
*?�Ti2` j

:2M2iB+ 1p�Hm�iBQMb

AM +?�Ti2` k- r2 ?�p2 �H`2�/v b22M i?�i i?2 #`22/BM; p�Hm2 Bb � `2�HHv BKTQ`i�Mi +QM+2TiX h?2 .2}MBiBQM
kXR Q7 i?2 i2`K #`22/BM; p�Hm2 ?�b bQK2 BKTQ`i�Mi +QMb2[m2M+2bX

Ç h?2 #`22/BM; p�Hm2 Bb #�b2/ QM i?2 �p2`�;2 Q7 � H�`;2 MmK#2` Q7 QzbT`BM;X h?Bb Bb M2+2bb�`v- #2+�mb2
QzbT`BM; BM?2`Bi � `�M/QK b�KTH2 Q7 � T�`2Mib �HH2H2bX "mi MQi �HH QzbT`BM; `2+2Bp2 i?2 b�K2 b�KTH2 Q7
�HH2H2bX h�FBM; i?2 �p2`�;2 Q7 � H�`;2 MmK#2` Q7 QzbT`BM; `2/m+2b i?2 2z2+i Q7 b�KTHBM; �M/ i?2`2#v
H2ib i?2 #`22/BM; p�Hm2 +QMp2`;2 iQ � bi�#H2 p�Hm2X

Ç h?2 #`22/BM; p�Hm2 Bb /2}M2/ �b � /2pB�iBQM 7`QK i?2 TQTmH�iBQM K2�MX h?Bb TQTmH�iBQM K2�M /2T2M/b
QM �HH2H2 7`2[m2M+B2b r?B+? �`2 bT2+B}+ 7Q` 2�+? TQTmH�iBQMX h?2`27Q`2 #`22/BM; p�Hm2b +�M QMHv #2
+QKT�`2/ rBi?BM QM2 TQTmH�iBQMX

Ç "2+�mb2 i?2 #`22/BM; p�Hm2 Bb /2}M2/ �b � /2pB�iBQM- i?2 2tT2+i2/ p�Hm2 Q7 i?2 #`22/BM; p�Hm2b �M/ i?2
K2�M Q7 �HH #`22/BM; p�Hm2b �`2 0 #v /2}MBiBQMX

jXR AMi`Q/m+iBQM

"2+�mb2- BM i?2 KQ`2 i`�/BiBQM�H b2iiBM;R Q7 HBp2biQ+F #`22/BM;- r2 /Q MQi ?�p2 BM7Q`K�iBQM �#Qmi �HH2H2
7`2[m2M+B2b �M/ �#Qmi ;2MQivTB+ p�Hm2b- r2 ?�p2 iQ T`2/B+i #`22/BM; p�Hm2bX 6Q` i?Bb T`2/B+iBQM r2 +�M mb2
/Bz2`2Mi bQm`+2b Q7 BM7Q`K�iBQMX *m``2MiHv- r2 �`2 �bbmKBM; i?�i i?Bb BM7Q`K�iBQM Bb �HH #�b2/ QM `2+Q`/b Q7
T?2MQivTB+ Q#b2`p�iBQMbX

jXRXR h?2 "�bB+ JQ/2H

�Hi?Qm;?- i?2 T?2MQivTB+ Q#b2`p�iBQM KB;?i Q`B;BM�i2 7`QK /Bz2`2Mi bQm`+2b- r2 +�M mb2 QM2 #�bB+ KQ/2H 7Q`
�HH Q7 i?2 #`22/BM; p�Hm2 T`2/B+iBQMbX q2 ?�p2 �H`2�/v b22M � /Bz2`2Mi 7Q`K Q7 i?Bb KQ/2H BM 2[m�iBQM URXRV BM
b2+iBQM RXjXRX h?2 Q`B;BM�H KQ/2H 7`QK 2[m�iBQM URXRV Bb KQ/B}2/ �M/ 2ti2M/2/ iQ i?2 KQ/2H b?QrM #2HQrX

yij = µi + gi + eij UjXRV

r?2`2
yij jth `2+Q`/ Q7 �MBK�H i
µi B/2MiB}�#H2 }t2/ 2MpB`QMK2Mi�H 2z2+i
gi bmK Q7 �HH �//BiBp2 UaV- /QKBM�M+2 UdV �M/ 2TBbi�iB+ 2z2+ib Q7 i?2 ;2MQivT2 Q7 �MBK�H i
eij `�M/QK 2MpB`QMK2Mi�H 2z2+ib Q7 �MBK�H i

