
*?�Ti2` 9

a2H2+iBQM AM/2t

aQ 7�` r2 ?�p2 b22M ?Qr iQ T`2/B+i #`22/BM; p�Hm2b #�b2/ QM � bBM;H2 QrM@T2`7Q`K�M+2 `2+Q`/ UjXjXRV- #�b2/
QM `2T2�i2/ `2+Q`/b UjXjXkV �M/ #�b2/ QM T`Q;2Mv `2+Q`/b UjX9VX 6Q` `2�H HBp2biQ+F #`22/BM; TQTmH�iBQMb- i?2b2
i?`22 T`Q+2/m`2b �`2 MQi ~2tB#H2 2MQm;?- #2+�mb2 r2 r�Mi iQ T`2/B+i #`22/BM; p�Hm2b 7Q` � ;Bp2M b2H2+iBQM
+�M/B/�i2 #�b2/ QM �HH �p�BH�#H2 BM7Q`K�iBQMX AM i?2 T�bi- irQ /Bz2`2Mi K2i?Q/b r2`2 /2p2HQT2/ r?B+? 7mH}HH
i?2 `2[mB`2K2Mi Q7 +QMbB/2`BM; �HH �p�BH�#H2 BM7Q`K�iBQM BM i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2bX h?2b2b K2i?Q/b
�`2

RX a2H2+iBQM AM/2t h?2Q`v UU>�x2H- RN9jV �M/ U>�x2H �M/ Gmb?- RN9jVV �M/
kX "2bi GBM2�` lM#B�b2/ S`2/B+iBQM U"GlSV UU>2M/2`bQM- RNdjV �M/ U>2M/2`bQM- RNd8VV

"Qi? K2i?Q/b �`2 #�b2/ QM i?2 b�K2 ;2M2iB+ KQ/2HX h?2 K�BM /Bz2`2M+2 #2ir22M i?2 irQ K2i?Q/b +QMbBbib
BM i?2 r�v ?Qr i?2v +Q``2+i 7Q` B/2MiB}�#H2 bvbi2K�iB+ 2MpB`QMK2Mi�H 2z2+ibX q2 bi�`i rBi? � i`2�iK2Mi Q7
b2H2+iBQM BM/2t i?2Q`vX AM +?�Ti2` 8- i?2 "GlS@#�b2/ K2i?Q/b rBHH #2 BMi`Q/m+2/X

9XR AMi`Q/m+iBQM

AM T`BM+BTH2- T`2/B+iBQM Q7 #`22/BM; p�Hm2b �BKb �i �bb2bbBM; i?2 ;2M2iB+ TQi2MiB�H Q7 � b2H2+iBQM +�M/B/�i2 i?�i
Bb /m2 iQ �//BiBp2 ;2M2 2z2+ib #�b2/ QM �HH �p�BH�#H2 BM7Q`K�iBQM- bm+? i?�i i?2 +Q``2H�iBQM #2ir22M i`m2 �M/
T`2/B+i2/ #`22/BM; p�Hm2 Bb K�tBK�HX "2+�mb2- r2 r�Mi iQ /Q i?Bb 7Q` � H�`;2 MmK#2` Q7 b2H2+iBQM +�M/B/�i2b-
r2 +�M 7Q`KmH�i2 Qm` �BK BM � KQ`2 ;2M2`�H r�vX 6Q` � ;Bp2M TQTmH�iBQM- r2 r�Mi iQ T`2/B+i #`22/BM; p�Hm2b
7Q` �HH �MBK�Hb BM i?2 TQTmH�iBQM mbBM; �HH �p�BH�#H2 BM7Q`K�iBQM- bm+? i?�i i?2 +Q``2H�iBQM #2ir22M i`m2 �M/
T`2/B+i2/ #`22/BM; p�Hm2b �`2 K�tBKBx2/X �M �Hi2`M�iBp2 Q#D2+iBp2 7Q` i?2 T`2/B+iBQM iQ i?2 K�tBKBx�iBQM Q7
i?2 +Q``2H�iBQM #2ir22M i`m2 �M/ T`2/B+i2/ #`22/BM; p�Hm2b Bb i?2 KBMBKBx�iBQM Q7 i?2 K2�M b[m�`2/ 2``Q` Q7
i?2 T`2/B+iBQMX h?2 /2b+`BTiBQM Q7 i?2 �BKb Q7 Qm` T`Q+2/m`2 iQ T`2/B+i #`22/BM; p�Hm2b b?Qrb i?�i r2 �`2
/2�HBM; rBi? irQ /Bz2`2Mi +QM+2Tib Q7 #`22/BM; p�Hm2X

RX h`m2 #`22/BM; p�Hm2 r?B+? +Q``2bTQM/b iQ i?2 bmK Q7 �HH �//BiBp2 ;2M2@2z2+ib
kX S`2/B+i2/ #`22/BM; p�Hm2 r?B+? Bb � 7mM+iBQM Q7 i?2 T?2MQivTB+ Q#b2`p�iBQMb UyV i?�i Bb /2i2`KBM2/

