
*?�Ti2` k

"�bB+b BM Zm�MiBi�iBp2 :2M2iB+b

�b �H`2�/v K2MiBQM2/ BM b2+iBQM RXjXR- i?2 +2Mi`�H /Q;K� Q7 KQH2+mH�` #BQHQ;v i2HHb mb i?�i i?2 ;2MQivT2 Bb
i?2 #�bB+b Q7 �Mv T?2MQivTB+ 2tT`2bbBQMX h?2 ;2MQivT2 Q7 �M BM/BpB/m�H Bb +QKTQb2/ Q7 � MmK#2` Q7 ;2M2b
r?B+? �`2 �HbQ +�HH2/ HQ+BX AM i?Bb b2+iBQM- r2 bi�`i rBi? i?2 bBKTH2bi TQbbB#H2 ;2M2iB+ �`+?Bi2+im`2 r?2`2 i?2
;2MQivT2 Bb +QKTQb2/ #v Dmbi QM2 HQ+mbX h?2 +QMM2+iBQM #2ir22M i?2 ;2MQivT2 �M/ i?2 T?2MQivT2 Bb KQ/2H2/
�++Q`/BM; iQ 2[m�iBQM URXRVX h?2 T?2MQivT2 Bb �bbmK2/ iQ #2 � [m�MiBi�iBp2 i`�BiX h?�i K2�Mb r2 �`2 MQi
HQQFBM; �i #BM�`v Q` +�i2;Q`B+�H i`�BibX *�i2;Q`B+�H i`�Bib +�M Dmbi i�F2 � HBKBi2/ MmK#2` Q7 /Bz2`2Mi H2p2HbX
1t�KTH2b Q7 +�i2;Q`B+�H i`�Bib �`2 i?2 ?Q`M bi�imb BM +�iiH2 Q` +2`i�BM +QHQ` +?�`�+i2`BbiB+bX Zm�MiBi�iBp2
i`�Bib /Q MQi i�F2 /Bb+`2i2 H2p2Hb #mi i?2v b?Qr bT2+B}+ /Bbi`B#miBQMbX

kXR aBM;H2 GQ+mb @ Zm�MiBi�iBp2 h`�Bi

AM GBp2biQ+F i?2`2 �`2 MQi K�Mv 2t�KTH2b r?2`2 � [m�MiBi�iBp2 i`�Bi Bb BM~m2M+2/ #v Dmbi QM2 HQ+mbX "mi
i?Bb +�b2 ?2HTb BM mM/2`bi�M/BM; i?2 7QmM/�iBQM Q7 KQ`2 +QKTH2t ;2M2iB+ �`+?Bi2+im`2bX q2 bi�`i #v HQQFBM;
�i i?2 7QHHQrBM; B/2�HBx2/ TQTmH�iBQM U6B;m`2 kXRVX

kXRXR h2`KBMQHQ;v

h?2 /Bz2`2Mi ;2M2iB+ p�`B�Mib i?�i �`2 T`2b2Mi �i Qm` GQ+mb G �`2 +�HH2/ �HH2H2bX q?2M HQQFBM; �i �HH
BM/BpB/m�Hb BM i?2 TQTmH�iBQM 7Q` Qm` HQ+mb- r2 ?�p2 irQ /Bz2`2Mi �HH2H2b G1 �M/ G2X >2M+2- r2 +�HH i?2 HQ+mb
G iQ #2 � #B@�HH2HB+ HQ+mbX AM �Mv ;Bp2M BM/BpB/m�H Q7 i?2 TQTmH�iBQM- i?2 irQ �HH2H2b Q7 i?2 HQ+mb G iQ;2i?2`
�`2 +�HH2/ i?2 BM/BpB/m�Hb ;2MQivT2X �HH TQbbB#H2 +QK#BM�iBQMb Q7 i?2 irQ �HH2H2b �i i?2 HQ+mb G H2�/b iQ �
iQi�H MmK#2` Q7 i?`22 ;2MQivT2bX Ai Bb BKTQ`i�Mi iQ K2MiBQM i?�i i?2 Q`/2` Q7 i?2 �HH2H2b BM � ;Bp2M ;2MQivT2
Bb MQi BKTQ`i�MiX >2M+2- G1G2 �M/ G2G1 �`2 i?2 b�K2 ;2MQivT2X h?2 irQ ;2MQivT2b G1G1 �M/ G2G2 �`2
+�HH2/ ?QKQxv;Qmb �M/ i?2 ;2MQivT2 G1G2 Bb +�HH2/ ?2i2`Qxv;QmbX