Rh?�i K2�Mb- �i i?Bb KQK2Mi- r2 �`2 B;MQ`BM; �HH `2+2Mi /2p2HQTK2Mib K�/2 bm+? �b ;2MQKB+ b2H2+iBQMX

kd
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6B;m`2 jXR, _2@�``�M;K2Mi Q7 h2`Kb _2T`2b2MiBM; :2M2iB+ 1z2+ib

h?2 �//BiBp2 ;2M2iB+ T�`i Q7 gi BM 2[m�iBQM UjXRV `2T`2b2Mib i?2 �p2`�;2 ;2M2iB+ 2z2+i i?�i �MBK�H i `2+2Bp2b
7`QK Bib T�`2MibX Ai Bb i?2`27Q`2 +�HH2/ i?2 #`22/BM; p�Hm2X "2+�mb2 i?2 �//BiBp2 ;2M2iB+ 2z2+i Bb � 7mM+iBQM
Q7 i?2 �HH2H2b T�bb2/ 7`QK i?2 T�`2Mib iQ i?2 T`Q;2Mv- Bi Bb i?2 QMHv +QKTQM2Mi i?�i +�M #2 b2H2+i2/ 7Q` �M/
Bb i?2`27Q`2 i?2 K�BM +QKTQM2Mi Q7 BMi2`2biX .m2 iQ i?2 K�DQ` BMi2`2bi BM i?2 ;2M2iB+ �//BiBp2 +QKTQM2Mi-
i?2 i2`Kb BM i?2 #�bB+ KQ/2H BM UjXRV �`2 `2@�``�M;2/ �b 7QHHQrbX

yij = µi + ai + e∗
ij UjXkV

r?2`2
yij jth `2+Q`/ Q7 �MBK�H i
µi B/2MiB}�#H2 }t2/ 2MpB`QMK2Mi�H 2z2+i
ai bmK Q7 �HH �//BiBp2 UaV ;2M2iB+ 2z2+ib Q7 i?2 ;2MQivT2 Q7 �MBK�H i
e∗

ij /QKBM�M+2- 2TBbi�iB+ �M/ `�M/QK 2MpB`QMK2Mi�H 2z2+ib Q7 �MBK�H i

h?2 b�K2 `2@�``�M;K2Mi Q7 i2`Kb BM i?2 #�bB+ KQ/2H Bb BHHmbi`�i2/ #v 6B;m`2 jXR
1[m�iBQM UjXkV +QMbiBimi2b i?2 HBM2�` KQ/2H i?�i 7Q`Kb i?2 #�bBb 7Q` KQbi T`Q#H2Kb Q7 #`22/BM; p�Hm2 T`2/B+@
iBQM BM HBp2biQ+F #`22/BM;X lbm�HHv Bi Bb �bbmK2/ i?�i i?2 T?2MQivTB+ Q#b2`p�iBQMb yij 7QHHQr � KmHiBp�`B�i2
MQ`K�H /Bbi`B#miBQMX q2 ?�p2 �H`2�/v b22M BM b2+iBQM kXd i?�i i?2 �//BiBp2 ;2M2iB+ 2z2+i UaiV Bb i?Qm;?i iQ
#2 i?2 bmK Q7 � H�`;2 MmK#2` Q7 mMHBMF2/ HQ+B i?�i �HH +QMi`B#mi2 � p2`v bK�HH �KQmMi iQ i?2 iQi�H #`22/BM;
p�Hm2X h?2M #v i?2 +2Mi`�H HBKBi i?2Q`2K Bi 7QHHQrb i?�i ai +QMp2`;2b iQ � MQ`K�H /Bbi`B#miBQMX "v i?2 b�K2
`2�bQMBM; i?�i i?2 2MpB`QMK2Mi�H 2z2+i e∗

ij Bb +QKTQb2/ Q7 p2`v K�Mv bK�HH +QMi`B#miBQMb- �HbQ e∗
ij +QMp2`;2b

iQ � MQ`K�H /Bbi`B#miBQMX 6`QK /Bbi`B#miBQM i?2Q`v Bi Bb FMQrM i?�i i?2 bmK Q7 irQ MQ`K�HHv /Bbi`B#mi2/
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`�M/QK p�`B�#H2b UHBF2 ai �M/ e∗
ijV THmb � }t2/ i2`K UHBF2 µV Bb �;�BM � `�M/QK p�`B�#H2 i?�i 7QHHQrb � MQ`K�H

