
*?�Ti2` 9

G2�bi �#bQHmi2 a?`BMF�;2
�M/ a2H2+iBQM PT2`�iQ`
UG�aaPV

h?2 HBM2�` KQ/2H

yi = β0 +
p∑

j=1
βjxij + ϵi U9XRV

7Q` �M Q#b2`p�iBQM i UrBi? i = 1, . . . , nV Bb mb2/ iQ KQ/2H i?2 `2H�iBQMb?BT #2ir22M
i?2 T`2/B+iQ` p�`B�#H2b xi1, . . . , xip �M/ � `2bTQMb2 p�`B�#H2 yiX AM � }t2/ HBM2�`
2z2+i KQ/2H i?2 mMFMQrM T�`�K2i2`b βj UrBi? j = 1, . . . , pV �`2 2biBK�i2/ rBi?
H2�bi b[m�`2bX
h?2 p�Hm2b 7Q` βj �M/ 7Q` i?2 2``Q` i2`Kb ϵi �`2 mMFMQrMX q2 2tT2+i i?2
T`2/B+iQ` p�`B�#H2b xi1, . . . , xip iQ #2 FMQrM rBi?Qmi �Mv 2``Q`X 6Q` � ;Bp2M
/�i�b2i rBi? n Q#b2`p�iBQMb i?2 KQ/2H +�M #2 r`Bii2M BM K�i`Bt@p2+iQ` MQi�iBQM
�b

y = Xβ + ϵ U9XkV

9XR aiQ+?�biB+ 1``Q` *QKTQM2Mi

h?2 2``Q` i2`Kb ϵ �`2 `�M/QK 2z2+ib BM i?2 KQ/2H U9XkVX h?2 2tT2+i2/ p�Hm2
E(ϵ) = 0 �M/ i?2 p�`B�M+2 var(ϵ) = I ∗ σ2X h?Bb K2�Mb i?2 2``Q` i2`Kb Q7 i?2
/Bz2`2Mi Q#b2`p�iBQMb �`2 �bbmK2/ iQ #2 mM+Q``2H�i2/X h?2 bBM;H2 2``Q` i2`Kb

9j
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ϵi �`2 MQi bQ BMi2`2biBM;- #mi i?2 p�`B�M+2 +QKTQM2Mi σ2 Bb #2bB/2b i?2 p2+iQ` β
Q7 +Q2{+B2Mib �M �//BiBQM�H mMFMQrM T�`�K2i2`X

9Xk S�`�K2i2` 1biBK�iBQM

6Q` i?2 }t2/ HBM2�` 2z2+ib KQ/2H r2 ?�p2 b22M i?�i i?2 T�`�K2i2`b β +�M #2
2biBK�i2/ mbBM; G2�bi a[m�`2bX h?2 +QM/BiBQM BKTHB2/ #v H2�bi b[m�`2b +Q``2@
bTQM/b iQ

β̂LS = argminβ ||y − Xβ||2 U9XjV

r?2`2 ||.|| +Q``2bTQM/b iQ i?2 2m+HB/2�M MQ`KX h?2 bQHmiBQM Q7 U9XjV 7Q` β̂LS

H2�/b iQ i?2 H2�bi b[m�`2b MQ`K�H 2[m�iBQMb ;Bp2M #v

(XT X)β̂LS = XT y U9X9V

A7 i?2 K�i`Bt X ?�b 7mHH +QHmKM `�MF- i?2 BMp2`b2 Q7 (XT X) 2tBbib �M/ r2 +�M
r`Bi2 i?2 H2�bi b[m�`2b 2biBK�iQ` β̂LS �b

β̂LS = (XT X)−1XT y U9X8V

AM �HH +�b2b r?2`2 X /Q2b MQi ?�p2 7mHH +QHmKM `�MF- (XT X) Bb bBM;mH�` �M/
QM2 bQHmiBQM iQ U9X9V +�M #2 r`Bii2M BM i2`Kb Q7 � ;2M2`�HBx2/ BMp2`b2 (XT X)−