#v bi�iBbiB+�H K2i?Q/bX �b � T`2/B+iBQM Bi Bb �Hr�vb �bbQ+B�i2/ rBi? � +2`i�BM 2``Q` r?B+? r2 r�Mi iQ
#2 KBMBK�HX

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b ?�b i?`22 /Bz2`2Mi Q#D2+iBp2bX
RX a2H2+iBQM +�M/B/�i2b �`2 `�MF2/ �++Q`/BM; iQ i?2 T`2/B+i2/ #`22/BM; p�Hm2bX >2M+2- Bi T`QpB/2b �

+`Bi2`BQM 7Q` b2H2+iBM; T�`2Mib Qmi Q7 � TQQH Q7 b2H2+iBQM +�M/B/�i2b
kX S`2/B+i2/ #`22/BM; p�Hm2b �`2 mb2/ iQ �bb2bb i?2 `2bTQMb2 iQ b2H2+iBQM �M/ Bb BKTQ`i�Mi 7Q` TH�MMBM; �

#`22/BM; T`Q;`�K
jX S`2/B+i2/ #`22/BM; p�Hm2b �`2 QM2 +`Bi2`BQM i?�i �z2+i i?2 T`B+2 Q7 #`22/BM; �MBK�Hb �M/ i?2 T`B+2 Q7

b2�K2MX

jd
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h?2 /2}MBiBQM kXR Q7 i?2 i2`K #`22/BM; p�Hm2 ?�b b2p2`�H T`Q#H2Kb r?2M Bi +QK2b iQ Bib TQi2MiB�H mb27mHM2bb
7Q` T`2/B+iBM; #`22/BM; p�Hm2bX

Ç Ai Bb BKTQbbB#H2 iQ ;2M2`�i2 �M BM}MBi2 MmK#2` Q7 T`Q;2Mv #27Q`2 ?�pBM; � `2HB�#H2 T`2/B+iBQM Q7 i?2
#`22/BM; p�Hm2

Ç .m2 iQ i?2 �#Qp2 K2MiBQM2/ Q#D2+iBp2b- r2 r�Mi iQ ?�p2 � T`2/B+iBQM Q7 i?2 #`22/BM; p�Hm2 �p�BH�#H2
�b 2�`Hv �b TQbbB#H2X

Ç h?2 T`2/B+i2/ #`22/BM; p�Hm2 b?QmH/ #2 �b �++m`�i2 �b TQbbB#H2
hQ �//`2bb i?2b2 Bbbm2b- i?2 �#Qp2 K2MiBQM2/ K2i?Q/b r2`2 /2p2HQT2/X q2 bi�`i rBi? i?2 K2i?Q/ Q7 i?2
b2H2+iBQM BM/2tX

9Xk a2H2+iBQM AM/2t J2i?Q/

h?2 b2H2+iBQM BM/2t Bb � K2i?Q/ iQ T`2/B+i i?2 #`22/BM; p�Hm2 Q7 �M �MBK�H UiV #v mbBM; �HH �p�BH�#H2 BM7Q`@
K�iBQM QM i?2 �MBK�H �M/ QM Bib `2H�iBp2bX h?2 `2bmHi Q7 i?2 b2H2+iBQM BM/2t K2i?Q/ Bb �M �bbB;MK2Mi Q7 �
MmK2`B+�H p�Hm2 UIV iQ 2�+? �MBK�HX �HH �MBK�Hb BM i?2 TQTmH�iBQM +�M i?2M #2 `�MF2/ �++Q`/BM; iQ i?2B`
BM/2t p�Hm2X h?2 `�MFBM; �++Q`/BM; iQ i?2 BM/2t p�Hm2 +�M #2 mb2/ �b b2H2+iBQM +`Bi2`BQMX AM T`BM+BTH2 i?2
BM/2t I Bb /2}M2/ �b HBM2�` +QK#BM�iBQM Q7 �HH �p�BH�#H2 BM7Q`K�iBQMX h?Bb +�M #2 r`Bii2M �b

I = âi = b1y1 + b2y2 + · · · + bnyn = bT y U9XRV

r?2`2 b Bb � p2+iQ` Q7 BM/2t r2B;?ib �M/ y Bb � p2+iQ` Q7 BM7Q`K�iBQM bQm`+2bX >2`2 r2 �bbmK2 i?�i �HH p�Hm2b
BM y �`2 +Q``2+i2/ 7Q` �TT`QT`B�i2 K2�M H2p2HbX h?2 `2bmHiBM; BM/2t p�Hm2 I BM U9XRV Bb mb2/ �b i?2 T`2/B+i2/
#`22/BM; p�Hm2 âiX 6`QK � bi�iBbiB+�H TQBMi Q7 pB2r 2[m�iBQM U9XRV +Q``2bTQM/b iQ � KmHiBTH2 HBM2�` `2;`2bbBQMX
h?2 p2+iQ` Q7 BM/2t r2B;?ib b �`2 mM/2`biQQ/ �b T�`iB�H `2;`2bbBQM +Q2{+B2MibX