/Bbi`B#miBQMX q2 +�M +QM+Hm/2 i?�i i?2 �bbmKTiBQM i?�i �HH i?2 `�M/QK 2z2+ib Uyij - ai �M/ e∗
ijV BM KQ/2H

UjXkV Bb +QMbBbi2Mi rBi? /Bbi`B#miBQM i?2Q`vX 6m`i?2`KQ`2 i?2 +2Mi`�H HBKBi i?2Q`2K BKTHB2b i?�i BM T`BM+BTH2
i?2 MmK#2` Q7 #`22/BM; p�Hm2b 7`QK bBM;H2 HQ+B i2M/b iQ BM}MBivX h?�i K2�Mb i?2 iQi�H #`22/BM; p�Hm2 ai

+Q``2bTQM/b iQ � bmK Q7 BM}MBi2Hv K�Mv +QMi`B#miBQMbX "�b2/ QM i?2 7�+i i?�i BM i?2Q`v ai Bb +QKTQb2/ Q7
�M BM}MBi2 MmK#2` Q7 BM}MBi2Hv bK�HH +QKTQM2Mib- i?2 KQ/2H BM UjXkV Bb +�HH2/ i?2 BM}MBi2bBK�H KQ/2HX

*QM+2`MBM; i?2 p�`B�M+2b- Bi Bb �bbmK2/ i?�i var(yij)- var(ai) �M/ var(eij) �`2 �HH FMQrMX *Qp�`B�M+2b
Ucov(ai, eij)V #2ir22M ;2M2iB+ �M/ 2MpB`QMK2Mi�H 2z2+ib �M/ +Qp�`B�M+2b Ucov(e∗

ij , e∗
kl)V #2ir22M 2MpB`QMK2Mi�H

2z2+ib Q7 K�i2b i �M/ k �`2 �bbmK2/ iQ #2 x2`Q- `2bT2+iBp2HvX

�HbQ µi r?B+? Bb mb2/ iQ `2T`2b2Mi i?2 K2�M T2`7Q`K�M+2 Q7 �MBK�Hb BM i?2 b�K2 B/2MiB}�#H2 2MpB`QMK2Mi
bm+? �b ?2`/ Q` K�M�;2K2Mi ;`QmT Q` ?�p2 i?2 b�K2 b2t Q` �;2- Bb �bbmK2/ iQ #2 FMQrMX

jXRXk .2+QKTQbBiBQM Q7 "`22/BM; o�Hm2

�b �H`2�/v K2MiBQM2/ 2�`HB2`- i?2 #`22/BM; p�Hm2 ai Q7 �M BM/BpB/m�H i `2T`2b2Mib i?2 �p2`�;2 �//BiBp2 ;2M2iB+
2z2+i i?�i �MBK�H i `2+2Bp2b 7`QK Bib T�`2Mib s �M/ dX >2M+2 ai +�M #2 /2+QKTQb2/ BMiQ

ai = 1
2as + 1

2ad + mi UjXjV

r?2`2 as �M/ ad +Q``2bTQM/ iQ i?2 #`22/BM; p�Hm2b Q7 T�`2Mib s �M/ d- `2bT2+iBp2Hv �M/ mi Bb i?2 /2pB�iBQM
Q7 ai 7`QK i?2 �p2`�;2 #`22/BM; p�Hm2b Q7 i?2 T�`2Mib �M/ Bb +�HH2/ J2M/2HB�M b�KTHBM;X h?2 i2`K mi Bb
M2+2bb�`v- #2+�mb2 irQ 7mHHbB#b i �M/ k #Qi? ?�pBM; T�`2Mib s �M/ d `2+2Bp2 /Bz2`2Mi `�M/QK b�KTH2b Q7 i?2
b2i Q7 T�`2Mi�H �HH2H2bX >2M+2 i?2 #`22/BM; p�Hm2b ai �M/ ak Q7 7mHHbB#b i �M/ k �`2 MQi ;QBM; iQ #2 i?2 b�K2X
h?2 /Bz2`2M+2 #2ir22M #`22/BM; p�Hm2b ai �M/ ak Bb `2~2+i2/ BM i?2 /Bz2`2Mi J2M/2HB�M b�KTHBM; i2`Kb mi