kXk 6`2[m2M+B2b

hQ #2 �#H2 iQ +?�`�+i2`Bx2 Qm` TQTmH�iBQM rBi? `2bT2+i iQ i?2 HQ+mb Q7 BMi2`2bi- r2 �`2 }`bi HQQFBM; �i bQK2
7`2[m2M+B2bX h?2b2 �`2 K2�bm`2b Q7 ?Qr Q7i2M � +2`i�BM �HH2H2 Q` ;2MQivT2 /Q2b Q++m` BM Qm` TQTmH�iBQMX 6Q`
Qm` 2t�KTH2 TQTmH�iBQM b?QrM BM 6B;m`2 kXR- i?2 ;2MQivT2 7`2[m2M+B2b �`2

Rj
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6B;m`2 kXR, A/2�HBx2/ SQTmH�iBQM qBi? � aBM;H2 GQ+mb



kXjX >�_.u@q1AL"1_: 1ZlAGA"_AlJ R8

h�#H2 kXR, :2MQivT2 6`2[m2M+B2b mM/2` >�`/v@q2BM#2`; 2[mBHB#`BmK

�HH2H2b G1 G2

G1 f(G1G1) = p2 f(G1G2) = p ∗ q
G2 f(G1G2) = p ∗ q f(G2G2) = q2

f(G1G1) = 4
10 = 0.4

f(G1G2) = 3
10 = 0.3

f(G2G2) = 3
10 = 0.3 UkXRV

h?2 �HH2H2 7`2[m2M+B2b +�M #2 /2i2`KBM2/ 2Bi?2` #v +QmMiBM; Q` i?2v +�M #2 +QKTmi2/ 7`QK i?2 ;2MQivT2
7`2[m2M+B2bX

f(G1) = f(G1G1) + 1
2 ∗ f(G1G2) = 0.55

f(G2) = f(G2G2) + 1
2 ∗ f(G1G2) = 0.45 UkXkV

kXj >�`/v@q2BM#2`; 1[mBHB#`BmK

h?2 >�`/v@q2BM#2`; 2[mBHB#`BmK Bb i?2 +2Mi`�H H�r Q7 ?Qr �HH2H2 7`2[m2M+B2b �M/ ;2MQivT2 7`2[m2M+B2b �`2
`2H�i2/ BM �M B/2�HBx2/ TQTmH�iBQMX :Bp2M i?2 �HH2H2 7`2[m2M+B2b

f(G1) = p

f(G2) = q = 1 − p UkXjV

.m`BM; K�iBM;- r2 �bbmK2 i?�i BM �M B/2�HBx2/ TQTmH�iBQM �HH2H2b �`2 +QK#BM2/ BM/2T2M/2MiHvX h?Bb H2�/b iQ
i?2 ;2MQivT2 7`2[m2M+B2b b?QrM BM h�#H2 kXRX
amKKBM; mT i?2 ?2i2`Qxv;Qmb 7`2[m2M+B2b H2�/b iQ

f(G1G1) = p2

f(G1G2) = 2pq

f(G2G2) = q2 UkX9V

*QKT�`BM; i?2b2 2tT2+i2/ ;2MQivT2 7`2[m2M+B2b BM � B/2�HBx2/ TQTmH�iBQM mM/2` i?2 >�`/v@q2BM#2`; 2[mB@
HB#`BmK iQ r?�i r2 7QmM/ 7Q` i?2 bK�HH 2t�KTH2 TQTmH�iBQM BM 6B;m`2 kXR- r2 +�M +H2�`Hv b�v i?�i i?2 bK�HH
2t�KTH2 TQTmH�iBQM Bb MQi BM >�`/v@q2BM#2`; 2[mBHB#`BmKX