9Xj �;;`2;�i2 :2MQivT2

AM KQbi T`�+iB+�H HBp2biQ+F #`22/BM; b+2M�`BQb- r2 r�Mi iQ BKT`Qp2 � TQTmH�iBQM �i i?2 ;2M2iB+ H2p2H rBi?
`2bT2+i iQ KQ`2 i?�M QM2 i`�Bi Q` +?�`�+i2`BbiB+- bBKmHi�M2QmbHvX h?Bb `2[mB`2b � T`Q+2/m`2 i?�i 2M�#H2b
mb iQ +QK#BM2 i?2 #`22/BM; p�Hm2b Q7 b2p2`�H i`�Bi BMiQ QM2 b2H2+iBQM +`Bi2`BQMX h?Bb +`Bi2`BQM Bb +�HH2/ i?2
�;;`2;�i2 ;2MQivT2 HX Ai Bb /2}M2/ �b

H = w1a1 + w2a2 + · · · + wmam = wT a U9XkV

r?2`2 a +Q``2bTQM/b iQ i?2 p2+iQ` Q7 i`m2 #`22/BM; p�Hm2b �M/ w Bb � p2+iQ` Q7 2+QMQKB+ p�Hm2bX h?2
2+QMQKB+ p�Hm2 wk 7Q` � ;Bp2M i`�Bi k Bb /2}M2/ �b i?2 K�`;BM�H +?�M;2 BM T`Q}i +�mb2/ #v � bK�HH +?�M;2
BM i?2 TQTmH�iBQM K2�M UµkV Q7 i?2 i`�Bi kX �i i?Bb TQBMi- r2 �`2 MQi /2b+`B#BM; ?Qr i?2 2+QMQKB+ p�Hm2b wk

�`2 /2`Bp2/- #mi r2 +QMbB/2` i?2K iQ #2 FMQrMX 6Q` i?2 +QMbi`m+iBQM Q7 i?2 b2H2+iBQM BM/2t- r2 �`2 mbBM; i?2
;2M2`�H 7Q`K Q7 i?2 �;;`2;�i2 ;2MQivT2 HX PM+2 i?2 b2H2+iBQM BM/2t Bb +QMbi`m+i2/- r2 +�M ;Q #�+F iQ i?2
bBKTH2 b+2M�`BQ Q7 +QMbB/2`BM; Dmbi QM2 i`�Bi r?B+? `2/m+2b i?2 �;;`2;�i2 ;2MQivT2 H iQ i?2 i`m2 #`22/BM;
p�Hm2 a Q7 i?2 bBM;H2 i`�BiX

9X9 h?2Q`v Q7 AM/2t *QMbi`m+iBQM

h?2 i2`K BM/2t +QMbi`m+iBQM bi�M/b 7Q` i?2 +QKTmi�iBQM Q7 i?2 p2+iQ` Q7 BM/2t r2B;?ib b 7Q` � ;Bp2M b2i Q7
BM7Q`K�iBQM bQm`+2b �M/ � ;Bp2M �;;`2;�i2 ;2MQivT2X AM/2T2M/2MiHv 7`QK i?2 �p�BH�#H2 BM7Q`K�iBQM bQm`+2b-
i?2 7QHHQrBM; T�`�K2i2`b Kmbi #2 FMQrM
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Ç ?2`Bi�#BHBiB2b �M/ T?2MQivTB+ bi�M/�`/ /2pB�iBQMb 7Q` i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2 �M/ 7Q` i?2
i`�Bib BM i?2 BM/2tX

Ç T?2MQivTB+ +Q``2H�iBQMb #2ir22M i?2 i`�Bib BM i?2 BM/2t
Ç ;2M2iB+ +Q``2H�iBQMb #2ir22M i?2 i`�Bib BM i?2 BM/2t �M/ i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2
Ç ;2M2iB+ +Q``2H�iBQMb #2ir22M i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2
Ç 2+QMQKB+ p�Hm2b 7Q` i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2

h?2 Q#D2+iBp2 Q7 i?2 BM/2t +QMbi`m+iBQM Bb iQ K�tBKBx2 i?2 +Q``2H�iBQM rHI #2ir22M i?2 BM/2t I �M/ i?2
�;;`2;�i2 ;2MQivT2 HX "2+�mb2 i?2 BM/2t I +Q``2bTQM/b iQ � KmHiBTH2 HBM2�` `2;`2bbBQM- i?2 K2�M b[m�`2/
2``Q` #2ir22M �;;`2;�i2 ;2MQivT2 �M/ BM/2t Bb iQ #2 KBMBKBx2/X 6`QK i?Bb Bi 7QHHQrb i?�i

E(H − I)2 → KBM U9XjV

h?2 bQHmiBQM iQ i?2 BM/2t +QMbi`m+iBQM Q#D2+iBp2 BM 2[m�iBQM U9XjV H2�/b iQ i?2 bQ@+�HH2/ BM/2t MQ`K�H 2[m�@
iBQMb r?B+? ?�p2 i?2 7QHHQrBM; 7Q`KX