Q7 (XT X)X h?Bb bQHmiBQM Bb +�HH2/ b0 �M/ +�M #2 r`Bii2M �b

b0 = (XT X)−XT y U9XeV

h?2 bQHmiBQM BM U9XeV �`2 +�HH2/ b0 �M/ MQi β̂ #2+�mb2 b0 Bb MQi �M 2biBK�i2 Q7
βX 6m`i?2`KQ`2- b0 Bb MQi mMB[m2- #2+�mb2 (XT X)− Bb MQi mMB[m2X h?2 bQHmiBQM
b0 +�M #2 mb2/ iQ ;2M2`�i2 2biBK�i2b Q7 2biBK�#H2 7mM+iBQMb Q7 βX �M 2biBK�#H2
7mM+iBQM Bb � HBM2�` 7mM+iBQM Q7 i?2 T�`�K2i2`b 7Q` r?B+? �M 2biBK�iQ` +�M #2
7QmM/ 7`QK b0 i?�i Bb BMp�`B�Mi iQ r?�i2p2` bQHmiBQM Bb mb2/ 7Q` i?2 MQ`K�H
2[m�iBQMbX �Mv HBM2�` 7mM+iBQM Q7 i?2 T�`�K2i2`b β Bb /2}M2/ �b 2biBK�#H2- B7 Bi
Bb B/2MiB+�HHv 2[m�H iQ � HBM2�` 7mM+iBQM Q7 i?2 2tT2+i2/ p�Hm2 Q7 i?2 Q#b2`p�iBQMb
UyVX h?Bb K2�Mb i?�i i?2 HBM2�` 7mM+iBQM qT · β Bb 2biBK�#H2 B7 qT · β = tT · E(y)
7Q` bQK2 p2+iQ` tX 6Q` KQ`2 /2i�BHb QM 2biBK�#H2 7mM+iBQMb Q7 T�`�K2i2`b- r2
`272` iQ b2+iBQM 9 Q7 +?�Ti2` 8 BM (a2�`H2- RNdR)X
�Hi?Qm;?- H2�bi b[m�`2b T`QpB/2b mb � iQQH iQ ;2i 2biBK�i2b Q7 2Bi?2` i?2 mMFMQrM
T�`�K2i2`b Q` Q7 2biBK�#H2 7mM+iBQMb Q7 i?2 T�`�K2i2`b- r2 �`2 biBHH MQi �#H2
iQ /2i2`KBM2 i?2 BKTQ`i�Mi T`2/B+iQ` p�`B�#H2b Qmi Q7 � H�`;2 b2i Q7 �p�BH�#H2
p�`B�#H2b i?�i +?�`�+i2`Bx2 Qm` `2bTQMb2b BM � ;Bp2M /�i�b2iX AM bi�iBbiB+b i2`Kb
i?Bb T`Q#H2K Bb `272``2/ iQ �b KQ/2H b2H2+iBQM Q` p�`B�#H2 b2H2+iBQMX AM r?�i
7QHHQrb- � K2i?Q/ Bb /2b+`B#2/ i?�i bQHp2b i?2 T`Q#H2K Q7 p�`B�#H2 b2H2+iBQMX
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9Xj �Hi2`M�iBp2b hQ G2�bi a[m�`2b

h?2 }t2/ HBM2�` 2z2+i KQ/2H UU9XRVV Bb � p2`v mb27mH iQQHX G2�bi a[m�`2b T`QpB/2b
� p2`v r2HH 2bi�#HBb?2/ �M/ �M 2{+B2Mi K2i?Q/ iQ 2biBK�i2 i?2 mMFMQrM T�`�K@
2i2`bX AM i?2 `2+2Mi T�bi- rBi? i?2 �/p2Mi Q7 � T?2MQK2MQM +�HH2/ "B; .�i�
r?B+? bi�M/b 7Q` `2+2Mi i2M/2M+B2b Q7 bvbi2K�iB+�HHv +QHH2+iBM; H�`;2 �KQmMib Q7
/�i�- r2 ?�p2 /�i�b2ib �p�BH�#H2 r?2`2 2�+? `2bTQMb2 ?�b � p2`v H�`;2 MmK#2`
Q7 TQi2MiB�HHv K2�MBM;7mH T`2/B+iQ` p�`B�#H2bX 6BM/BM; i?2 `2H2p�Mi T`2/B+iQ`b
7Q` � ;Bp2M `2bTQMb2 ?�b #2+QK2 �M BKTQ`i�Mi T`Q#H2KX SQbbB#H2 bQHmiBQMb +�M
#2 /BpB/2/ BMiQ i?2 7QHHQrBM; i?`22 +H�bb2b Q7 K2i?Q/bX