�M/ mk 7Q` 7mHHbB#b i �M/ kX

jXk "�bB+ S`BM+BTH2 Q7 S`2/B+iBM; "`22/BM; o�Hm2b

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b KQbiHv 7QHHQrb i?2 b�K2 T`BM+BTH2bX 6`QK i?2 TQBMi Q7 pB2r Q7 bi�iBbiB+b-
2biBK�iBQMb Q` T`2/B+iBQMb �`2 �Hr�vb � 7mM+iBQM Q7 i?2 Q#b2`p2/ /�i�X q?2M HQQFBM; �i i?2 KQ/2H BM
UjXkV- r2 +�M T`Q#�#Hv ;m2bb i?�i i?2 Q#b2`p2/ T?2MQivTB+ `2+Q`/b UyijV Kmbi #2 +Q``2+i2/ bQK2?Qr 7Q` i?2
B/2MiB}�#H2 2MpB`QMK2Mi�H 2z2+ib `2T`2b2Mi2/ #v µiX h?2 b2+QM/ BM~m2M+2 i?�i r2 r�Mi iQ +QMbB/2` r?2M
T`2/B+iBM; #`22/BM; p�Hm2b Bb ?Qr ǳ+HQb2Hv `2H�i2/Ǵ i?2 Q#b2`p2/ `2+Q`/ yij Bb iQ i?2 #`22/BM; p�Hm2X 6Q` i`�Bib
r?2`2 i?2 BM~m2M+2 Q7 i?2 ;2M2iB+ +QKTQM2Mi Bb MQi p2`v bi`QM;- Bi Bb T`Q#�#Hv � ;QQ/ B/2� iQ /QrM@r2B;?
i?2 BM7Q`K�iBQM 7`QK yij X

h?2 irQ T`BM+BTH2b Dmbi /2b+`B#2/ +�M #2 ;2M2`�HBx2/ �b 7QHHQrbX "`22/BM; p�Hm2b �`2 T`2/B+i2/ �++Q`/BM; iQ
i?2 7QHHQrBM; irQ bi2TbX

RX P#b2`p�iBQMb �`2 +Q``2+i2/ 7Q` i?2 K2�M T2`7Q`K�M+2 p�Hm2b Q7 �MBK�Hb mM/2` i?2 b�K2 2MpB`QMK2Mi�H
+QM/BiBQMbX h?2 +QM/BiBQMb �`2 /2b+`B#2/ #v i?2 2z2+ib +�Tim`2/ BM µiX

kX h?2 +Q``2+i2/ Q#b2`p�iBQMb �`2 r2B;?i2/ #v � 7�+iQ` i?�i `2~2+ib i?2 �KQmMi Q7 BM7Q`K�iBQM i?�i Bb
�p�BH�#H2 7Q` i?2 T`2/B+iBQM Q7 �M �MBK�Hb #`22/BM; p�Hm2X

AM r?�i 7QHHQrb- r2 ?�p2 � HQQF �i ?Qr #`22/BM; p�Hm2b �`2 T`2/B+i2/ 7`QK /Bz2`2Mi bQm`+2b Q7 BM7Q`K�iBQMX
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6B;m`2 jXk, _2;`2bbBQM Q7 "`22/BM; o�Hm2b QMiQ S?2MQivTB+ P#b2`p�iBQMb

jXj �MBK�HǶb PrM S2`7Q`K�M+2

jXjXR aBM;H2 _2+Q`/

q?2M QM2 T?2MQivTB+ Q#b2`p�iBQM T2` �MBK�H Bb i?2 QMHv BM7Q`K�iBQM r2 ?�p2 �p�BH�#H2- i?2 T`2/B+iQ` âi Q7
i?2 #`22/BM; p�Hm2 ai Q7 �MBK�H i +�M #2 /2`Bp2/ �++Q`/BM; iQ i?2 7QHHQrBM; HBM2 Q7 �`;mK2MiX G2i mb �bbmK2
7Q` � KQK2Mi i?�i r2 FMQr i?2 i`m2 #`22/BM; p�Hm2 ai 7Q` � TQTmH�iBQM Q7 �MBK�HbX AM �//BiBQM iQ i?�i 2�+?
�MBK�H i ?�b QM2 Q#b2`p�iBQM yi �p�BH�#H2X h?2M r2 THQi i?2 p�Hm2b Q7 ai �;�BMbi i?2 p�Hm2b Q7 yi 7Q` i?2
+QKTH2i2 TQTmH�iBQMX