Pb = Gw U9X9V

r?2`2 P Bb i?2 T?2MQivTB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M �HH i`�Bib BM i?2 BM/2t- G Bb i?2 ;2M2iB+
p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2 �M/ BM i?2 BM/2t �M/ w Bb � p2+iQ`
Q7 FMQrM 2+QMQKB+ p�Hm2bX aQHpBM; 7Q` i?2 p2+iQ` Q7 mMFMQrM BM/2t r2B;?ib b H2�/b iQ

b = P −1Gw U9X8V

h?2 �++m`�+v Q7 i?2 BM/2t Bb �bb2bb2/ #v i?2 +Q``2H�iBQM rHI #2ir22M i?2 BM/2t I �M/ i?2 �;;`2;�i2 ;2MQivT2
HX h?2 ?B;?2` i?Bb +Q``2H�iBQM- i?2 #2ii2` i?2 �TT`QtBK�iBQM Q7 H #v IX h?2 +Q``2H�iBQM rHI +�M #2
+QKTmi2/ �b b?QrM BM U9XeVX h?2 i2`Kb 7Q` cov(H, I)- σH �M/ σI �`2 i�F2M 7`QK U9XkjV �M/ 7Q` b r2 BMb2`i
i?2 bQHmiBQM i�F2M 7`QK U9X8VX

rHI = cov(H, I)
σHσI

= wT ∗ GT ∗ b√
(wT ∗ C ∗ w) ∗ (bT ∗ P ∗ b)

= wT ∗ GT ∗ P −1 ∗ G ∗ w√
(wT ∗ C ∗ w) ∗ ((P −1 ∗ G ∗ w)T ∗ P ∗ P −1 ∗ G ∗ w)

= wT ∗ GT ∗ P −1 ∗ G ∗ w√
(wT ∗ C ∗ w) ∗ (wT ∗ GT ∗ P −1 ∗ P ∗ P −1 ∗ G ∗ w)

= wT ∗ GT ∗ P −1 ∗ G ∗ w√
(wT ∗ C ∗ w) ∗ (wT ∗ GT ∗ P −1 ∗ G ∗ w)

=
√

wT ∗ GT ∗ P −1 ∗ G ∗ w

wT ∗ C ∗ w

= σI

σH
U9XeV

h?2 `2bTQMb2 iQ b2H2+iBQM R r?B+? `2bmHib 7`QK �TTHvBM; � b2H2+iBQM b+?2K2 �++Q`/BM; iQ i?2 BM/2t I T2`
;2M2`�iBQM Bb +QKTmi2/ �b
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R = i ∗ rHI ∗ σH

= i ∗ σI

σH
∗ σH

= i ∗ σI U9XdV

r?2`2 i Bb i?2 b2H2+iBQM BMi2MbBivX

9X8 1t�KTH2 Q7 AM/2t rBi? PrM S2`7Q`K�M+2

h?2 bBKTH2bi +�b2 Q7 �M BM/2t I Bb i?2 QM2 r?2`2 i?2 �;;`2;�i2 ;2MQivT2 H +QMbBbib Q7 QM2 i`�Bi �M/ i?2
BM/2t I +QMi�BMb � bBM;H2 QrM T2`7Q`K�M+2 `2+Q`/ Q7 i?2 b�K2 i`�BiX h?Bb Bb 2[mBp�H2Mi iQ mbBM; i?2 BM/2t I
iQ T`2/B+iBM; i?2 #`22/BM; p�Hm2 a Q7 �M �MBK�H #�b2/ QM QrM T?2MQivTB+ QrM T2`7Q`K�M+2 `2+Q`/ yX >2M+2
r2 +�M b2i

H = a �M/ I = by∗

.m`BM; i?2 BM/2t +QMbi`m+iBQM- r2 ?�p2 �bbmK2/ i?2 BM7Q`K�iBQM BM i?2 BM/2t iQ #2 +Q``2+i2/ 7Q` i?2 �TT`Q@
T`B�i2 TQTmH�iBQM K2�M µX 6Q` Qm` 2t�KTH2 ?2`2- r2 +�M b2i y∗ = y − µX hQ /2i2`KBM2 i?2 mMFMQrM BM/2t
r2B;?i b r?B+? Bb QM Qm` 2t�KTH2 Dmbi � bBM;H2 MmK#2`- r2 ?�p2 iQ bT2+B7v P - G �M/ wX "2+�mb2- r2 �`2
HQQFBM; �i Dmbi QM2 i`�Bi- i?2 p2+iQ` Q7 2+QMQKB+ p�Hm2b w Bb b2i iQ QM2X h?2 K�i`Bt P r�b /2}M2/ iQ #2
i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM i?2 BM/2tX �b i?2 BM/2t I +QMi�BMb Dmbi QM2 T?2MQivTB+
`2+Q`/- i?2M P +Q``2bTQM/b iQ i?2 T?2MQivTB+ p�`B�M+2 σ2

