� �M�Hvb2b- i?2 MmK#2` Q7 T`2/B+iQ`b +�M #2 �b ?B;? �b
1.5 ∗ 105X h?2`27Q`2 i?2 7Q`r�`/ b2H2+iBQM �TT`Q�+? �b /2b+`B#2/ BM jXkXR +�MMQi
#2 mb2/ #2+�mb2 Q7 i?2 �#Qp2 b?QrM T`Q#H2KbX �HbQ i?2 #�+Fr�`/ 2HBKBM�iBQM
�TT`Q�+? /Q2b MQi vB2H/ � bi�#H2 T`Q+2/m`2 7Q` }M/BM; i?2 bm#b2i Q7 `2H2p�Mi
aLSbX h?Bb ?�b b2p2`�H `2�bQMb r?B+? �`2 b?Q`iHv /2b+`B#2/ BM i?2 7QHHQrBM;
bm#b2+iBQMbX

jXjXR 6BiiBM; h?2 6mHH JQ/2H

6BiiBM; i?2 7mHH KQ/2H rBi? bm+? � ?B;? MmK#2` Q7 T`2/B+iQ`b H2�/b iQ i?2 T`Q#@
H2K i?�i i?2 /2bB;M K�i`Bt X rBHH MQi ?�p2 7mHH +QHmKM `�MFX h?2 bQHmiBQM Q7 i?2
H2�bi b[m�`2b MQ`K�H 2[m�iBQM i?2M /2T2M/b QM � ;2M2`�HBx2/ BMp2`b2 (XT X)− Q7
XT XX :2M2`�HBx2/ BMp2`b2b �`2 MQi mMB[m2 �M/ 7m`i?2`KQ`2 7Q` � ;Bp2M ;2M2`�H@
Bx2/ BMp2`b2- i?2`2 �`2 BM}MBi2Hv K�Mv bQHmiBQMb i?�i b�iBb7v i?2 MQ`K�H 2[m�iBQM
+QKBM; Qmi Q7 H2�bi b[m�`2bX AMbi2�/ Q7 i?2 MQM@mMB[m2 bQHmiBQMb- r2 ?�p2 iQ
7Q+mb QM 2biBK�#H2 7mM+iBQMb Q7 i?2 bQHmiBQMb r?B+? �`2 BM/2T2M/2Mi Q7 i?2 +?QB+2
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Q7 � +QM+`2i2 bQHmiBQMX �Hi?Qm;?- 2p2M B7 Bi Bb TQbbB#H2 iQ }i i?2 7mHH KQ/2H Q7
� ;2MQKB+ /�i�b2i- �TTHvBM; i?2 #�+Fr�`/ 2HBKBM�iBQM T`Q+2/m`2 Bb p2`v iBK2
+QMbmKBM; �M/ /m2 iQ Bib ;`22/BM2bb Bb MQi 2tT2+i2/ iQ `2bmHi BM � bi�#H2 bm#b2i
Q7 `2H2p�Mi aLSb i?�i ?�b �M BM~m2M+2 QM � ;Bp2M i`�Bi Q7 BMi2`2biX