h?2 THQi BM 6B;m`2 jXk bm;;2bib i?�i r2 }i � `2;`2bbBQM Q7 i?2 #`22/BM; p�Hm2b QMiQ i?2 T?2MQivTB+ `2+Q`/bX
h?2 }ii2/ `2;`2bbBQM Bb `2T`2b2Mi2/ #v i?2 `2/ HBM2X >2M+2 �b bQQM �b r2 +�M /`�r i?2 `2;`2bbBQM HBM2- r2 +�M
T`2/B+i #`22/BM; p�Hm2b #�b2/ QM i?2 T?2MQivTB+ Q#b2`p�iBQMbX h?2 T`2/B+i2/ #`22/BM; p�Hm2 âi 7Q` � ;Bp2M
yi +Q``2bTQM/b iQ i?2 p�Hm2 QM i?2 `2/ HBM2 +Q``2bTQM/BM; iQ i?2 p�Hm2 Q7 yiX h?2 bHQT2 Q7 i?2 `2;`2bbBQM HBM2
+Q``2bTQM/b iQ i?2 `2;`2bbBQM +Q2{+B2Mi bX 6`QK `2;`2bbBQM i?2Q`v- i?2 +Q2{+B2Mi b Bb +QKTmi2/ �b
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b = cov(a, y)
var(y)

= cov(a, µ + a + e)
var(y)

= cov(a, a)
var(y)

= var(a)
var(y)

= h2 UjX9V

r?2`2 h2 +Q``2bTQM/b iQ i?2 `�iBQ #2ir22M i?2 ;2M2iB+ �//BiBp2 �M/ i?2 T?2MQivTB+ p�`B�M+2 �M/ Bb +�HH2/
?2`Bi�#BHBivX q2 �`2 mbBM; i?2 `2;`2bbBQM +Q2{+B2Mi iQ T`2/B+i i?2 #`22/BM; p�Hm2 7Q` �MBK�H i #�b2/ QM �
bBM;H2 `2+Q`/ yiX

âi = b ∗ (yi − µ)
= h2 ∗ (yi − µ) UjX8V

6`QK i?�i Bi 7QHHQrb i?�i i?2 T`2/B+i2/ #`22/BM; p�Hm2 7Q` �M �MBK�H #�b2/ QM � bBM;H2 QrM T2`7Q`K�M+2
`2+Q`/ +Q``2bTQM/b iQ i?2 Q#b2`p�iBQM +Q``2+i2/ 7Q` i?2 ;2M2`�H K2�M µ iBK2b i?2 ?2`Bi�#BHBivX h?2 +Q``2H�iBQM
#2ir22M i?2 b2H2+iBQM +`Bi2`BQM- BM Qm` +�b2 i?2 T?2MQivTB+ `2+Q`/ �M/ i?2 i`m2 #`22/BM; p�Hm2 Bb FMQrM �b
i?2 �++m`�+v Q7 i?2 T`2/B+iBQMX Ai T`QpB/2b � K2�Mb Q7 2p�Hm�iBM; i?2 /Bz2`2Mi b2H2+iBQM +`Bi2`B�X h?2 ?B;?2`
i?2 +Q``2H�iBQM #2ir22M b2H2+iBQM +`Bi2`BQM �M/ #`22/BM; p�Hm2- i?2 #2ii2` Bb i?2 T`2/B+iBQMX aQK2iBK2b i?2
�++m`�+v Q7 2p�Hm�iBQM Bb `2TQ`i2/ BM i2`Kb Q7 `2HB�#BHBiv Ur2V r?B+? +Q``2bTQM/b iQ i?2 b[m�`2/ +Q``2H�iBQM
#2ir22M b2H2+iBQM +`Bi2`BQM �M/ i`m2 #`22/BM; p�Hm2X qBi? � bBM;H2 QrM T2`7Q`K�M+2 `2+Q`/ T2` �MBK�H- i?2
+Q``2H�iBQM Bb

ra,y = cov(a, y)
σa σy

= σ2
a

σa σy

= σa

σy

= h UjXeV

�M �Hi2`M�iBp2 r�v iQ �bb2bb i?2 [m�HBiv Q7 i?2 #`22/BM; p�Hm2 T`2/B+iBQM Bb iQ +QKTmi2 i?2 p�`B�M+2 Q7 i?2
T`2/B+i2/ #`22/BM; p�Hm2bX

var(âi) = var(by) = var(h2y)
= h4var(y)
= r2

a,yh2σ2
y

= r2
a,yσ2

a UjXdV

>2M+2 i?2 p�`B�M+2 Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2b +Q``2bTQM/b iQ i?2 T`Q/m+i Q7 i?2 `2HB�#BHBiv iBK2b i?2
;2M2iB+ �//BiBp2 p�`B�M+2X h?2 2tT2+i2/ `2bTQMb2 URV iQ b2H2+iBQM QM i?2 #�bBb Q7 QM2 `2+Q`/ T2` �MBK�H Bb
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R = i ∗ r2
a,y ∗ σy = i ∗ h2 ∗ σy UjX3V

