
*?�Ti2` 8

"2bi GBM2�` lM#B�b2/ S`2/B+iBQM
U"GlSV

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b mbBM; i?2 b2H2+iBQM BM/2t K2i?Q/ �Hr�vb `2[mB`2/ iQ +Q``2+i i?2 BM7Q`K�iBQM
bQm`+2b 7Q` �M �TT`QT`B�i2 +QKT�`BbQM p�Hm2X aQ 7�` r2 ?�p2 `272``2/ iQ i?�i +QKT�`BbQM p�Hm2 �b i?2
TQTmH�iBQM K2�M �M/ r2 ?�p2 �bbmK2/ i?Bb +Q``2+iBQM p�Hm2 iQ #2 FMQrMX AM `2�HBiv- i?2 +QKTmi�iBQM
Q7 i?2b2 +QKT�`BbQM p�Hm2b Bb � /B{+mHi T`Q#H2KX h?Bb T`Q#H2K Bb QM2 Q7 i?2 `2�bQMb i?�i MQr�/�vb i?2
T`2/B+iBQMb Q7 �HH #`22/BM; p�Hm2b �`2 MQ HQM;2` #�b2/ QM i?2 b2H2+iBQM BM/2t K2i?Q/- #mi QM � K2i?Q/ i?�i Bb
+�HH2/ "GlSX h?2 b2H2+iBQM BM/2t K2i?Q/ Bb biBHH mb27mH r?2M Bi +QK2b iQ T`2/B+iBM; i?2 �;;`2;�i2 ;2MQivT2
r?B+? rBHH #2 i?2 iQTB+ Q7 � H�i2` +?�Ti2`X AM i?Bb +?�Ti2`- r2 }`bi r�Mi iQ ?�p2 � +HQb2` HQQF �i i?2 T`Q#H2K
Q7 +QKTmiBM; i?2b2 +Q``2+iBQM 7�+iQ`b rBi? r?B+? i?2 BM7Q`K�iBQM bQm`+2b Kmbi #2 �/Dmbi2/ rBi?X �7i2` i?�i-
i?2 "GlS K2i?Q/ rBHH #2 BMi`Q/m+2/X

8XR S`Q#H2K Q7 *Q``2+iBQM

AM i?2Q`v- i?2 TQTmH�iBQM K2�M Bb i?2 B/2�H +Q``2+iBQM p�Hm2 7Q` �HH BM7Q`K�iBQM bQm`+2bX 6`QK Qm` bi�M/�`/
KQ/2H r2 +�M /2`Bp2