kX9 o�Hm2 �M/ J2�M

Pm` ;Q�H Bb biBHH iQ BKT`Qp2 Qm` TQTmH�iBQM �i i?2 ;2M2iB+ H2p2HX h?2 i2`K BKT`Qp2K2Mi BKTHB2b i?2 M22/ 7Q` �
[m�MiBi�iBp2 �bb2bbK2Mi Q7 Qm` i`�Bi Q7 BMi2`2biX 6m`i?2`KQ`2- r2 ?�p2 iQ #2 �#H2 iQ �bbQ+B�i2 i?2 ;2MQivT2b
BM i?2 TQTmH�iBQM iQ i?2 [m�MiBi�iBp2 p�Hm2b Q7 Qm` i`�BiX
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6B;m`2 kXk, :2MQivTB+ o�Hm2b

kX9XR :2MQivTB+ o�Hm2b

h?2 p�Hm2b Vij iQ 2�+? ;2MQivT2 GiGj �`2 �bbB;M2/ �b b?QrM BM 6B;m`2 kXkX
h?2 Q`B;BM Q7 i?2 ;2MQivTB+ p�Hm2b Bb TH�+2/ BM i?2 KB//H2 #2ir22M i?2 irQ ?QKQxv;Qmb ;2MQivT2b G2G2 �M/
G1G1X >2`2 r2 �`2 �bbmKBM; i?�i G1 Bb i?2 7�pQ`�#H2 �HH2H2X h?Bb H2�/b iQ p�Hm2b Q7 +a 7Q` ;2MQivT2 G1G1
�M/ Q7 −a 7Q` ;2MQivT2 G2G2X h?2 p�Hm2 Q7 ;2MQivT2 G1G2 Bb b2i iQ d �M/ Bb +�HH2/ /QKBM�M+2 /2pB�iBQMX
h�#H2 kXk bmKK�`Bx2b i?2 p�Hm2b 7Q` �HH ;2MQivT2bX

kX9Xk SQTmH�iBQM J2�M

6Q` i?2 +QKTH2i2 TQTmH�iBQM- r2 +�M +QKTmi2 i?2 TQTmH�iBQM K2�M UµV Q7 �HH p�Hm2b �i i?2 HQ+mb GX h?Bb
K2�M +Q``2bTQM/b iQ i?2 2tT2+i2/ p�Hm2 �M/ Bb +QKTmi2/ �b

h�#H2 kXk, o�Hm2b 7Q` �HH :2MQivT2b

o�`B�#H2 :2MQivT2 o�Hm2b
V11 G1G1 �
V12 G1G2 /
V22 G2G2 @�
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µ = V11 ∗ f(G1G1) + V12 ∗ f(G1G2) + V22 ∗ f(G2G2)
= a ∗ p2 + d ∗ 2pq + (−a) ∗ q2

= (p − q)a + 2pqd UkX8V

h?2 TQTmH�iBQM K2�M /2T2M/b QM i?2 p�Hm2b a �M/ d �M/ QM i?2 �HH2H2 7`2[m2M+B2b p �M/ qX h?2 H�`;2` i?2
/Bz2`2M+2 #2ir22M p �M/ q i?2 KQ`2 BM~m2M+2 i?2 p�Hm2 a ?�b BM µ- #2+�mb2 7Q` p2`v /Bz2`2Mi p �M/ q i?2
T`Q/m+i 2pq Bb p2`v bK�HHX PM i?2 Qi?2` ?�M/- B7 p = q = 0.5- i?2M µ = 0.5dX 6Q` HQ+B rBi? d = 0- i?2
TQTmH�iBQM K2�M µ = (p − q)a �M/ ?2M+2- B7 BM �//BiBQM r2 ?�p2 p = q- i?2M µ = 0X