y Q7 Qm` i`�Bi Q7 BMi2`2biX h?2 K�i`Bt G r�b /2}M2/
iQ #2 i?2 ;2M2iB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2 �M/ i?2 i`�Bib BM
i?2 BM/2tX AM Qm` 2t�KTH2 r2 ?�p2 Dmbi QM2 i`�Bi r?B+? Bb i?2 b�K2 BM H �M/ BM I- ?2M+2 G +Q``2bTQM/b iQ
i?2 �//BiBp2 ;2M2iB+ p�`B�M+2 σ2

aX AM bmKK�`v- r2 ?�p2 7QmM/ i?�i

P = σ2
y

G = σ2
a

w = 1 U9X3V

AMb2`iBM; i?2 i2`Kb Q7 U9X3V BMiQ 2[m�iBQM U9X8V iQ +QKTmi2 i?2 BM/2t r2B;?i b `2bmHib BM

b = P −1 ∗ G ∗ w

= σ−2
y ∗ σ2

a ∗ 1

= σ2
a

σ2
y

= h2 U9XNV

lbBM; i?2 BM/2t r2B;?i b 7QmM/ BM U9XNV iQ +QKTmi2 i?2 BM/2t I- r2 ;2i

I = by∗

= h2(y − µ)
= âi U9XRyV

h?2 BM/2t p�Hm2 I i?�i r2 Q#i�BM2/ BM U9XRyV +Q``2bTQM/b iQ i?2 T`2/B+i2/ #`22/BM; p�Hm2 7Q` � ;Bp2M i`�Bi Q7
�M �MBK�H i #�b2/ QM �M QrM T2`7Q`K�M+2 T?2MQivTB+ `2+Q`/ Q7 �MBK�H i BM i?2 `2bT2+iBp2 i`�BiX *QKT�`BM;
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i?2 T`2/B+i2/ #`22/BM; p�Hm2 Q#i�BM2/ BM U9XRyV mbBM; b2H2+iBQM BM/2t i?2Q`v iQ i?2 `2bmHi Q#i�BM2/ 7`QK i?2
`2;`2bbBQM �TT`Q�+? BM UjX8V b?Qrb i?�i i?2v �`2 B/2MiB+�HX
h?2 �++m`�+v rHI Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2 UâiV mbBM; b2H2+iBQM BM/2t i?2Q`v Bb +QKTmi2/ �b b?QrM BM
U9XeV

rHI = σI

σH

= bσy

σa

= h2σy

σa

= h U9XRRV

aBKBH�`Hv iQ i?2 T`2/B+i2/ #`22/BM; p�Hm2- i?2 �++m`�+v rHI i?�i `2bmHib 7`QK b2H2+iBQM BM/2t i?2Q`v Bb
B/2MiB+�H iQ r?�i r�b 7QmM/ mbBM; i?2 `2;`2bbBQM �TT`Q�+?X

9Xe 1t�KTH2 rBi? S`Q;2Mv _2+Q`/b

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b 7Q` � ;Bp2M �MBK�H i #�b2/ QM T`Q;2Mv `2+Q`/b Bb p2`v +QKKQM BM HBp2biQ+F
#`22/BM;X 1t�KTH2b �`2 /�B`v +�iiH2 r?2`2 #mHHb �`2 2p�Hm�i2/ #�b2/ QM H�+i�iBQM `2+Q`/b Q7 /�m;?i2`bX
aBKBH�`Hv 7Q` #227 +�iiH2 Q` TB;b r?2`2 bB`2b �`2 2p�Hm�i2/ #�b2/ QM +�`+�bb T2`7Q`K�M+2 Q7 i?2B` T`Q;2MvX
6Q` � p2`v HQM; iBK2 i?Bb ?�b #22M i?2 bi�M/�`/ K2i?Q/ iQ T`2/B+i #`22/BM; p�Hm2b iQ b2H2+i T�`2Mib BM �
#`22/BM; T`Q;`�KX 6B`bi r2 �bbmK2 i?�i i?2 T`Q;2Mv Q7 �MBK�H i �`2 �HH ?�H7@bB#bX "27Q`2- r2 +�M mb2 i?2
T2`7Q`K�M+2 `2+Q`/b Q7 i?2 T`Q;2Mv iQ T`2/B+i #`22/BM; p�Hm2b 7Q` i?2 T�`2Mib- r2 ?�p2 iQ +Q``2+i i?2K rBi?
i?2 �TT`QT`B�i2 K2�M T2`7Q`K�M+2X �7i2` i?2 +Q``2+iBQM i?2 T`Q;2Mv T2`7Q`K�M+2 p�Hm2b �`2 �p2`�;2/ 7Q` �
;Bp2M T�`2MiX h?2b2 K2�M T2`7Q`K�M+2 p�Hm2b 7Q` � ;Bp2M T�`2Mi i �`2 +�HH2/ ȳi �M/ �`2 mb2/ iQ T`2/B+i i?2
#`22/BM; p�Hm2bX >2M+2 Qm` BM/2t I 7Q` � ;Bp2M �MBK�H i Bb /2}M2/ �b