y = µ + a + e → ȳ = m̄u + ā + ē = µ U8XRV

"2+�mb2- r2 /2}M2/ i?2 i`m2 #`22/BM; p�Hm2 a �M/ i?2 MQM@B/2MiB}�#H2 2MpB`QMK2Mi�H 2z2+ib e �b /2pB�iBQMb
7`QK � +QKKQM K2�M- i?2 �p2`�;2 2z2+i Q7 �HH B/2MiB}�#H2 2MpB`QMK2Mi�H +QKTQM2Mib Bb +�Tim`2/ #v i?2
TQTmH�iBQM K2�M µX "mi i?Bb Bb QMHv i`m2 BM �M B/2�HBx2/ TQTmH�iBQM r?2`2 �HH b2H2+iBQM +�M/B/�i2b �`2 F2Ti BM
i?2 b�K2 2MpB`QMK2Mi �M/ r?2`2 i?2v /2HBp2` i?2B` T2`7Q`K�M+2b �i i?2 b�K2 iBK2X AM `2�H rQ`H/ b+2M�`BQb-
i?Bb Bb mM`2�HBbiB+- #2+�mb2 2X;X QrM T2`7Q`K�M+2 p�Hm2b �M/ T`Q;2Mv T2`7Q`K�M+2b +�MMQi #2 /2HBp2`2/ �i i?2
b�K2 iBK2X 6m`i?2`KQ`2- b2H2+iBQM +�M/B/�i2b �`2 F2Ti BM /Bz2`2Mi ?2`/b BM /Bz2`2Mi 2MpB`QMK2MibX �HH i?2b2
7�+iQ`b /Q ?�p2 �M BM~m2M+2 QM i?2 T2`7Q`K�M+2 Q7 i?2 `2+Q`/2/ �MBK�Hb �M/ ?2M+2 QM i?2 T`2/B+i2/ #`22/BM;
p�Hm2bX "mi ;QQ/ K2i?Q/b 7Q` T`2/B+iBM; #`22/BM; p�Hm2b b?QmH/ #2 �#H2 iQ +Q``2+i 7Q` bm+? 2MpB`QMK2Mi�H
BM~m2M+2bX A7 i?�i Bb MQi i?2 +�b2- 2MpB`QMK2Mi�H 7�+iQ`b rBHH #B�b i?2 T`2/B+i2/ #`22/BM; p�Hm2bX hQ �pQB/
bm+? #B�b2b- T2`7Q`K�M+2 `2+Q`/b r2`2 bm#/BpB/2/ BMiQ 2MpB`QMK2Mi�H +H�bb2bX AM /�B`v +�iiH2 bm+? +H�bb2b
r2`2 7Q`K2/ #�b2/ QM ?2`/b- +�HpBM; v2�`- +�HpBM; b2�bQM �M/ �;2 �i }`bi +�HpBM;X AM TB;b- T2`7Q`K�M+2
`2+Q`/b KB;?i #2 /BpB/2/ BMiQ ?2`/b- v2�`b �M/ 7�ii2MBM; #�i+?2bX 6`QK MQr QM- r2 +�HH i?2 +QK#BM�iBQM
Q7 i?2b2 2MpB`QMK2Mi�H 2z2+ib QM i?2 T2`7Q`K�M+2 `2+Q`/b �b B/2MiB}�#H2 bvbi2K�iB+ }t2/ 2z2+ibX 6Q`
i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b- r2 �bbmK2 i?�i i?2b2 }t2/ 2z2+ib BM � ;Bp2M +QKT�`BbQM +H�bb ?�p2 �HH i?2
b�K2 BM~m2M+2 QM i?2 T2`7Q`K�M+2 Q7 i?2 �MBK�Hb i?�i �`2 BM i?2 b�K2 +H�bbX >2M+2 B7 r2 ;`QmT �HH �MBK�Hb
r?Q b?Qr i?2 b�K2 H2p2Hb Q7 �HH }t2/ 2z2+ib BMiQ QM2 +QKT�`BbQM +H�bb- �Mv #B�b2b 7`QK i?2 B/2MiB}�#H2
2MpB`QMK2Mi +�M #2 �pQB/2/X

9d
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h?2 KQ`2 2MpB`QMK2Mi�H 7�+iQ`b +�M #2 +QMbB/2`2/ BM 7Q`KBM; i?2 +QKT�`BbQM +H�bb2b- i?2 #2ii2` r2 +�M
+Q``2+i Qm` T2`7Q`K�M+2 `2+Q`/b 7Q` i?2 2MpB`QMK2Mi�H 2z2+ibX "mi r?2M i?2 MmK#2` Q7 2MpB`QMK2Mi�H
7�+iQ`b BM+`2�b2b i?2 MmK#2` Q7 �MBK�Hb T2` +QKT�`BbQM +H�bb /2+`2�b2bX 6`QK i?2 bi�iBbiB+�H TQBMi Q7 pB2r-
i?2 bK�HH MmK#2` Q7 Q#b2`p�iBQMb BM +QKT�`BbQM +H�bb2b `2/m+2 i?2 �++m`�+v rBi? r?B+? i?2 2MpB`QMK2Mi�H
}t2/ 2z2+ib +�M #2 2biBK�i2/X qBi? bK�HH2` +QKT�`BbQM ;`QmTb- i?2 `BbF i?�i i?2 �p2`�;2 #`22/BM; p�Hm2 Q7
�MBK�Hb BM bm+? � +QKT�`BbQM Bb MQi x2`Q BM+`2�b2bX AM +�b2 i?2 �p2`�;2 #`22/BM; p�Hm2 BM � +QKT�`BbQM ;`QmT
Bb MQi x2`Q- T`2/B+i2/ #`22/BM; p�Hm2b b?Qr � /2pB�iBQM r?B+? Bb +�HH2/ #B�bX h?2 Q++m``2M+2 Q7 #B�b +�M #2
b?QrM �b 7QHHQrbX G2i mb �bbmK2 i?2 �p2`�;2 T2`7Q`K�M+2 Q7 �HH �MBK�Hb BM � +QKT�`BbQM ;`QmT U*:V iQ #2
ȳCG,