jX9 JBt2/ GBM2�` 1z2+ib JQ/2H

"�b2/ QM i?2 �#Qp2 /2b+`B#2/ T`Q#H2Kb rBi? i?2 mb2 Q7 i?2 }t2/ HBM2�` 2z2+ib
KQ/2H 7Q` �M�HvxBM; ;2MQKB+ /�i�- �MBK�H #`22/2`b r2`2 HQQFBM; 7Q` �M �Hi2`@
M�iBp2X AM i`�/BiBQM�H ;2M2iB+ 2p�Hm�iBQM BM �MBK�H #`22/BM; i?2 "GlS �MBK�H
KQ/2H r�b mb2/ rQ`H/@rB/2X h?2 i2`K i`�/BiBQM�H ;2M2iB+ 2p�Hm�iBQM
`272`b iQ i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b #�b2/ QM T?2MQivTB+ Q#b2`p�iBQM �M/
T2/B;`22 `2H�iBQMb?BTb #2ir22M �MBK�Hb BM � ;Bp2M TQTmH�iBQMX q?2M HQQFBM;
�i 6B;m`2 RXe i?2 i`�/BiBQM�H ;2M2iB+ 2p�Hm�iBQM Bb b?QrM QM i?2 H27i bB/2X h?2
"GlS �MBK�H KQ/2H Bb � KBt2/ HBM2�` 2z2+ib KQ/2H r?2`2 i?2 #`22/BM; p�Hm2b
Q7 �HH �MBK�Hb BM i?2 TQTmH�iBQMb �`2 i�F2M �b `�M/QK 2z2+ibX AM KQbi Q7 i?2b2
i`�/BiBQM�H ;2M2iB+ 2p�Hm�iBQMb i?2 MmK#2` Q7 T`2/B+i2/ #`22/BM; p�Hm2b 2t+22/b
i?2 MmK#2` Q7 Q#b2`p�iBQMbX h?Bb Bb TQbbB#H2 /m2 iQ i?2 "GlS K2i?Q/QHQ;v
r?B+? mb2b i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 `�M/QK 2z2+ib iQ /Bb@
i`B#mi2 i?2 BM7Q`K�iBQM Q7 i?2 Q#b2`p�iBQMb �HbQ iQ T`2/B+i2/ #`22/BM; p�Hm2b
Q7 �MBK�Hb r?B+? /Q MQi ?�p2 �Mv Q#b2`p�iBQMbX AM � "GlS �MBK�H KQ/2H i?2
p�`B�M+2@+Qp�`B�M+2 K�i`Bt Bb T`QTQ`iBQM�H iQ i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt
AX q2 rBHH b22 H�i2` i?�i r?2M mbBM; i?2 ;2MQKB+ p2`bBQM Q7 "GlS i?2 K�i`Bt
A rBHH #2 `2TH�+2/ #v Bib 2[mBp�H2Mi r?B+? Bb +�HH2/ i?2 ;2MQKB+ `2H�iBQMb?BT
K�i`BtX
JBt2/ HBM2�` 2z2+ib KQ/2Hb +�M #2 �TTHB2/ iQ ;2MQKB+ /�i� mbBM; irQ /Bz2`2Mi
T�`�K2i`Bb�iBQMbX �i i?Bb TQBMi- r2 �`2 mbBM; i?2 i2`KBMQHQ;v T`QTQb2/ #v
(62`M�M/Q 2i �HX- kyRe)X AM i?2 }`bi �TT`Q�+? aLS HQ+B �HbQ `272``2/ iQ �b K�`F2`b
�`2 KQ/2H2/ �b `�M/QK 2z2+ibX h?2b2 KQ/2Hb �`2 +�HH2/ K�`F2` 2772+i KQ/2Hb
UJ1JVX AM � b2+QM/ T�`�K2i`Bb�iBQM- #`22/BM; p�Hm2b Q7 �MBK�Hb +Q``2bTQM/BM;
iQ � HBM2�` +QK#BM�iBQM Q7 K�`F2` 2z2+ib �`2 KQ/2H2/ �b `�M/QK 2z2+ibX h?Bb
b2+QM/ ivT2 Q7 KQ/2Hb �`2 `272``2/ iQ �b #`22/BM; p�Hm2 KQ/2Hb U"oJVX 6B;m`2
jXk BHHmbi`�i2b i?2 /Bz2`2M+2 #2ir22M i?2 irQ ivT2b Q7 KQ/2HbX
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6B;m`2 jXk, hrQ hvT2b P7 JBt2/ GBM2�` 1z2+ib JQ/2Hb 6Q` :2MQKB+ .�i�
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jX9XR J�`F2` 1z2+i JQ/2Hb

AM J1J `�M/QK 2z2+ib Q7 K�`F2`b �`2 /B`2+iHv BM+Hm/2/ BM i?2 KQ/2HX 6Q` �M
B/2�HBx2/ /�i� b2i r2 +�M r`Bi2

y = 1nµ + Wq + e UjXRV

r?2`2
y p2+iQ` Q7 H2M;i? n rBi? Q#b2`p�iBQMb
µ ;2M2`�H K2�M /2MQiBM; }t2/ 2z2+ib
1n p2+iQ` Q7 H2M;i? n Q7 �HH QM2b
q p2+iQ` Q7 H2M;i? m Q7 `�M/QK aLS 2z2+ib
W /2bB;M K�i`Bt `2H�iBM; aLS@;2MQivT2b iQ Q#b2`p�iBQMb
e p2+iQ` Q7 H2M;i? n Q7 `�M/QK 2``Q` i2`Kb