kX9Xj "`22/BM; o�Hm2b

h?2 i2`K #`22/BM; p�Hm2 Bb /2}M2/ �b b?QrM BM .2}MBiBQM kXRX

.2}MBiBQM kXR U"`22/BM; o�Hm2VX h?2 #`22/BM; p�Hm2 Q7 �M �MBK�H i Bb /2}M2/ �b irQ iBK2b i?2 /Bz2`2M+2
#2ir22M i?2 K2�M p�Hm2 Q7 QzbT`BM;b Q7 �MBK�H i �M/ i?2 TQTmH�iBQM K2�MX

�TTHvBM; i?Bb /2}MBiBQM �M/ mbBM; i?2 T�`�K2i2`b i?�i r2 ?�p2 +QKTmi2/ bQ 7�` H2�/b iQ i?2 7QHHQrBM;
7Q`KmH�b 7Q` i?2 #`22/BM; p�Hm2 Q7 �M �MBK�H rBi? � +2`i�BM ;2MQivT2X

kX9XjXR "`22/BM; p�Hm2 7Q` G1G1

�bbmK2 i?�i r2 ?�p2 � ;Bp2M T�`2Mi S rBi? � ;2MQivT2 G1G1 �M/ r2 r�Mi iQ +QKTmi2 Bib #`22/BM; p�Hm2X
G2i mb 7m`i?2` bmTTQb2 i?�i Qm` bBM;H2 T�`2Mi S Bb K�i2/ iQ � TQi2MiB�HHv BM}MBi2 MmK#2` Q7 �MBK�Hb 7`QK
i?2 B/2�HBx2/ TQTmH�iBQM- i?2M r2 +�M /2/m+2 i?2 7QHHQrBM; K2�M ;2MQivTB+ p�Hm2 7Q` i?2 QzbT`BM; Q7 T�`2Mi
SX

J�i2b Q7 S

f(G1) = p f(G2) = q

S�`2Mi S

f(G1) = 1 f(G1G1) = p f(G1G2) = q

"2+�mb2 T�`2Mi S ?�b ;2MQivT2 G1G1- i?2 7`2[m2M+v f(G1) Q7 � G1 �HH2H2 +QKBM; 7`QK S Bb 1 �M/ i?2
7`2[m2M+v f(G2) Q7 � G2 �HH2H2 Bb yX h?2 2tT2+i2/ ;2M2iB+ p�Hm2 Uµ11V Q7 i?2 QzbT`BM; Q7 �MBK�H S +�M #2
+QKTmi2/ �b

µ11 = p ∗ a + q ∗ d UkXeV

�TTHvBM; /2}MBiBQM kXR- r2 +�M +QKTmi2 i?2 #`22/BM; p�Hm2 UBV11V 7Q` �MBK�H S �b b?QrM BM 2[m�iBQM UkXdV
r?BH2 mbBM; i?2 `2bmHib ;Bp2M #v 2[m�iBQMb UkXeV �M/ UkX8VX
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BV11 = 2 ∗ (µ11 − µ)
= 2 (pa + qd − [(p − q)a + 2pqd])
= 2 (pa + qd − (p − q)a − 2pqd)
= 2 (qd + qa − 2pqd)
= 2 (qa + qd(1 − 2p))
= 2q (a + d(1 − 2p))
= 2q (a + (q − p)d) UkXdV

"`22/BM; p�Hm2b 7Q` T�`2Mib rBi? ;2MQivT2b G2G2 �M/ G1G2 �`2 /2`Bp2/ �M�HQ;QmbHvX

kX9XjXk "`22/BM; p�Hm2 7Q` G2G2

6B`bi- r2 /2i2`KBM2 i?2 2tT2+i2/ ;2MQivTB+ p�Hm2 7Q` QzbT`BM;b Q7 � T�`2Mi S rBi? ;2MQivT2 G2G2