r?2`2 i- i?2 b2H2+iBQM BMi2MbBiv `272`b iQ i?2 bmT2`BQ`Biv Q7 b2H2+i2/ BM/BpB/m�Hb �#Qp2 TQTmH�iBQM K2�M 2t@
T`2bb2/ BM T?2MQivTB+ bi�M/�`/ /2pB�iBQMX

jXjXk _2T2�i2/ _2+Q`/b

q?2M �MBK�Hb ;2i QH/2`- Bi Bb HBF2Hv i?�i r2 +�M Q#b2`p2 KmHiBTH2 K2�bm`2K2Mib 7Q` i?2 b�K2 i`�BiX �M
2t�KTH2 Bb KBHF vB2H/ BM /�B`v +Qrb r?2`2 � +Qr KB;?i ?�p2 `2T2�i2/ H�+i�iBQM `2+Q`/bX h?2 #`22/BM;
p�Hm2 Q7 �M �MBK�H K�v #2 T`2/B+i2/ #�b2/ QM i?2 K2�M Q7 i?2 `2T2�i2/ `2+Q`/bX qBi? `2T2�i2/ `2+Q`/b- �M
�//BiBQM�H `2b2K#H�M+2 #2ir22M i?2 `2+Q`/b Q7 �M �MBK�H /m2 iQ T2`K�M2Mi 2MpB`QMK2Mi�H 7�+iQ`b Q++m`bX h?2
#2ir22M@�MBK�H p�`B�M+2 Bb T�`iHv ;2M2iB+ �M/ T�`iHv +�mb2/ #v T2`K�M2Mi 2MpB`QMK2Mi�H 2z2+ibX h?2 rBi?BM@
�MBK�H p�`B�M+2 Bb �ii`B#mi2/ iQ /Bz2`2M+2b #2ir22M i?2 bm++2bbBp2 K2�bm`2K2Mib Q7 i?2 �MBK�H �`BbBM; 7`QK
i2KTQ`�`v 2MpB`QMK2Mi�H p�`B�iBQMb- BX2X- 7`QK 2MpB`QMK2Mi�H 7�+iQ`b i?�i +?�M;2 Qp2` iBK2X h?2 p�`B�M+2 Q7
Q#b2`p�iBQMb Uvar(y)V +�M i?2`27Q`2 #2 T�`iBiBQM2/ �b

var(y) = var(g) + var(pe) + var(te) UjXNV

r?2`2 var(g) Bb i?2 ;2M2iB+ p�`B�M+2- var(pe) i?2 p�`B�M+2 /m2 iQ T2`K�M2Mi 2MpB`QMK2Mi�H 2z2+ib �M/ var(te)
i?2 p�`B�M+2 /m2 iQ i2KTQ`�`v 2MpB`QMK2Mi�H 2z2+ibX
h?2 BMi`�@+H�bb +Q``2H�iBQM t Bb /2}M2/ �b i?2 `�iBQ Q7 i?2 ;2M2iB+ THmb i?2 T2`K�M2Mi 2MpB`QMK2Mi�H p�`B�M+2
/BpB/2/ #v i?2 T?2MQivTB+ p�`B�M+2X

t = var(g) + var(pe)
var(y) UjXRyV

h?2 i2`K t Bb �HbQ +�HH2/ `2T2�i�#BHBiv �M/ Bi K2�bm`2b i?2 +Q``2H�iBQM #2ir22M i?2 `2+Q`/b Q7 �M BM/BpB/m�HX
6`QK UjXRyV Bi 7QHHQrb i?�i

1 − t = var(te)
var(y) UjXRRV

qBi? i?Bb KQ/2H- Bi Bb �bbmK2/ i?�i i?2 `2T2�i2/ `2+Q`/b QM i?2 �MBK�H �`2 i?2 b�K2 i`�BiX h?2`27Q`2 i?2
;2M2iB+ +Q``2H�iBQM #2ir22M �HH T�B`b Q7 `2+Q`/b Bb QM2X q2 �HbQ �bbmK2 i?�i �HH `2+Q`/b ?�p2 2[m�H p�`B�M+2
�M/ i?�i i?2 2MpB`QMK2Mi�H +Q``2H�iBQMb #2ir22M �HH T�B`b Q7 `2+Q`/b �`2 2[m�HX G2i ỹ `2T`2b2Mi i?2 K2�M Q7
n `2+Q`/b QM �MBK�H i r?B+? K2�Mb