h?2 p2+iQ` q +QMi�BMb � b2T�`�i2 `�M/QK 2z2+i 7Q` 2�+? aLSX "2+�mb2 i?2 aLS
2z2+ib �`2 `�M/QK- i?2 2tT2+i2/ p�Hm2 E [q] �M/ i?2 p�`B�M+2 var(q) Kmbi #2
bT2+B}2/X AM ;2M2`�H- i?2 `�M/QK 2z2+ib �`2 /2}M2/ �b /2pB�iBQMb �M/ ?2M+2 i?2B`
2tT2+i2/ p�Hm2 Bb 0X h?Bb K2�Mb E [q] = 0X h?2 p�`B�M+2 var(q) +�M #2 +QKTmi2/
�b var(q) = WW T σ2

q X h?2 p�`B�M+2 2tTH�BM2/ #v 2�+? aLS +Q``2bTQM/b iQ σ2
q

�M/ Bb �bbmK2/ iQ #2 +QMbi�MiX h?2 p�`B�M+2 var(e) Q7 i?2 `�M/QK 2``Q` i2`Kb
Bb i�F2M iQ #2 var(e) = I ∗ σ2

e r?2`2 I Bb i?2 B/2MiBiv K�i`Bt �M/ σ2
e Bb i?2 2``Q`

p�`B�M+2X

jX9Xk "`22/BM; o�Hm2 JQ/2Hb

AM � #`22/BM; p�Hm2 KQ/2H � HBM2�` +QK#BM�iBQM Q7 �HH aLS 2z2+ib �`2 +QK#BM2/
BMiQ � `�M/QK ;2MQKB+ #`22/BM; p�Hm2X h?Bb �TT`Q�+? Bb K2�Mi r?2M �MBK�H
#`22/2`b �`2 i�HFBM; �#Qmi :2MQKB+ "GlS U:"GlSVX h?2 KBt2/ HBM2�` 2z2+ib
KQ/2H BM :"GlS +Q``2bTQM/b iQ

y = Xb + Zg + e UjXkV

r?2`2
y p2+iQ` Q7 H2M;i? n rBi? Q#b2`p�iBQMb
b p2+iQ` Q7 H2M;i? r rBi? }t2/ 2z2+ib
X BM+B/2M+2 K�i`Bt HBMFBM; 2H2K2Mib BM b iQ Q#b2`p�iBQMb
g p2+iQ` Q7 H2M;i? t rBi? `�M/QK ;2MQKB+ #`22/BM; p�Hm2b
Z BM+B/2M+2 K�i`Bt HBMFBM; 2H2K2Mib BM g iQ Q#b2`p�iBQMb
e p2+iQ` Q7 H2M;i? n Q7 `�M/QK 2``Q` i2`Kb

h?2 p2+iQ` g +QMi�BMb i?2 ;2M2iB+ 2z2+ib Q7 �HH �MBK�Hb i?�i �`2 ;2MQivT2/ r?B+?
K2�Mb i?�i i?2v ?�p2 ;2MQKB+ BM7Q`K�iBQM #�b2/ QM aLS ;2MQivT2b �p�BH�#H2X
h?2 2tT2+i2/ p�Hm2b Q7 �HH `�M/QK 2z2+ib Bb �bbmK2/ iQ #2 0X h?2 p�`B�M+2
var(g) Q7 i?2 `�M/QK ;2MQKB+ #`22/BM; p�Hm2b Bb ;Bp2M #v var(g) = G ∗ σ2

g X
h?Bb 2tT`2bbBQM HQQFb p2`v bBKBH�` iQ i?2 p�`B�M+2 Q7 i?2 #`22/BM; p�Hm2b BM i?2
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i`�/BiBQM�H "GlS �MBK�H KQ/2HX h?2 K�i`Bt G Bb +�HH2/ ;2MQKB+ `2H�iBQMb?BT
K�i`Bt U:_JVX h?2 p�`B�M+2 var(e) Q7 i?2 `�M/QK 2``Q` i2`Kb Bb ;Bp2M #v
var(e) = I ∗ σ2