J�i2b Q7 T�`2Mi S

f(G1) = p f(G2) = q

S�`2Mi S

f(G2) = 1 f(G1G2) = p f(G2G2) = q

h?2 2tT2+i2/ ;2M2iB+ p�Hm2 Uµ22V Q7 i?2 QzbT`BM; Q7 �MBK�H S +�M #2 +QKTmi2/ �b

µ22 = pd − qa UkX3V

h?2 #`22/BM; p�Hm2 BV22 +Q``2bTQM/b iQ

BV22 = 2 ∗ (µ22 − µ)
= 2 (pd − qa − [(p − q)a + 2pqd])
= 2 (pd − qa − (p − q)a − 2pqd)
= 2 (pd − pa − 2pqd)
= 2 (−pa + p(1 − 2q)d)
= −2p (a + (q − p)d) UkXNV

kX9XjXj "`22/BM; p�Hm2 7Q` G1G2

h?2 ;2MQivT2 7`2[m2M+B2b Q7 i?2 QzbT`BM;b Q7 � T�`2Mi S rBi? � ;2MQivT2 G1G2 Bb /2i2`KBM2/ BM i?2 7QHHQrBM;
i�#H2X
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J�i2b Q7 T�`2Mi S

f(G1) = p f(G2) = q

S�`2Mi S

f(G1) = 0.5 f(G1G1) = 0.5p f(G1G2) = 0.5q

f(G2) = 0.5 f(G1G2) = 0.5p f(G2G2) = 0.5q

h?2 2tT2+i2/ K2�M ;2MQivTB+ p�Hm2 Q7 i?2 QzbT`BM;b Q7 T�`2Mi S rBi? ;2MQivT2 G1G2 Bb +QKTmi2/ �b

µ12 = 0.5pa + 0.5d − 0.5qa = 0.5 [(p − q)a + d] UkXRyV

h?2 #`22/BM; p�Hm2 BV12 +Q``2bTQM/b iQ

ZW12 = 2 ∗ (µ12 − µ)
= 2 (0.5(p − q)a + 0.5d − [(p − q)a + 2pqd])
= 2 (0.5pa − 0.5qa + 0.5d − pa + qa − 2pqd)
= 2 (0.5(q − p)a + (0.5 − 2pq)d)
= (q − p)a + (1 − 4pq)d
= (q − p)a + (p2 + 2pq + q2 − 4pq)d
= (q − p)a + (p2 − 2pq + q2)d
= (q − p)a + (q − p)2d

= (q − p) [a + (q − p)d] UkXRRV

kX9XjX9 amKK�`v Q7 "`22/BM; o�Hm2b

h?2 i2`K a + (q − p)d �TT2�`b BM �HH i?`22 #`22/BM; p�Hm2bX q2 `2TH�+2 i?Bb i2`K #v α �M/ bmKK�`Bx2 i?2
`2bmHib BM i?2 7QHHQrBM; i�#H2X

:2MQivT wm+?ir2`i

G1G1 2qα

G1G2 (q − p)α

G2G2 −2pα

kX9X9 �HH2H2 am#biBimiBQM

*QKT�`BM; i?2 ;2MQivT2 G2G2 rBi? i?2 ;2MQivT2 G1G2- QM2 Q7 i?2 /Bz2`2M+2b Bb BM i?2 MmK#2` Q7 G1@�HH2H2bX
G2G2 ?�b x2`Q G1@�HH2H2b �M/ G1G2 ?�b QM2 G1@�HH2H2X h?2v �HbQ ?�p2 /Bz2`2Mi #`22/BM; p�Hm2bX "2+�mb2 i?2
#`22/BM; p�Hm2b �`2 iQ #2 mb2/ iQ �bb2bb i?2 p�Hm2 Q7 � ;Bp2M ;2MQivT2- �Mv /Bz2`2M+2 #2ir22M i?2 #`22/BM;
p�Hm2b BV12 �M/ B22 +�M #2 �bbQ+B�i2/ iQ i?�i �//BiBQM�H G1 �HH2H2 BM G1G2 +QKT�`2/ iQ G2G2X

h?2 +QKTmi�iBQM Q7 i?2 /Bz2`2M+2 #2ir22M i?2 #`22/BM; p�Hm2 BV12 �M/ B22 `2bmHib BM
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BV 12 − BV22 = (q − p)α − (−2pα)
= (q − p)α + 2pα