ȳCG = µ + āCG + ēCG U8XkV

AM +�b2 i?2 �p2`�;2 #`22/BM; p�Hm2 āCG Bb x2`Q- i?2 TQTmH�iBQM K2�M µ K2�bm`2b i?2 �p2`�;2 B/2MiB}�#H2
2MpB`QMK2Mi 2z2+iX A7 āCG Bb MQi x2`Q- i?2M i?2 T`2/B+i2/ #`22/BM; p�Hm2 âi mbBM; i?2 b2H2+iBQM BM/2t I
+Q``2bTQM/b iQ

I = b(yi − (µ + āCG))
= b(yi − µ) − bāCG

= âi − bāCG U8XjV

h?2 b2+QM/ i2`K BM i?2 `2bmHi Q7 U8XjV K2�bm`2b i?2 #B�bX h?Bb /2T2M/b QM i?2 �p2`�;2 #`22/BM; p�Hm2b Q7
i?2 �MBK�Hb Q7 i?2 +QKT�`BbQM ;`QmTX A7 i?2 �p2`�;2 #`22/BM; p�Hm2 Q7 �HH �MBK�Hb BM i?2 +QKT�`BbQM ;`QmT
Bb x2`Q- i?2M i?2 T`2/B+i2/ #`22/BM; p�Hm2 7`QK U8XjV Bb mM#B�b2/X "2+�mb2 r2 ?�p2 iQ FMQr i?2 #`22/BM;
p�Hm2b Q7 i?2 �MBK�Hb BM i?2 +QKT�`BbQM ;`QmT iQ ;2i �M mM#B�b2/ T`2/B+iBQM Q7 i?2 #`22/BM; p�Hm2 7Q` � ;Bp2M
�MBK�H �M/ i?2 #`22/BM; p�Hm2b Q7 i?2 �MBK�Hb BM i?2 +QKT�`BbQM ;`QmT Kmbi �HbQ #2 T`2/B+i2/- i?Bb +QMbBbib
Q7 � ǳ+?B+F2M@�M/@2;;Ǵ T`Q#H2K r?B+? +�MMQi #2 bQHp2/X

h?2 bQHmiBQM iQ i?Bb r�b T`2b2Mi2/ #v *?�`H2b _X >2M/2`bQM BM b2p2`�H Tm#HB+�iBQMb UU>2M/2`bQM- RNdjV �M/
U>2M/2`bQM- RNd8VVX h?2 F2v B/2� #2?BM/ i?2 bQHmiBQM Bb iQ 2biBK�i2 i?2 B/2MiB}�#H2 2MpB`QMK2Mi�H 7�+iQ`b
�b }t2/ 2z2+ib �M/ iQ T`2/B+i i?2 #`22/BM; p�Hm2b �b `�M/QK 2z2+ib bBKmHi�M2QmbHv BM � HBM2�` KBt2/ 2z2+ib
KQ/2HX h?2 T`QT2`iB2b Q7 i?2 K2i?Q/QHQ;v /2p2HQT2/ #v >2M/2`bQM �`2 bBKBH�` iQ i?Qb2 Q7 i?2 b2H2+iBQM BM/2t
K2i?Q/X "mi i?2 K�BM �/p�Mi�;2 Q7 >2M/2`bQMǶb K2i?Q/QHQ;B2b Bb i?�i T?2MQivTB+ `2+Q`/b /Q MQi M22/ iQ #2
+Q``2+i2/ #27Q`2 #`22/BM; p�Hm2b +�M #2 T`2/B+i2/X "mi i?2 2z2+ib Q7 i?2 B/2MiB}�#H2 2MpB`QMK2Mi�H 7�+iQ`b
�`2 �HbQ � `2bmHi r?B+? +QK2 Qmi Q7 i?2 �M�HvbBbX h?2 K2i?Q/QHQ;v /2p2HQT2/ #v >2M/2`bQM Bb +�HH2/ "GlS
�M/ i?2 T`QT2`iB2b Q7 i?Bb K2i?Q/QHQ;v �`2 /B`2+iHv BM+Q`TQ`�i2/ BMiQ i?2 M�K2 r?2`2