e X
JQbiHv i?2 QH/2` �MBK�Hb 7Q` r?B+? aLS BM7Q`K�iBQM Bb �p�BH�#H2 K�v ?�p2 Q#@
b2`p�iBQMb UyV BM i?2 /�i�b2iX h?2 vQmM;2` �MBK�Hb K�v ?�p2 aLS BM7Q`K�iBQM
#mi BM KQbi +�b2b MQ BM7Q`K�iBQM Bb �p�BH�#H2 7Q` i?2KX h?2 ;Q�H Q7 :"GlS Bb
iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2b 7Q` i?2b2 �MBK�HbX .2T2M/BM; QM i?2 MmK#2`
Q7 ;2MQivT2/ �MBK�Hb r?B+? Bb BM KQbi +�b2b bK�HH2` +QKT�`2/ iQ i?2 MmK#2` Q7
aLS HQ+B- i?2 "oJ KQ/2H ?�b i?2 7QHHQrBM; �/p�Mi�;2b Qp2` i?2 J1J KQ/2H

RX h?2 H2M;i? Q7 i?2 p2+iQ` g Bb t r?B+? +Q``2bTQM/b iQ i?2 MmK#2` Q7 ;2MQ@
ivT2/ �MBK�Hb r?B+? BM KQbi +�b2b Bb bK�HH2` i?�M i?2 H2M;i? Q7 i?2 p2+iQ`
q r?B+? Bb m +Q``2bTQM/BM; iQ i?2 MmK#2` Q7 aLSbX

kX �++m`�+B2b Q7 ;2MQKB+ #`22/BM; p�Hm2b +�M #2 +QKTmi2/ �M�HQ;QmbHv iQ
i?2 i`�/BiBQM�H "GlS �MBK�H KQ/2HX h?Bb Bb �M�HQ;v Q7 �++m`�+B2b /Q2b
MQi 2tBbi BM J1JX

jX "oJ +�M #2 +QK#BM2/ rBi? T2/B;`22@#�b2/ �MBK�H KQ/2H �M�HvbBb r?B+?
Bb i?2M `272``2/ iQ �b bBM;H2 bi2T �TT`Q�+?X

JQ`2 `2+2MiHv rBi? i?2 MmK#2` Q7 ;2MQivT2/ �MBK�Hb ;`QrBM; p2`v 7�bi- i?2b2
�/p�Mi�;2b �`2 MQ HQM;2` �b BKTQ`i�Mi �b i?2v mb2/ iQ #2X

jX8 :2MQKB+ _2H�iBQMb?BT J�i`Bt

h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 ;2M2iB+ 2z2+ib g BM KQ/2H UjXkV Bb
T`QTQ`iBQM�H iQ i?2 ;2MQKB+ `2H�iBQMb?BT K�i`Bt GX �M�HQ;QmbHv iQ i?2 i`�/B@
iBQM�H "GlS �MBK�H KQ/2H r?2`2 i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 `�M/QK
#`22/BM; p�Hm2b Bb T`QTQ`iBQM�H iQ i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt AX

jX8XR .2`Bp�iBQM Q7 G

"2+�mb2 i?2 i`�/BiBQM�H T2/B;`22@#�b2/ "GlS �MBK�H KQ/2H Bb p2`v r2HH `2@
bT2+i2/ BM �MBK�H #`22/BM; �M/ i?2 /2}M2/ KQ/2H UjXkV T`Q/m+2b �M �M�HQ;v
Q7 i?2 ;2MQKB+ 2p�Hm�iBQM KQ/2H iQ i?2 �H`2�/v FMQrM �MBK�H KQ/2H i?2 7QHHQr@
BM; T`QT2`iB2b Q7 g �M/ i?2 ;2MQKB+ `2H�iBQMb?BT K�i`Bt G �`2 2bb2MiB�HX