= (q − p + 2p)α
= (q + p)α
= α UkXRkV

h?2 �M�HQ;Qmb +QKTmi�iBQM +�M #2 /QM2 #v +QKT�`BM; i?2 #`22/BM; p�Hm2b BV11 �M/ BV12X

BV11 − BV12 = 2qα − (q − p)α
= (2q − (q − p)) α

= α UkXRjV

h?2 #`22/BM; p�Hm2b i?2Kb2Hp2b /2T2M/ QM i?2 �HH2H2 7`2[m2M+B2bX "mi i?2 /Bz2`2M+2b #2ir22M #`22/BM; p�Hm2b
�`2 HBM2�` r?BH2 `2TH�+BM; G2 �HH2H2b #v G1 �HH2H2bX h?Bb `2TH�+2K2Mi Bb �HbQ +�HH2/ �HH2H2@bm#biBimiBQM �M/ i?2
i2`K alpha Bb +�HH2/ �HH2H2@bm#biBimiBQM 2z2+iX

kX9X8 .QKBM�M+2 .2pB�iBQM

q?2M HQQFBM; �i i?2 /Bz2`2M+2 #2ir22M i?2 ;2MQivTB+ p�Hm2 Vij �M/ i?2 #`22/BM; p�Hm2 BVij 7Q` 2�+? Q7 i?2
i?`22 ;2MQivT2b- r2 ;2i i?2 7QHHQrBM; `2bmHibX

V11 − BV11 = a − 2qα

= a − 2q [a + (q − p)d]
= a − 2qa − 2q(q − p)d
= a(1 − 2q) − 2q2d + 2pqd

= [(p − q)a + 2pqd] − 2q2d

= µ + D11 UkXR9V

V12 − ZW12 = d − (q − p)α
= d − (q − p) [a + (q − p)d]
= [(p − q)a + 2pqd] + 2pqd

= µ + D12 UkXR8V

V22 − BV22 = −a − (−2pα)
= −a + 2p [a + (q − p)d]
= [(p − q)a + 2pqd] − 2p2d

= µ + D22

h?2 /Bz2`2M+2 �HH +QMi�BM i?2 TQTmH�iBQM K2�M µ THmb � +2`i�BM /2pB�iBQMX h?Bb /2pB�iBQM i2`K Bb +�HH2/
/QKBM�M+2 /2pB�iBQMX
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kX9Xe amKK�`v Q7 o�Hm2b

h?2 7QHHQrBM; i�#H2 bmKK�`Bx2b �HH ;2MQivTB+ p�Hm2b �HH #`22/BM; p�Hm2b �M/ i?2 /QKBM�M+2 /2pB�iBQMbX

:2MQivT ;2MQivTB+ p�Hm2 "`22/BM; o�Hm2 .QKBM�M+2 .2pB�iBQM

GiGj Vij BVij Dij

G1G1 a 2qα −2q2d

G1G2 d (q − p)α 2pqd

G2G2 −a −2pα −2p2d

h?2 7Q`KmH�b BM i?2 �#Qp2 b?QrM i�#H2 �bbmK2 i?�i G1 Bb i?2 7�pQ`�#H2 �HH2H2 rBi? 7`2[m2M+v f(G1) = pX h?2
�HH2H2 7`2[m2M+v Q7 G2 Bb f(G2) = qX aBM+2 r2 ?�p2 � #B@�HH2HB+ HQ+mb p + q = 1X
"�b2/ QM i?2 /2}MBiBQM Q7 /QKBM�M+2 /2pB�iBQM- i?2 ;2MQivTB+ p�Hm2b Vij +�M #2 b2T�`�i2/ �++Q`/BM; iQ
2[m�iBQM UkXReVX

Vij = µ + BVij + Dij UkXReV
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