ỹi = 1
n

n∑

k=1
yik UjXRkV

AM i?Bb +�b2- r2 mb2 i?2 K2�M UỹiV iQ T`2/B+i i?2 #`22/BM; p�Hm2 UâiV

âi = b(ỹi − µ) UjXRjV

r?2`2

b = cov(a, ỹ)
var(ỹ) UjXR9V

h?2 bBM;H2 2H2K2Mib �`2 +QKTmi2/ �b
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cov(a, ỹ) = cov(a, g + pe + 1
n

n∑

k=1
tek) = σ2

a UjXR8V

�M/

var(ỹ) = var(g) + var(pe) + 1
n

var(te) UjXReV

1tT`2bbBM; UjXReV BM i2`Kb Q7 UjXRyV �M/ UjXRRV H2�/b iQ

var(ỹ) = t ∗ σ2
y + 1

n
(1 − t) ∗ σ2

y

= 1
n

(n ∗ t + (1 − t)) σ2
y

= 1 + (n − 1)t
n

σ2
y UjXRdV

AMb2`iBM; i?Bb BMiQ UjXR9V `2bmHib BM

b = cov(a, ỹ)
var(ỹ)

= nσ2
a

(1 + (n − 1)t)σ2
y

= nh2

1 + (n − 1)t UjXR3V

q?2M r2 T`2/B+i i?2 #`22/BM; p�Hm2 ai Q7 �MBK�H i mbBM; `2T2�i2/ `2+Q`/b- i?2 `2;`2bbBQM +Q2{+B2Mi b /2T2M/b
QM

RX i?2 ?2`Bi�#BHBiv Uh2V
kX i?2 `2T2�i�#BHBiv UtV �M/
jX i?2 MmK#2` UnV Q7 `2T2�i2/ `2+Q`/b T2` �MBK�H

h?2 /Bz2`2M+2 #2ir22M `2T2�i2/ `2+Q`/b Q7 �M �MBK�H Bb �bbmK2/ iQ #2 /m2 iQ i2KTQ`�`v 2MpB`QMK2Mi�H
/Bz2`2M+2b #2ir22M bm++2bbBp2 T2`7Q`K�M+2bX >Qr2p2`- B7 bm++2bbBp2 `2+Q`/b �`2 FMQrM iQ #2 �z2+i2/ #v
7�+iQ`b r?B+? BM~m2M+2 T2`7Q`K�M+2- i?2b2 Kmbi #2 +Q``2+i2/ 7Q`X 6Q` BMbi�M+2- /Bz2`2M+2b BM �;2 �i +�HpBM;
BM }`bi �M/ b2+QM/ H�+i�iBQMb K�v BM~m2M+2 KBHF vB2H/ BM }`bi �M/ b2+QM/ H�+i�iBQMX am+? �;2 /Bz2`2M+2b
b?QmH/ #2 �/Dmbi2/ 7Q` #27Q`2 mbBM; i?2 K2�Mb Q7 #Qi? H�+i�iBQMb 7Q` #`22/BM; p�Hm2 T`2/B+iBQMX
h?2 �++m`�+B2b Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2 mbBM; `2T2�i2/ `2+Q`/b Bb

ra,ỹ = cov(a, ỹ)
σaσy

= σ2
a

σa

√
(1 + (n − 1)t)/nσ2

y

= h
√

n/(1 + (n − 1)t)
=

√
nh2/(1 + (n − 1)t)

=
√

b UjXRNV

h?2 2tT2+i2/ `2bTQMb2 iQ b2H2+iBQM mbBM; `2T2�i2/ `2+Q`/b rBHH #2 +Qp2`2/ BM �M 2t2`+Bb2X
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jX9 S`Q;2Mv _2+Q`/b

6Q` i`�Bib i?�i �`2 `2+Q`/2/ QMHv QM 72K�H2 �MBK�Hb- i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b 7Q` K�H2 �MBK�Hb
UbB`2bV Bb mbm�HHv #�b2/ QM i?2 K2�M Q7 i?2B` 72K�H2 T`Q;2MvX h?Bb Bb ivTB+�H BM /�B`v +�iiH2- r?2`2 #mHHb
�`2 2p�Hm�i2/ QM i?2 #�bBb Q7 i?2B` /�m;?i2`bX G2i ȳi #2 i?2 K2�M Q7 bBM;H2 `2+Q`/b Q7 n /�m;?i2`b Q7 bB`2 i
rBi? i?2 �bbmKTiBQM i?�i i?2 /�m;?i2`b �`2 QMHv `2H�i2/ i?`Qm;? i?2 bB`2 UT�i2`M�H ?�H7@bB#bV- i?2 T`2/B+i2/
#`22/BM; p�Hm2 Q7 bB`2 B +�M i?2M #2 +QKTmi2/ �b

