
*?�Ti2` e

S`2/B+iBQM P7 "`22/BM;
o�Hm2b

h?2 �##`2pB�iBQM "GlS bi�M/b 7Q` "2bi GBM2�` lM#B�b2/ S`2/B+iBQMX "GlS@
#�b2/ T`Q+2/m`2b �`2 i?2 /2@7�+iQ bi�M/�`/ K2i?Q/b iQ T`2/B+i #`22/BM; p�Hm2bX
h?2b2 T`Q+2/m`2b mb2 HBM2�` KBt2/ 2z2+ib KQ/2Hb iQ bBKmHi�M2QmbHv 2biBK�i2
}t2/ 2z2+ib �M/ T`2/B+i #`22/BM; p�Hm2bX GBM2�` KQ/2Hb i?�i +QMi�BM #2bB/2b
i?2 `�M/QK 2``Q` Qi?2` `�M/QK 2z2+ib �`2 +�HH2/ HBM2�` KBt2/ 2z2+ib KQ/2HX
h?2 +H�bbB}+�iBQM BMiQ }t2/ �M/ `�M/QK 2z2+ib Bb MQi #�b2/ QM � mMBp2`b�HHv
�++2Ti2/ /2}MBiBQMX 6Q` bQK2 2z2+ib rBi? /BbiBM+i �M/ � }MBi2 MmK#2` Q7 +H�bb2b
Bi Bb 2�bv iQ +H�bbB7v i?2K �b }t2/ 2z2+ibX PM i?2 Qi?2` ?�M/ #`22/BM; p�Hm2b Q7
�MBK�Hb �`2 �Hr�vb KQ/2H2/ �b `�M/QK 2z2+ibX

eXR h?2 GBM2�` JBt2/ 1z2+ib JQ/2H

AM ;2M2`�H i?2 HBM2�` KBt2/ 2z2+ib KQ/2H ?�b i?2 7QHHQrBM; bi`m+im`2

y = Xb + Zu + e UeXRV

r?2`2
y p2+iQ` Q7 H2M;i? n rBi? Q#b2`p�iBQMb
b p2+iQ` Q7 H2M;i? p rBi? }t2/ 2z2+ib
u p2+iQ` Q7 H2M;i? q rBi? `�M/QK #`22/BM; p�Hm2b
e p2+iQ` Q7 H2M;i? n rBi? `�M/QK 2``Q` i2`Kb
X n × p BM+B/2M+2 K�i`Bt HBMFBM; }t2/ 2z2+ib iQ Q#b2`p�iBQMb
Z n × q BM+B/2M+2 K�i`Bt HBMFBM; `�M/QK #`22/BM; p�Hm2b iQ Q#b2`p�iBQMb

qBi? � HBM2�` KBt2/ 2z2+ib KQ/2H- r2 �HbQ ?�p2 iQ bT2+B7v i?2 2tT2+i2/ p�Hm2b
�M/ i?2 p�`B�M+2@+Qp�`B�M+2 K�i`B+2b 7Q` i?2 `�M/QK +QKTQM2Mib BM i?2 KQ/2HX

9j
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q2 bi�`i rBi? i?2 2tT2+i2/ p�Hm2b BM p2+iQ`@MQi�iBQMX

E

⎡

⎣
y
u
e

⎤

⎦ =

⎡

⎣
Xb
0
0

⎤

⎦ UeXkV

h?2 p�`B�M+2@+Qp�`B�M+2 K�i`B+2b +�M #2 r`Bii2M �b

var

⎡

⎣
y
u
e

⎤

⎦ =

⎡

⎣
ZGZT + R ZG 0

GZT G 0
0 0 R

⎤

⎦ UeXjV

eXk aQHmiBQMb hQ h?2 GBM2�` JBt2/ 1z2+ib
JQ/2H

AM i?2 HBM2�` KBt2/ 2z2+ib KQ/2H UeXRV i?2 p2+iQ`b b �M/ u �`2 mMFMQrM �M/
�`2 Q7 T`BK�`v BMi2`2bi r?2M mbBM; i?2 KQ/2H BM HBp2biQ+F #`22/BM; �TTHB+�iBQMbX
�TTHvBM; i?2 "GlS T`QT2`iB2b iQ i?2 KQ/2H UeXRV H2�/b iQ i?2 7QHHQrBM; bQHmiBQMb
7Q` b �M/ uX

û = GZT V −1(y − Xb̂) UeX9V

r?2`2 V bi�M/b 7Q` i?2 p�`B�M+2 +Qp�`B�M+2 K�i`Bt var(y) Q7 i?2 T?2MQivTB+
Q#b2`p�iBQMbX 6`QK UeXjV- r2 +�M b22 i?�i V +�M #2 +QKTmi2/ �b V = ZGZT +RX
h?2 p2+iQ` b̂ bi�M/b 7Q` i?2 #2bi HBM2�` mM#B�b2/ 2biBK�i2 Q7 i?2 }t2/ 2z2+ib b
r?B+? �`2 ;Bp2M #v