I = bȳi U9XRkV

"2+�mb2- r2 �`2 QMHv HQQFBM; �i � bBM;H2 i`�Bi- i?2 �;;`2;�i2 ;2MQivT2 H +Q``2bTQM/b iQ i?2 bBM;H2 i`m2
#`22/BM; p�Hm2 a Q7 i?Bb i`�Bi �M/ i?2 2+QMQKB+ r2B;?i w Bb 1X LQr r2 �`2 `2�/v iQ b2i mT i?2 BM/2t MQ`K�H
2[m�iBQMbX AM ;2M2`�H i?2b2 2[m�iBQMb ?�p2 i?2 7Q`K

Pb = Gw U9XRjV

r?2`2 P +Q``2bTQM/b iQ i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 BM7Q`K�iBQM bQm`+2b BM i?2 BM/2tX Pm` BM/2t I �b
/2}M2/ BM U9XRkV +QMi�BMb Dmbi QM2 bQm`+2 Q7 BM7Q`K�iBQM- M�K2Hv i?2 �p2`�;2 ȳi Q7 i?2 T`Q;2Mv T2`7Q`K�M+2
p�Hm2b Q7 �MBK�H iX AM ;2M2`�H i?2 T?2MQivTB+ p�`B�M+2 Q7 i?2 K2�M ȳ Q7 n T`Q;2Mv T2`7Q`K�M+2 p�Hm2b
+Q``2bTQM/b iQ

σ2
ȳ = 1 + (n − 1)t

n
σ2

y U9XR9V

6Q` Qm` +�b2 rBi? i?2 T`Q;2Mv `2+Q`/b- t i�F2b i?2 p�Hm2 Q7 1
4 h2X 6Q` KQ`2 /2i�BHb QM ?Qr iQ +QKTmi2 σ2

ȳ- b22
b2+iBQM 9X3X >2M+2 i?2 K�i`Bt P `2/m+2b iQ � bBM;H2 MmK#2`

P = σ2
ȳ = 1 + (n − 1)h2/4

n
σ2

y U9XR8V
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h?2 K�i`Bt G BM U9XRjV Bb i?2 ;2M2iB+ +Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM H �M/ i?2 BM7Q`K�iBQM bQm`+2b
BM IX AM Qm` +m``2Mi 2t�KTH2 G = cov(ai, ȳi) = 1

2 σ2
aX 6Q` KQ`2 /2i�BHb QM ?Qr iQ +QKTmi2 G- b22 b2+iBQM

9X3XkX LQr i?�i r2 ?�p2 �HH i?2 +QKTQM2Mib Q7 U9XRjV- r2 +�M BMb2`i i?2K �M/ bQHp2 7Q` bX

1 + (n − 1)h2/4
n

σ2
y ∗ b = 1

2σ2
a

b = 2nh2

4 + (n − 1)h2

= 2n

n + k
U9XReV

r?2`2 k = 4−h2

h2 X

qBi? i?Bb i?2 T`2/B+i2/ #`22/BM; p�Hm2 âi 7Q` �MBK�H i #�b2/ QM i?2 �p2`�;2 T`Q;2Mv T2`7Q`K�M+2 p�Hm2b
mbBM; i?2 BM/2t �TT`Q�+? +Q``2bTQM/b iQ

âi = I = b ∗ (ȳi − µ) = 2n

n + k
∗ (ȳi − µ) U9XRdV

h?2 �++m`�+v 7Q` i?2 T`2/B+i2/ #`22/BM; p�Hm2 BM U9XRdV Bb

rHI =
√

n

n + k
U9XR3V

9Xd �TT2M/Bt, .2`Bp�iBQM Q7 AM/2t LQ`K�H 1[m�iBQMb

AM i?Bb b2+iBQM r2 r�Mi iQ b?Qr ?Qr iQ /2`Bp2 i?2 BM/2t MQ`K�H 2[m�iBQMb 7`QK i?2 Q#D2+iBp2 +`Bi2`BQM BM i?2
BM/2t +QMbi`m+iBQM T`Q+2/m`2X h?2 Q#D2+iBp2 +`Bi2`BQM r�b 7Q`KmH�i2/ BM 2[m�iBQM U9XjV �b

Ψ = E(H − I)2 → KBM U9XRNV

h?2 /2`Bp�iBQM bi�`ib #v BMb2`iBM; i?2 /2}MBiBQMb Q7 H �M/ I BMiQ U9XRNVX

Ψ = E(H − I)2 = E(H2 − 2 ∗ H ∗ I + I2)
= E(H2) − 2 ∗ E(H ∗ I) + E(I2) U9XkyV

"Qi? i?2 2tT2+i2/ p�Hm2 E(H) Q7 i?2 �;;`2;�i2 ;2MQivT2 H �M/ i?2 2tT2+i2/ p�Hm2 E(I) Q7 i?2 BM/2t �`2
#Qi? 0X h?Bb +�M #2 b22M #v i?2 7QHHQrBM; 2tT�MbBQM