RX h?2 ;2M2iB+ 2z2+ib g b?QmH/ +Q``2bTQM/ iQ � HBM2�` +QK#BM�iBQM Q7 i?2
bBM;H2 aLS@2z2+ib q

kX h?2 ;2M2iB+ 2z2+ib g b?QmH/ #2 /2}M2/ �b /2pB�iBQMb 7`QK � +QKKQM K2�M-
H2�/BM; iQ i?2 2tT2+i2/ p�Hm2 E [g] = 0X

jX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 p2+iQ` g +Q``2bTQM/b iQ i?2 T`Q/m+i
Q7 G iBK2b � +QKKQM p�`B�M+2 +QKTQM2Mi σ2

g X
9X h?2 ;2MQKB+ `2H�iBQMb?BT K�i`Bt G b?QmH/ #2 bBKBH�` iQ i?2 MmK2`�iQ`

`2H�iBQMb?BT K�i`Bt AX h?2 /B�;QM�H 2H2K2Mib b?QmH/ #2 +HQb2 iQ 1 �M/
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Qz@/B�;QM�H 2H2K2Mib Q7 �MBK�Hb i?�i �`2 `2H�i2/ b?QmH/ ?�p2 ?B;?2` p�Hm2b
i?�M 2H2K2Mib #2ir22M mM`2H�i2/ �MBK�HbX

h?2 K�i`Bt G +�M #2 +QKTmi2/ #�b2/ QM aLS ;2MQivT2bX AM r?�i 7QHHQrb i?2
K�i2`B�H Q7 (o�M_�/2M- kyy3) �M/ (:B�MQH� 2i �HX- kyyN) Bb mb2/ iQ /2`Bp2 i?2
;2MQKB+ `2H�iBQMb?BT K�i`BtX

jX8Xk GBM2�` *QK#BM�iBQM Q7 aLS 1z2+ib

"�b2/ QM i?2 aLS K�`F2` BM7Q`K�iBQM i?2 K�`F2` 2z2+ib BM i?2 p2+iQ` q +�M
#2 2biBK�i2/X >2M+2- r2 �bbmK2 i?�i i?2 p2+iQ` q Bb FMQrMX h?2 T`QT2`iv i?�i
g b?QmH/ #2 � HBM2�` +QK#BM�iBQM Q7 i?2 2z2+ib BM q K2�Mb i?�i i?2`2 2tBbib �
K�i`Bt U 7Q` r?B+? r2 +�M r`Bi2

g = U · q UjXjV

h?2 K�i`Bt U Bb /2i2`KBM2/ #�b2/ QM i?2 /2bB`2/ T`QT2`iB2b /2b+`B#2/ �#Qp2X

jX8Xj .2pB�iBQM

h?2 ;2M2iB+ 2z2+ib g b?QmH/ #2 /2}M2/ �b /2pB�iBQM 7`QK � +QKKQM #�bBbX .m2 iQ
i?Bb /2}MBiBQM i?2 2tT2+i2/ p�Hm2 Q7 i?2 ;2M2iB+ 2z2+i Bb /2i2`KBM2/ #v E [g] = 0X
h?Bb `2[mB`2K2Mi ?�b i?2 7QHHQrBM; +QMb2[m2M+2b 7Q` i?2 K�i`Bt U X
G2i mb ?�p2 � HQQF �i i?2 `�M/QK p�`B�#H2 w r?B+? i�F2b i?2 aLS@;2MQivT2
+Q/2b BM i?2 K�i`Bt W BM i?2 J1J KQ/2H ;Bp2M BM UjXRVX G2i mb 7m`i?2` �bbmK2
i?�i i?2 aLS HQ+B �`2 BM >�`/v@q2BM#2`; 2[mBHB#`BmKX h?2M w +�M i�F2 i?2
7QHHQrBM; p�Hm2b