âi = b ∗ (ȳi − µ) UjXkyV

r?2`2

b = cov(a, ȳ)
var(ȳ) UjXkRV

AM i?2 +m``2Mi +�b2 Q7 mbBM; T`Q;2Mv `2+Q`/b iQ T`2/B+i � #`22/BM; p�Hm2- r2 ?�p2

cov(a, ȳ) = cov(a,
1
2as + 1

2ad + 1
n

n∑

k=1
mk + 1

n

n∑

k=1
ek)

= cov(a,
1
2as)

= 1
2cov(a, as)

= 1
2σ2

a UjXkkV

r?2`2 as �M/ ad /2MQi2 i?2 #`22/BM; p�Hm2b Q7 bB`2 s �M/ /�K d- `2bT2+iBp2Hv �M/ mk �M/ ek bi�M/ 7Q` i?2
K2M/2HB�M b�KTHBM; �M/ i?2 2MpB`QMK2Mi�H 2z2+i Q7 /�m;?i2` kX lbBM; i?2 b�K2 T`BM+BTH2b �b BM b2+iBQM jXjXk-
r2 ;2i

var(ȳ) = (t + (1 − t)/n)σ2
y UjXkjV

�bbmKBM; i?2`2 Bb MQ 2MpB`QMK2Mi�H +Qp�`B�M+2 #2ir22M ?�H7@bB# `2+Q`/b �M/ i?2 BMi`�@+H�bb +Q``2H�iBQM t Bb
1/4σ2

a
σ2

y
X h?2M r2 +�M +QKTmi2 i?2 `2;`2bbBQM +Q2{+B2Mi �b

b = 1/2σ2
a

(t + (1 − t)/n)σ2
y

=
1/2h2σ2

y

( 1
4 h2 + (1 − 1

4 h2)/n)σ2
y

= 2nh2

nh2 + (4 − h2)

= 2n

n + (4 − h2)/h2

= 2n

n + k
UjXk9V

rBi? k = 4−h2

h2 X
h?2 i2`K k Bb +QMbi�Mi 7Q` �Mv �bbmK2/ ?2`Bi�#BHBiv Uh2VX h?2 `2;`2bbBQM +Q2{+B2Mi UbV /2T2M/b QM i?2
?2`Bi�#BHBiv �M/ MmK#2` Q7 T`Q;2Mv �M/ +QMp2`;2b iQr�`/b � HBKBi Q7 2 �b i?2 MmK#2` Q7 /�m;?i2`b BM+`2�b2bX
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h?2 �++m`�+v Q7 i?2 2biBK�i2/ #`22/BM; p�Hm2 Bb

ra,ȳ = cov(a, ȳ)√
var(a)var(ȳ)

=
1/2h2σ2

y√
h2σ2

y( 1
4 h2 + (1 − 1

4 h2)/n)σ2
y

= 1/2h√
1
4 h2 + (1 − 1

4 h2)/n

=
√

nh2

nh2 + (4 − h2)

=
√

n

n + k
UjXk8V

h?2 i2`K 7Q` ra,ȳ BM UjXk8V �TT`Q�+?2b 1 �b i?2 MmK#2` Q7 T`Q;2Mv BM+`2�b2bX h?2 `2HB�#BHBiv Ura,ȳV Q7 i?2
T`2/B+i2/ #`22/BM; p�Hm2 Bb n/(n + k) �M/ +Q``2bTQM/b iQ 1/2 ∗ b +QKTmi2/ BM UjXk9VX


	Preface
	Prerequisites
	Goals

	Introduction
	Terminology
	History
	Fundamental Questions
	Improvement of Animal Populations
	Statistics
	Computer Science

	Basics in Quantitative Genetics
	Single Locus - Quantitative Trait
	Frequencies
	Hardy-Weinberg Equilibrium
	Value and Mean
	Variances
	Extension To More Loci
	Genetic Models
	Appendix: Derivations

	Genetic Evaluations
	Introduction
	Basic Principle of Predicting Breeding Values
	Animal's Own Performance
	Progeny Records

	Introduction to R and RStudio
	Introduction To Linear Algebra