E(H) = E(wT a) = wT ∗ E(a) = wT ∗ 0 = 0 U9XkRV

#2+�mb2 i?2 #`22/BM; p�Hm2b a �`2 /2}M2/ �b /2pB�iBQMb- i?2`2 2tT2+i2/ p�Hm2 E(a) Bb �Hr�vb 0X aBKBH�`Hv 7Q`
i?2 BM/2t I- r2 K2MiBQM2/ i?�i i?2 +QKTQM2Mib BM i?2 p2+iQ` y /2MQiBM; i?2 BM7Q`K�iBQM bQm`+2b i?�i 2Mi2`
i?2 BM/2t I �`2 +Q``2+i2/ #v bmBi�#H2 TQTmH�iBQM K2�MbX .m2 iQ i?Bb +Q``2+iBQM- r2 +�M bi�i2 i?�i E(y) = 0
�M/ i?2`2#v E(I) = 0X lbBM; i?2b2 `2bmHib QM i?2 2tT2+i2/ p�Hm2b Q7 H �M/ I- r2 +�M 7m`i?2` /2p2HQT U9XkyV
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Ψ = var(H) − 2 ∗ cov(H, I) + var(I)
= var(wT a) − 2 ∗ cov(wT a, bT y) + var(bT y)
= wT var(a)w − 2 ∗ wT cov(a, yT )b + bT var(y)b
= wT Cw − 2 ∗ wT GT b + bT Pb U9XkkV

r?2`2 C Bb i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 i`m2 #`22/BM; p�Hm2b Q7 i?2 i`�Bib BM i?2 �;;`2;�i2/ ;2MQivT2-
GT Bb i?2 ;2M2iB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2 �M/ i?2 i`�Bib BM
i?2 BM/2t �M/ P Bb i?2 T?2MQivTB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M i?2 i`�Bib BM i?2 BM/2tX >2M+2 r2 +�M
bi�i2

var(H) = wT ∗ C ∗ w

cov(H, I) = wT ∗ GT ∗ b

var(I) = bT ∗ P ∗ b U9XkjV

AM i?2 Q#D2+iBp2 +`Bi2`BQM BM U9XRNV- r2 bi�i2/ i?�i Ψ b?QmH/ #2 KBMBKBx2/X h?Bb Bb /QM2 #v +QKTmiBM; i?2
/2`Bp�iBp2 Q7 Ψ rBi? `2bT2+i iQ i?2 p2+iQ` bX h?2 bQHmiBQM p2+iQ` b i?�i b2ib i?�i /2`Bp�iBp2 iQ 0 +Q``2bTQM/b
iQ i?2 bQHmiBQM i?�i r2 �`2 HQQFBM; 7Q`X h?2 /2`Bp�iBp2 Q7 Ψ rBi? `2bT2+i iQ i?2 p2+iQ` b Bb �HbQ +�HH2/ i?2
;`�/B2Mi �M/ +�M #2 +QKTmi2/ �b

∂Ψ
∂b

= 0 − 2 ∗ wT ∗ GT + 2bT P U9Xk9V

a2iiBM; U9Xk9V iQ 0 H2�/b iQ

0 = −2 ∗ wT ∗ GT + 2bT P

wT GT = bT P

Pb = Gw U9Xk8V

h?2 H�bi HBM2 BM U9Xk8V 7QHHQrb #v i`�MbTQbBM; #Qi? bB/2b Q7 i?2 b2+QM/ H�bi HBM2 �M/ #2+�mb2 P Bb bvKK2i`B+-
P T = P X �b � `2bmHi r2 Q#i�BM i?2 BM/2t MQ`K�H 2[m�iBQMb r?B+? +�M #2 bQHp2/ 7Q` i?2 mMFMQrM p2+iQ` b
#v T`2@KmHiBTHvBM; #Qi? bB/2b rBi? i?2 BMp2`bBQM K�i`Bt P −1 Q7 P X

b = P −1Gw U9XkeV

"2+�mb2 P Bb � p�`B�M+2@+Qp�`B�M+2 K�i`Bt- Bi Bb ;m�`�Mi22/ iQ #2 TQbBiBp2 /2}MBi2 �M/ Bib BMp2`b2 P −1 /Q2b
2tBbiX

9X3 �TT2M/Bt, .2`Bp�iBQM Q7 i?2 AM/2t *QKTQM2Mib 7Q` i?2 1t@
�KTH2 Q7 i?2 J2�M S`Q;2Mv S2`7Q`K�M+2