w =

⎧
⎨

⎩

−1 rBi? T`Q#�#BHBiv (1 − p)2

0 rBi? T`Q#�#BHBiv 2p(1 − p)
1 rBi? T`Q#�#BHBiv p2

UjX9V

h?2 2tT2+i2/ p�Hm2 Q7 w +Q``2bTQM/b iQ

E [w] = (−1)∗ (1−p)2 +0∗2p(1−p)+1∗p2 = −1+2p−p2 +p2 = 2p−1 UjX8V

h?2 K�i`Bt U Bb +QKTmi2/ �b i?2 /Bz2`2M+2 #2ir22M i?2 K�i`Bt W �M/ i?2
K�i`Bt P r?2`2 i?2 K�i`Bt P +Q``2bTQM/b iQ +QHmKM p2+iQ`b r?B+? ?�p2 2H2@
K2Mib +Q``2bTQM/BM; iQ 2pj − 1 r?2`2 pj +Q``2bTQM/b iQ i?2 �HH2H2 7`2[m2M+v Q7
i?2 TQbBiBp2 �HH2H2 �i aLS HQ+mb jX h?2 7QHHQrBM; i�#H2 ;Bp2b �M Qp2`pB2r Q7 i?2
2H2K2Mib Q7 K�i`Bt U 7Q` i?2 /Bz2`2Mi ;2MQivT2b �i aLS HQ+mb jX
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:2MQivT2 :2MQivTB+ o�Hm2 *Q/BM; BM J�i`Bt U
(G2G2)j −2pjqj −1 − 2(pj − 0.5) = −2pj

(G1G2)j (1 − 2pj)qj −2(pj − 0.5) = 1 − 2pj

(G1G1)j (2 − 2pj)qj 1 − 2(pj − 0.5) = 2 − 2pj

>2`2 r2 �bbmK2 i?�i 7Q` � HQ+mb Gj - i?2 �HH2H2 (G1)j ?�b � TQbBiBp2 2z2+i �M/
Q++m`b rBi? 7`2[m2M+v pj X q2 +�M MQr p2`B7v i?�i rBi? i?Bb /2}MBiBQM Q7 U - i?2
2tT2+i2/ p�Hm2 7Q` � ;2M2iB+ 2z2+i /2i2`KBM2/ #v i?2 HQ+mb j +Q``2bTQM/b iQ

E [g]j =
[
(1 − pj)2 ∗ (−2pj) + 2pj(1 − pj)(1 − 2pj) + p2

j (2 − 2pj)
]

qj

= 0 UjXeV

jX8X9 o�`B�M+2 Q7 :2M2iB+ 1z2+ib

�b �H`2�/v TQbimH�i2/ i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 ;2M2iB+ 2z2+ib
b?QmH/ #2 T`QTQ`iBQM�H iQ i?2 ;2MQKB+ `2H�iBQMb?BT K�i`Bt GX

var(g) = G ∗ σ2
g UjXdV

*QKTmiBM; i?2 b�K2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #�b2/ QM 2[m�iBQM UjXjV

var(g) = U · var(q) · UT UjX3V

h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 aLS 2z2+ib Bb var(q) = I ∗ σ2
q X AMb2`iBM;

i?Bb BMiQ UjX3V r2 ;2i var(g) = UUT σ2
q X

AM (:B�MQH� 2i �HX- kyyN) i?2 p�`B�M+2 +QKTQM2Mi σ2
g r�b /2`Bp2/ 7`QK σ2

q H2�/BM;
iQ

σ2
g = 2

m∑

j=1
pj(1 − pj)σ2

q UjXNV

LQr r2 +QK#BM2 �HH `2H�iBQMb?BTb 7Q` var(g) H2�/BM; iQ

var(g) = G ∗ σ2
g = UUT σ2

q UjXRyV

AM UjXRyV- σ2
g Bb `2TH�+2/ #v i?2 `2bmHi Q7 UjXNVX

G ∗ 2
m∑

j=1
pj(1 − pj)σ2

q = UUT σ2
q UjXRRV

.BpB/BM; #Qi? bB/2b Q7 UjXRRV #v σ2
q �M/ bQHpBM; 7Q` G ;Bp2b mb � 7Q`KmH� 7Q` i?2

;2MQKB+ `2H�iBQMb?BT K�i`Bt G
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G = UUT