Ç " bi�M/b 7Q` #2bi r?B+? K2�Mb i?�i i?2 +Q``2H�iBQM #2ir22M i?2 i`m2 UaV �M/ i?2 T`2/B+i2/ #`22/BM;
p�Hm2 UâV Bb K�tBK�H Q` i?2 T`2/B+iBQM 2``Q` p�`B�M+2 Uvar(a − â)V Bb KBMBK�HX

Ç G bi�M/b 7Q` HBM2�` r?B+? K2�Mb i?2 T`2/B+i2/ #`22/BM; p�Hm2b �`2 HBM2�` 7mM+iBQMb Q7 i?2 Q#b2`p�iBQMb
UyV

Ç l bi�M/b 7Q` mM#B�b2/ r?B+? K2�Mb i?�i i?2 2tT2+i2/ p�Hm2b Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2b �`2
2[m�H iQ i?2 i`m2 #`22/BM; p�Hm2b

Ç S bi�M/b 7Q` T`2/B+iBQM

"GlS #�b2/ �TT`Q�+?2b ?�p2 7QmM/ rB/2bT`2�/ mb�;2 BM ;2M2iB+ 2p�Hm�iBQMbX h?2v �`2 mb2/ 7Q` #Qi? i`�@
/BiBQM�H T`2/B+iBQMb Q7 #`22/BM; p�Hm2b �M/ �HbQ 7Q` T`2/B+iBM; ;2MQKB+ #`22/BM; p�Hm2bX h?2 TQTmH�`Biv Q7
"GlS Bb MQi QMHv /m2 iQ i?2 i?2Q`2iB+�H 7QmM/�iBQMb #2?BM/ "GlS- #mi >2M/2`bQM ?�b �HbQ /2p2HQT2/ 2{+B2Mi
�H;Q`Bi?Kb iQ #2 �#H2 iQ +QKTmi2 T`2/B+i2/ #`22/BM; p�Hm2b 7Q` p2`v H�`;2 HBp2biQ+F #`22/BM; TQTmH�iBQMbX
h?2 i?2Q`2iB+ 7QmM/�iBQMb- i?2 /2p2HQTK2Mi Q7 2{+B2Mi �H;Q`Bi?Kb iQ;2i?2` rBi? i?2 �p�BH�#BHBiv Q7 H�`;2
+QKTmi�iBQM�H `2bQm`+2b �i � p2`v HQr T`B+2 ?�p2 K�/2 "GlS iQ #2+QK2 i?2 /2@7�+iQ bi�M/�`/ K2i?Q/QHQ;v
7Q` T`2/B+iBM; #`22/BM; p�Hm2bX
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8Xk LmK2`B+ 1t�KTH2