RX am#b2i a2H2+iBQM, Pmi Q7 � b2i Q7 p T`2/B+iQ` p�`B�#H2b- � bm#b2i Q7 ǳ`2H2@
p�MiǴ p�`B�#H2b �`2 b2H2+i2/X �HH Qi?2` p�`B�#H2b �`2 B;MQ`2/X h?2 `2H2p�Mi
p�`B�#H2b �`2 Q7i2M b2H2+i2/ #�b2/ QM i?2 bB;MB}+�M+2 Q7 i?2 ?vTQi?2bBb i2bi
�;�BMbi i?2 LmHH@>vTQi?2bBb UH0V Q7 � ;Bp2M KQ/2H +Q2{+B2Mi βj #2BM; 0
r?B+? K2�Mb H0 : βj = 0X

kX _2;mH�`Bb�iBQM Ua?`BMF�;2V, �HH p T�`�K2i2`b �`2 mb2/ BM i?2 KQ/2HX
h?2 2biBK�i2/ +Q2{+B2Mib �`2 ǳ7Q`+2/Ǵ iQr�`/b i?2 Q`B;BMX h?Bb T`Q+2bb
Bb +�HH2/ b?`BMF�;2X h?Bb +�mb2b � `2/m+iBQM Q7 i?2 p�`B�#BHBiv Q7 i?2
2biBK�i2b r?B+? Bb +�HH2/ `2;mH�`Bb�iBQMX

jX .BK2MbBQM _2/m+iBQM, h?2 p T`2/B+iQ`b �`2 `2/m+2/ iQ m HBM2�` +QK#B@
M�iBQMb Q7 i?2 T`2/B+iQ`bX h?Bb `2/m+iBQM Bb �+?B2p2/ rBi? i2+?MB[m2b bm+?
�b T`BM+BT�H +QKTQM2Mib �M�HvbBb US*�V Q` 7�+iQ` �M�HvbBb U6�VX

9X9 G�aaP

aQK2 T`Q+2/m`2b iQ 2biBK�i2 T�`�K2i2`b +�M #2 7QmM/ BM KQ`2 i?�M QM2 Q7 i?2
�#Qp2 i?`22 +H�bb2bX am+? K2i?Q/b �`2 p2`v TQTmH�`- #2+�mb2 i?2v +QK#BM2 KmH@
iBTH2 Q7 i?2 �#Qp2 /2b+`B#2/ T`QT2`iB2b r?B+? �`2 /2bB`�#H2X �M 2t�KTH2 Q7 bm+?
� T`Q+2/m`2 Bb G�aaPX G�aaP Bb �M �##`2pB�iBQM 7Q` G2�bi �#bQHmi2 a?`BMF@
�;2 �M/ a2H2+iBQM PT2`�iQ`X Ai +QK#BM2b bm#b2i b2H2+iBQM �M/ `2;mH�`Bx�iBQMX
h?2 `2;mH�`Bx�iBQM Bb �+?B2p2/ #v �//BM; � T2M�Hiv i2`K iQ i?2 H2�bi b[m�`2b
+QM/BiBQM ;Bp2M BM U9XjVX

9X9XR _2;mH�`Bb�iBQM qBi? G�aaP

qBi? G�aaP � T2M�Hiv i2`K Bb �//2/ iQ i?2 H2�bi b[m�`2b +QM/BiBQMX h?2 T2M�Hiv
i2`K +Q``2bTQM/b iQ λ

∑p
j=1 |βj |X h?Bb i2`K Bb � T2M�Hiv- #2+�mb2 r?2M i?2 bmK

Q7 i?2 �#bQHmi2 p�Hm2b Q7 �HH βj T�`�K2i2`b Bb H�`;2`- i?2 +QMi`B#miBQM /m2 iQ
i?�i i2`K Bb �HbQ H�`;2` �M/ bBM+2 i?2 H2�bi b[m�`2b +`Bi2`BQM Kmbi #2 KBMBKBx2/-
H�`;2` p�Hm2b �`2 �+iBM; HBF2 � T2M�HivX �b � +QMb2[m2M+2 Q7 i?�i T�`�K2i2`
p�Hm2b rBi? bK�HH2` �#bQHmi2 p�Hm2b �`2 T`272``2/ �M/ i?Bb H2�/b iQ i?2 /2bB`2/
2z2+i Q7 `2;mH�`Bx�iBQMX h?2 `2bmHiBM; G�aaP +`Bi2`BQM +�M #2 2tT`2bb2/ #v i?2
7QHHQrBM; 7Q`KmH�X
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β̂LASSO = argminβ

⎧
⎪⎨

⎪⎩

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1
βjxij

⎞

⎠
2

+ λ
p∑

j=1
|βj |

⎫
⎪⎬

⎪⎭

= argminβ

⎧
⎨

⎩RSS + λ
p∑

j=1
|βj |

⎫
⎬

⎭ U9XdV

9X9Xk am#b2i a2H2+iBQM qBi? G�aaP

h?2 T2M�Hiv i2`K λ
∑p

j=1 |βj | BM U9XdV Bb �HbQ `2bTQMbB#H2 7Q` i?2 2z2+i Q7 bm#b2i
b2H2+iBQMX .m2 iQ i?2 �#bQHmi2 p�Hm2 QT2`�iQ` BM i?2 T2M�Hiv i2`K- bQK2 Q7 i?2
+Q2{+B2Mib βj BM i?2 HBM2�` KQ/2H �`2 2tTHB+BiHv b2i iQ x2`QX q?v i?Bb 2z2+i
Q++m`b Bb b?QrM BM 6B;m`2 9XRX