2
∑m

j=1 pj(1 − pj) UjXRkV

jXe >Qr .Q2b :"GlS qQ`F

h?2 ;2MQKB+ `2H�iBQMb?BT K�i`Bt G �HHQrb iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2b
7Q` �MBK�Hb rBi? aLS@:2MQivT2b rBi?Qmi �Mv Q#b2`p�iBQM BM i?2 /�i�b2iX h?Bb
7�+i Bb i?2 #�bBb Q7 i?2 H�`;2 #2M2}i Q7 ;2MQKB+ b2H2+iBQMX �b bQQM �b � vQmM;
�MBK�H Bb #Q`M- Bib aLS ;2MQivT2b +�M #2 /2i2`KBM2/ �M/ � ;2MQKB+ #`22/BM;
p�Hm2 +�M #2 T`2/B+i2/X h?Bb ;2MQKB+ #`22/BM; p�Hm2 Bb Km+? KQ`2 �++m`�i2
i?2M i?2 i`�/BiBQM�H #`22/BM; p�Hm2 #�b2/ QMHv QM �M+2bi`�H BM7Q`K�iBQMX
h?2 "oJ KQ/2H ;Bp2M BM UjXkV Bb � KBt2/ HBM2�` 2z2+ib KQ/2HX h?2 bQHmiBQM
7Q` i?2 mMFMQrM T�`�K2i2`b +�M #2 Q#i�BM2/ #v bQHpBM; i?2 KBt2/ KQ/2H 2[m�@
iBQMb b?QrM BM UjXRjVX AM i?Bb 7Q`K i?2 AMp2`b2 G−1 Q7 G �M/ i?2 p2+iQ` ĝ Q7
T`2/B+i2/ ;2MQivTB+ #`22/BM; p�Hm2b �`2 bTHBi BMiQ QM2 T�`i +Q``2bTQM/BM; iQ i?2
�MBK�Hb rBi? Q#b2`p�iBQMb �M/ � b2+QM/ T�`i 7Q` i?2 �MBK�Hb rBi?Qmi T?2MQivTB+
BM7Q`K�iBQMX

⎡

⎣
XT X XT Z 0
ZT X ZT Z + G(11) G(12)

0 G(21) G(22)

⎤

⎦

⎡

⎣
b̂
ĝ1
ĝ2

⎤

⎦ =

⎡

⎣
XT y
ZT y
0

⎤

⎦ UjXRjV

h?2 K�i`Bt G(11) /2MQi2b i?2 T�`i Q7 G−1 +Q``2bTQM/BM; iQ i?2 �MBK�Hb rBi?
T?2MQivTB+ Q#b2`p�iBQMbX aBKBH�`Hv- G(22) bi�M/b 7Q` i?2 T�`i Q7 i?2 �MBK�Hb
rBi?Qmi ;2MQivTB+ Q#b2`p�iBQMbX h?2 K�i`B+2b G(12) �M/ G(21) �`2 i?2 T�`ib Q7
G−1 r?B+? HBMF i?2 irQ ;`QmTb Q7 �MBK�HbX h?2 b�K2 T�`iBiBQMBM; ?QH/b 7Q`
i?2 p2+iQ` Q7 T`2/B+i2/ #`22/BM; p�Hm2bX h?2 p2+iQ` ĝ1 +QMi�BMb i?2 T`2/B+i2/
#`22/BM; p�Hm2b 7Q` i?2 �MBK�Hb rBi? Q#b2`p�iBQMb �M/ i?2 p2+iQ` ĝ2 +QMi�BMb i?2
T`2/B+i2/ #`22/BM; p�Hm2b Q7 �HH �MBK�Hb rBi?Qmi T?2MQivTB+ Q#b2`p�iBQMbX
"�b2/ QM i?2 H�bi HBM2 Q7 UjXRjV i?2 T`2/B+i2/ #`22/BM; p�Hm2b ĝ2 Q7 �HH �MBK�Hb
rBi?Qmi T?2MQivTB+ Q#b2`p�iBQMb +�M #2 +QKTmi2/ 7`QK i?2 T`2/B+i2/ #`22/BM;
p�Hm2b ĝ1 7`QK i?2 �MBK�Hb rBi? Q#b2`p�iBQMbX

ĝ2 = −
(
G22)−1

G21ĝ1 UjXR9V

1[m�iBQM UjXR9V Bb `272``2/ iQ �b ;2MQKB+ `2;`2bbBQM Q7 T`2/B+i2/ #`22/BM; p�Hm2b
Q7 �MBK�Hb rBi?Qmi Q#b2`p�iBQM QM i?2 T`2/B+i2/ ;2MQKB+ #`22/BM; p�Hm2b Q7
�MBK�Hb rBi? Q#b2`p�iBQMbX
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