b̂ = (XT V −1X)−XT V −1y UeX8V

r?2`2 (XT V −1X)− bi�M/b 7Q` � ;2M2`�HBx2/ BMp2`b2 Q7 (XT V −1X)X
"Qi? bQHmiBQMb BM UeX9V �M/ UeX8V +QMi�BM i?2 K�i`Bt V −1 r?B+? ?�b i?2 /B@
K2MbBQMb n × n r?2`2 n bi�M/b 7Q` i?2 MmK#2` Q7 Q#b2`p�iBQMbX AM T`�+iB+�H
#`22/BM; T`Q;`�Kb i?2 MmK#2` Q7 Q#b2`p�iBQMb Bb 7`2[m2MiHv BM i?2 Q`/2` Q7 106

r?B+? K�F2b i?2 +QKTmi�iBQM Q7 V −1 T`�+iB+�HHv BKTQbbB#H2X *_ >2M/2`bQM
�M/ ?Bb i2�K 7QmM/ i?�i i?2 bQHmiBQM Q7 i?2 bQ@+�HH2/ KBt2/ KQ/2H 2[m�iBQMb
H2�/ iQ 2[mBp�H2Mi bQHmiBQMb 7Q` b̂ �M/ ûX h?2 KBt2/ KQ/2H 2[m�iBQMb �`2 ;Bp2M
#v

[
XT R−1X XT R−1Z
ZT R−1X ZT R−1Z + G−1

] [
b̂
û

]
=
[

XT R−1y
ZT R−1y

]
UeXeV
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h?2 �TTHB+�iBQM Q7 i?2 HBM2�` KBt2/ 2z2+ib KQ/2H UeXRV BM GBp2biQ+F "`22/BM;
?�p2 H2/ iQ irQ bT2+B�HHv M�K2/ KQ/2Hb /2T2M/BM; QM r?�i r�b mb2/ �b `�M/QK
2z2+ibX h?2b2 KQ/2Hb �`2

RX bB`2 KQ/2H, 7Q` 2�+? Q#b2`p�iBQM i?2 BM~m2M+2 Q7 i?2 �MBK�Hb bB`2 r�b
mb2/ �b `�M/QK 2z2+iX

kX �MBK�H KQ/2H, i?2 BM~m2M+2 Q7 i?2 ;2M2iB+ +QKTQM2Mi Q7 2�+? �MBK�H
r�b mb2/ �b `�M/QK 2z2+iX

eXj aB`2 JQ/2H

AM i?2 bB`2 KQ/2H i?2 2z2+i Q7 i?2 bB`2 Bb i�F2M �b � `�M/QK 2z2+iX h?Bb H2�/b
iQ i?2 7QHHQrBM; KQ/2H

y = Xb + Zs + e UeXdV

r?2`2 s Bb � p2+iQ` Q7 H2M;i? qs rBi? �HH bB`2 2z2+ibX �HH Qi?2` +QKTQM2Mib �`2
i?2 b�K2 �b bT2+B}2/ 7Q` i?2 KQ/2H UeXRVX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt var(s)
Q7 �HH bB`2 2z2+ib +Q``2bTQM/b iQ

var(s) = As ∗ σ2
s UeX3V

r?2`2 As Bb i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt QMHv +QMbB/2`BM; `2H�iBQMb QM i?2
K�H2 bB/2 Q7 i?2 T2/B;`22X h?2 p�`B�M+2 +QKTQM2Mi σ2

s Bb Q#i�BM2/ 7`QK i?2
p�`B�M+2 +QKTQM2Mib 2biBK�iBQM mbBM; � bB`2 KQ/2H �M/ Bi +Q``2bTQM/b iQ 0.25σ2

a

r?2`2 σ2
a Bb i?2 ;2M2iB+ �//BiBp2 p�`B�M+2X

h?2 bB`2 KQ/2H r�b /2p2HQT2/ 7Q` HBp2biQ+F TQTmH�iBQMb rBi? H�`;2 ?�H7@bB# 7�K@
BHB2b r?2`2 � ;Bp2M bB`2 ?�b � H�`;2 MmK#2` Q7 QzbT`BM;X �b � `2bmHi �HH bB`2b
;2i T`2/B+i2/ #`22/BM; p�Hm2bX �HH 72K�H2 �MBK�Hb �`2 MQi +QMbB/2`2/ BM i?2
2p�Hm�iBQM �M/ /Q MQi ;2i T`2/B+i2/ #`22/BM; p�Hm2bX
h?2 mb�;2 Q7 bB`2 KQ/2Hb 7Q` T`2/B+iBM; #`22/BM; p�Hm2b r�b K�BMHv �i i?2 #2@
;BMMBM; Q7 i?2 BMi`Q/m+iBQM Q7 i?2 "GlS K2i?Q/QHQ;vX Ai r�b KQiBp�i2/ #v i?2
HQr2` `2[mB`2K2Mib Q7 +QKTmiBM; TQr2`X

eX9 �MBK�H JQ/2H

h?2 bQ@+�HH2/ �MBK�H KQ/2H mb2b i?2 #`22/BM; p�Hm2 Q7 2�+? �MBK�H �b � `�M/QK
2z2+iX AM K�i`Bt@p2+iQ` MQi�iBQM i?2 �MBK�H KQ/2H ?�b i?2 7QHHQrBM; bi`m+im`2X