q2 r�Mi iQ mb2 � +QM+`2i2 MmK2`B+ 2t�KTH2 Q7 � bK�HH TQTmH�iBQM iQ 2tTH�BM ?Qr #`22/BM; p�Hm2b �`2 T`2/B+i2/
mbBM; i?2 "GlS K2i?Q/QHQ;vX h?2 T?2MQivTB+ Q#b2`p�iBQMb +QMbBbi Q7 K2�bm`2K2Mib Q7 i?2 i`�Bi r2�MBM;
r2B;?i BM #227 +�iiH2X h�#H2 8XR ;Bp2b �M Qp2`pB2r Q7 i?2 /�i�b2iX

h�#H2 8XR, 1t�KTH2 .�i� a2i 7Q` q2�MBM; q2B;?i BM "227 *�iiH2

�MBK�H aB`2 .�K >2`/ q2�MBM; q2B;?i
Rk R 9 R kXeR
Rj R 9 R kXjR
R9 R 8 R kX99
R8 R 8 R kX9R
Re R e k kX8R
Rd R e k kX88
R3 R d k kXR9
RN R d k kXeR
ky k 3 R kXj9
kR k 3 R RXNN
kk k N R jXRy
kj k N R kX3R
k9 k Ry k kXR9
k8 k Ry k kX9R
ke j RR k kX89
kd j RR k jXRe

q2 �bbmK2 i?2 T?2MQivTB+ p�`B�M+2 Uσ2
pV iQ #2 yXRyR9 �M/ i?2 ?2`Bi�#BHBiv (h2) +Q``2bTQM/b iQ yXk8X

8Xj JBt2/ GBM2�` 1z2+ib JQ/2H

� bBKTH2 HBM2�` KQ/2H +QMi�BMb }t2/ 2z2+ib bm+? �b ?2`/ Q` b2t Q7 �M �MBK�H �M/ i`B2b iQ 2tTH�BM i?2
Q#b2`p�iBQMb �b HBM2�` 7mM+iBQMb Q7 bm+? 2z2+ibX "2+�mb2 i?2 2z2+ib +QMbB/2`2/ BM � KQ/2H +�MMQi �++QmMi
7Q` �HH BM~m2M+2b Q7 � ;Bp2M b2i Q7 Q#b2`p�iBQMb- 2p2`v KQ/2H Kmbi ?�p2 � `�M/QK `2bB/m�H +QKTQM2MiX A7 �
HBM2�` KQ/2H +QMi�BMb #2bB/2b i?2 `2bB/m�Hb �Mv �//BiBQM�H `�M/QK 2z2+ib- i?2M i?Bb KQ/2H Bb +�HH2/ � KBt2/
HBM2�` 2z2+ib KQ/2HX

8XjXR 6Bt2/ o2`bmb _�M/QK 1z2+ib

lM7Q`imM�i2Hv- i?2`2 Bb MQ mMB[m2 �M/ ;2M2`�HHv �++2Ti2/ /2}MBiBQM Q7 r?B+? 2z2+ib b?QmH/ #2 }t2/ �M/ r?B+?
b?QmH/ #2 `�M/QKX h?2`2 �`2 ;2M2`�HHv �++2Ti2/ ;mB/2HBM2b Q7 ?Qr iQ +H�bbB7v 2z2+ib �b }t2/ Q` �b `�M/QKX
h�#H2 8Xk HBbib � 72r +`Bi2`B� i?�i KB;?i #2 ?2HT7mHX

h�#H2 8Xk, *H�bbB}+�iBQM 6�+iQ`b Q7 6Bt2/ �M/ _�M/QK 1z2+ib

}t2/ 2z2+i `�M/QK 2z2+ib
+H�bb2b +�M #2 /2}M2/ 2t�+iHv `2�HBx2/ p�Hm2 +QK2 7`QK �M mM/2`HvBM;