6B;m`2 9XR, am#b2i a2H2+iBQM qBi? G�aaP

AM 6B;m`2 9XR � bBKTH2 +�b2 rBi? p = 2 T�`�K2i2`bX h?2 +Q2{+B2Mib �`2 +�HH2/
b �M/ MQi βX qBi? �M BM}MBi2 �KQmMi Q7 /�i� i?2 +Q2{+B2Mib bj rQmH/ #2
2biBK�i2/ rBi? KBMBK�H 2``Q` �i i?2 TQBMi r?B+? Bb H�#2HH2/ b̂ BM 6B;m`2 9XRX h?2
;`22M 2HHBTb2b /2MQi2 i?2 +QMiQm` HBM2b i?�i ?�p2 � +QMbi�Mi p�Hm2 7Q` i?2 2``Q`X
h?2 `2/ HBM2 bvK#QHBx2b i?2 HBKBi r?B+? Bb +`2�i2/ #v i?2 `2;mH�`Bx�iBQM 2z2+i



9X8X .1h1_JAL1 λ 9d

BKTQb2/ #v G�aaPX h?2 `2;mH�`Bx�iBQM 7Q`+2b i?2 T�`�K2i2` 2biBK�i2b iQ #2
BMbB/2 Q7 i?2 i`B�M;H2 /2}M2/ #v i?2 `2/ HBM2 �M/ i?2 +QQ`/BM�i2 �t2bX 6m`i?2`
KQ`2 r2 r�Mi T�`�K2i2` 2biBK�i2b rBi? KBMBK�H 2``Q`X >2M+2 i?2 #2bi 2biBK�i2
Bb �i i?2 BMi2`b2+iBQM Q7 � ;`22M 2HHBTbBb rBi? i?2 `2/ HBM2X h?Bb BMi2`b2+iBQM Bb
p2`v HBF2Hv iQ ?�TT2M �i QM2 Q7 i?2 +Q`M2`b Q7 i?2 `2;mH�`Bx�iBQM i`B�M;H2X �i
i?2b2 +Q`M2`b- QM2 Q7 i?2 +Q2{+B2Mib Bb b2i iQ x2`Q r?B+? Bb i?2 bQm`+2 Q7 i?2
/2bB`�#H2 T`QT2`iv Q7 bm#b2i b2H2+iBQMX

9X8 .2i2`KBM2 λ

h?2 T2M�Hiv i2`K BM U9XdV +QMi�BMb i?2 T�`�K2i2` λX h?Bb T�`�K2i2` Bb mb2/ iQ
/2i2`KBM2 i?2 bi`2M;i? Q7 i?2 `2;mH�`Bx�iBQM �M/ Bi ?�b iQ #2 2biBK�i2/ 7`QK i?2
/�i�X PM2 TQbbB#BHBiv iQ /2i2`KBM2 λ Bb pB� � T`Q+2/m`2 +�HH2/ +`Qbb p�HB/�iBQM
U*oVX AM � +`Qbb p�HB/�iBQM i?2 /�i�b2i Bb /BpB/2/ `�M/QKHv BMiQ � i`�BMBM; b2i
�M/ � i2bi b2iX h?2 +QKTH2i2 /�i� b2i Bb b2T�`�i2/ bm+? i?�i i?2 i2bi b2i Bb
bK�HH2` i?�M i?2 i`�BMBM; b2iX 6Q` � ;Bp2M i`�BMBM; b2i rBi? �M �bbmK2/ p�Hm2 Q7
λ i?2 Qi?2` T�`�K2i2`b �`2 2biBK�i2/X qBi? i?2 2biBK�i2/ T�`�K2i2`b- i?2 /�i�
BM i?2 i2bi b2i �`2 i`B2/ iQ #2 T`2/B+i2/X h?Bb Bb `2T2�i2/ 7Q` /Bz2`2Mi p�Hm2b
Q7 λ �M/ /Bz2`2Mi b2T�`�iBQMb BMiQ i`�BMBM; �M/ i2bi b2ibX h?2 p�Hm2 Q7 λ rBi?
KBMBK�H T`2/B+iBQM 2``Q` Bb b2H2+i2/ �b QTiBK�H 2biBK�i2 7Q` λX
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