y = Xb + Za + e UeXNV
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r?2`2 a Bb � p2+iQ` Q7 H2M;i? qa +QMi�BMBM; i?2 #`22/BM; p�Hm2b Q7 �HH �MBK�Hb
BM i?2 T2/B;`22X �HH Qi?2` +QKTQM2Mib �`2 i?2 b�K2 �b bT2+B}2/ 7Q` i?2 KQ/2H
UeXRVX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt var(a) Q7 i?2 #`22/BM; p�Hm2b Bb /2}M2/
�b

var(a) = Aσ2
a UeXRyV

r?2`2 A Bb i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt +QMi�BMBM; �HH B/2MiBiv #v /2b+2Mi
`2H�iBQMb?BTb BM � T2/B;`22X h?2 K�i`Bt A Bb bvKK2i`B+X h?2 Qz@/B�;QM�H 2H@
2K2Mib (A)ij BM `Qr i �M/ +QHmKM j +QMi�BM i?2 T`Q#�#BHBiv Q7 �MBK�Hb i �M/
j b?�`BM; �HH2H2b i?�i �`2 B/2MiB+�H #v /2b+2MiX A/2MiBiv #v /2b+2Mi Q7 irQ �H@
H2H2b K2�Mb i?�i irQ �HH2H2b +�M #2 i`�+2/ #�+F BM i?2 T2/B;`22 iQ � +QKKQM
�M+2biQ`X �b �M 2t�KTH2 i?2 p�Hm2 Q7 (A)ij #2ir22M irQ ?�H7@bB#b i �M/ j Bb 1/4
�M/ #2ir22M irQ 7mHH@bB#b Bi Bb 1/2X h?2 /B�;QM�H 2H2K2Mib (A)ii Q7 K�i`Bt A
+Q``2bTQM/b iQ 1 + Fi r?2`2 Fi Bb i?2 BM#`22/BM; +Q2{+B2Mi Q7 �MBK�H iX h?2
BM#`22/BM; +Q2{+B2Mi +Q``2bTQM/b iQ 1/2 Q7 i?2 `2H�iBQMb?BT +Q2{+B2Mi #2ir22M
T�`2Mib s �M/ d Q7 iX

eX8 :2MQKB+ "GlS

qBi? i?2 `�TB/ BM+`2�b2 Q7 �MBK�Hb rBi? ;2MQivTB+ BM7Q`K�iBQM BM i?2 7Q`K Q7
aLS@;2MQivT2b- i?Bb BM7Q`K�iBQM +�M #2 mb2/ iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2bX
"GlS@#�b2/ K2i?Q/b +�M #2 mb2/ iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2b #�b2/ QM
;2MQKB+ BM7Q`K�iBQMX h?2 ;2MQKB+ "GlS KQ/2Hb +�M ?�p2 irQ /Bz2`2Mi 7Q`KbX

RX K�`F2`@2z2+i KQ/2Hb r?2`2 2�+? aLS@HQ+mb Bb i�F2M �b � `�M/QK 2z2+iX
kX #`22/BM; p�Hm2 #�b2/ KQ/2Hb r?2`2 ;2MQKB+ #`22/BM; p�Hm2b �`2 BM+Hm/2/

�b `�M/QK 2z2+ibX
�b HQM; �b i?2 MmK#2` Q7 ;2MQivT2/ �MBK�Hb Bb HQr2` i?�M i?2 MmK#2` Q7 ;2MQ@
ivT2b /2i2`KBM2/ T2` �MBK�H- i?2M KQ/2H UkV ?�b �/p�Mi�;2b Qp2` KQ/2H URV
rBi? `2bT2+i iQ `2[mB`2K2Mib Q7 +QKTmiBM; TQr2`X "mi �b i?2 MmK#2` Q7 ;2MQ@
ivT2/ �MBK�Hb BM+`2�b2b p2`v `�TB/Hv- KQ/2H URV KB;?i #2 7�pQ`�#H2 Qp2` KQ/2H
UkVX
�i i?Bb TQBMi Bi Bb BKTQ`i�Mi iQ MQi2 i?�i r?2i?2` r2 mb2 ;2MQKB+ BM7Q`K�iBQM
Q` MQi- i?2 ;Q�H Q7 i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b `2K�BMb biBHH i?2 b�K2X q2
r�Mi iQ ;2i � T`2/B+iBQM Q7 i?2 ;2M2iB+ TQi2MiB�H Q7 2�+? �MBK�HX h?Bb T`2/B+iBQM
Kmbi #2 �b �++m`�i2 �b TQbbB#H2X h?2 `2�HBx2/ p�Hm2b Q7 i?2 T`2/B+iBQMb �`2 mb2/
iQ `�MF i?2 �MBK�HbX "�b2/ QM i?2b2 `�MFBM;b i?2 b2H2+iBQM /2+BbBQMb �`2 i�F2M
iQ /2i2`KBM2 i?2 T�`2Mib Q7 i?2 7mim`2 ;2M2`�iBQMb Q7 HBp2biQ+F �MBK�HbX
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