9X3XR o�`B�M+2 Q7 J2�M S`Q;2Mv S2`7Q`K�M+2

h?2 K2�M T2`7Q`K�M+2 p�Hm2b Q7 � ;`QmT Q7 T`Q;2Mv 7Q` � ;Bp2M T�`2Mi ?�b i?2 7QHHQrBM; bi`m+im`2
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ȳi = 1
n

n∑

k=1
yi,k U9XkdV

r?2`2 yk Bb i?2 +Q``2+i2/ T2`7Q`K�M+2 p�Hm2 Q7 T`Q;2Mv k Q7 �MBK�H iX 1�+? yk +�M #2 /2+QKTQb2/ BMiQ

yi,k = ak + ek

= 1
2ai + 1

2ad,k + mk + ek U9Xk3V

h?2 p�`B�M+2 Uσ2
yV Q7 � bBM;H2 T?2MQivTB+ Q#b2`p�iBQM Uyi,kV Q7 T`Q;2Mv k Q7 T�`2Mi i +�M #2 +QKTmi2/ �b

σ2
y = var(yi,k) = var(1

2ai + 1
2ad,k + mk + ek)

= var(1
2ai) + var(1

2ad,k) + var(mk) + var(ek)

= 1
4var(a) + 1

4var(ad,k) + var(mk) + var(ek)

= 1
4σ2

a + 1
4var(ad,k) + var(mk) + var(ek) U9XkNV

AM U9XkNV r2 ?�p2 �bbmK2/ i?�i �HH i?2 T�B`rBb2 +Qp�`B�M+2b #2ir22M i?2 i2`Kb �`2 0X q2 /2}M2 i?2 BMi`�@+H�bb
+Q``2H�iBQM t r?B+? Bb i?2 T�`i Q7 i?2 iQi�H p�`B�M+2 r?B+? Bb �ii`B#mi2/ iQ i?2 T2`K�M2Mi 2z2+i BM i?2 bBM;H2
T2`7Q`K�M+2 `2+Q`/bX

t = 1/4σ2
a

σ2
y

= 1
4h2 U9XjyV

AMb2`iBM; i?2 /2+QKTQbBiBQM Q7 U9Xk3V BMiQ U9XkdV H2�/b iQ

ȳi = 1
n

n∑

k=1
yi,k

= 1
n

n∑

k=1
(1
2ai + 1

2ad,k + mk + ek)

= 1
2ai + 1

n

n∑

k=1

1
2ad,k + 1

n

n∑

k=1
mk + 1

n

n∑

k=1
ek U9XjRV

h�FBM; i?2 p�`B�M+2 QM #Qi? bB/2b Q7 U9XjRV H2�/b iQ Qm` }M�H `2bmHi i?2 p�`B�M+2 Uσ2
ȳV Q7 i?2 K2�M T`Q;2Mv

T2`7Q`K�M+2X
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σ2
ȳ = var(ȳi) = var(1

2ai + 1
n

n∑

k=1

1
2ad,k + 1

n

n∑

k=1
mk + 1

n

n∑

k=1
ek)

= var(1
2ai) + var( 1

n

n∑

k=1

1
2ad,k) + var( 1

n

n∑

k=1
mk) + var( 1

n

n∑

k=1
ek)

= 1
4σ2

a + 1
4n

var(ad,k) + 1
n

var(mk) + 1
n

var(ek)

= 1
4σ2

a + 1
n

(1
4var(ad,k) + var(mk) + var(ek)

)

= t ∗ σ2
y + 1

n
(1 − t) ∗ σ2

y

= n ∗ t + 1 − t

n
∗ σ2

y

= 1 + (n − 1)t
n

∗ σ2
y U9XjkV

"2+�mb2- r2 b�r 2�`HB2` i?�i t = h2/4- r2 +�M BMb2`i i?�i BMiQ U9XjkV r?B+? #`BM;b mb iQ i?2 }M�H `2bmHi

σ2
ȳ = 1 + (n − 1)h2/4

n
∗ σ2

y U9XjjV

9X3Xk *Qp�`B�M+2 #2ir22M h`m2 "`22/BM; o�Hm2 �M/ J2�M S`Q;2Mv S2`7Q`K�M+2

h?2 b2i@mT Q7 i?2 BM/2t MQ`K�H 2[m�iBQMb `2[mB`2b i?2 K�i`Bt G r?B+? +Q``2bTQM/b iQ i?2 ;2M2iB+ +Qp�`B�M+2
#2ir22M i?2 i`�Bi BM i?2 �;;`2;�i2 ;2MQivT2 �M/ i?2 BM7Q`K�iBQM bQm`+2b BM i?2 BM/2tX 6Q` i?2 2t�KTH2 rBi?
i?2 K2�M T`Q;2Mv T2`7Q`K�M+2 p�Hm2b- i?2 K�i`Bt G Bb /2}M2/ �b

G = cov(ai, ȳi) = cov(ai,
1
n

n∑

k=1
yi,k)

= cov

(
ai,

1
2ai + 1

n

n∑

k=1

[1
2ad,k + mk + ek

])

= cov(ai,
1
2ai)

= 1
2σ2

a U9Xj9V

AM U9Xj9V- r2 ?�p2 mb2/ i?�i i?2 +Qp�`B�M+2 #2ir22M ai �M/ �HH Qi?2` +QKTQM2Mib Q7 yi,k- 2t+2Ti ai Bb 0X
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