/Bbi`B#miBQM
i?2 p�Hm2 Q7 � +H�bb /Q2b MQi ?�p2 �M �T`BQ`B
2tT2+i2/ p�Hm2

2�+? `2�HBb�iBQM Bb mMB[m2



8y *>�Sh1_ 8X "1ah GAL1�_ lL"A�a1. S_1.A*hAPL U"GlSV

p�Hm2b �`2 2t�+iHv 2biBK�#H2 Q#b2`p�iBQMb �`2 BM7m2M+2/ #v i?2 p�`B�M+2 Q7 i?2
`�M/QK 2z2+i

i?2 2tT2+i2/ p�Hm2 Q7 � +H�bb 2z2+i Bb Q7 T`BK�`v
BMi2`2bi

K�BM BMi2`2bi Bb QM i?2 p�`B�M+2 MQi QM i?2
2tT2+i2/ p�Hm2

}t2/ 2z2+ib +�M #2 +Q``2+i2/ 7Q`

*2`i�BM 7�+iQ`b bm+? �b ?2`/- b2t- #`22/ Q` 722/BM; `2;BK2b +�M #2 +H�bbB}2/ mM�K#B;mQmbHv �b }t2/ 2z2+ibX
PM i?2 Qi?2` ?�M/ #`22/BM; p�Hm2b �`2 �Hr�vb `�M/QK 2z2+ibX "2+�mb2- r2 FMQr i?�i #`22/BM; p�Hm2b
?�p2 �M 2tT2+i2/ p�Hm2 Q7 0 �M/ ?�p2 � +2`i�BM p�`B�M+2- i?2v Kmbi #2 KQ/2H2/ �b `�M/QK 2z2+ib r?2`2
i?2b2 T`QT2`iB2b +�M #2 BMi2;`�i2/ BMiQ i?2 KQ/2HX 6m`i?2`KQ`2- 2�+? �MBK�H ?�b � /Bz2`2Mi `2�HBx�iBQM Q7 �
#`22/BM; p�Hm2X 1t+2TiBQMb �`2 KQMQ@+HQM�H irBMb �M/ +HQM2bX
6`QK � T`�+iB+�H TQBMi Q7 pB2r- i?2 bQ7ir�`2 T`Q;`�K i?�i Bb mb2/ iQ �M�Hvb2 i?2 /�i� ?�b �HbQ �M BM~m2M+2
QM r?2i?2` � +2`i�BM 2z2+i Bb i`2�i2/ �b }t2/ Q` �b `�M/QKX A7 � +2`i�BM 2z2+i ?�b p2`v K�Mv H2p2Hb bm+? �b
?2`/b- i?2M Bi Bb bQK2iBK2b #2ii2` 7Q` i?2 �M�HvbBb iQ i`2�i bm+? �M 2z2+i �b `�M/QKX

8XjXk JQ/2H aT2+B}+�iBQM

AM � HBM2�` KBt2/ 2z2+ib KQ/2H � bBM;H2 Q#b2`p�iBQM yijk Bb /2+QKTQb2/ �++Q`/BM; iQ 2[m�iBQM U8X9V

yijk = βi + uj + eijk U8X9V

r?2`2 βi bi�M/b 7Q` i?2 i−th H2p2H Q7 � }t2/ 2z2+i- uj Bb i?2 j − th `2�HBx�iBQM Q7 i?2 `�M/QK 2z2+i u �M/
eijk Bb i?2 `2bB/m�H 2z2+i Q7 i?2 k−th Q#b2`p�iBQM'X "2+�mb2- r2 /Q MQi r�Mi iQ KQ/2H Dmbi QM2 Q#b2`p�iBQM-
#mi r2 r�Mi iQ BM+Hm/2 �HH Q#b2`p�iBQMb Q7 � +QKTH2i2 TQTmH�iBQM- Bi Bb ?2HT7mH iQ +QMp2`i i?2 KQ/2H BM U8X9V
BMiQ K�i`Bt@p2+iQ` MQi�iBQMX h?Bb Bb b?QrM BM 2[m�iBQM U8X8V

y = Xβ + Zu + e U8X8V

r?2`2
y p2+iQ` Q7 H2M;i? n Q7 �HH Q#b2`p�iBQMb
β p2+iQ` Q7 H2M;i? p Q7 �HH }t2/ 2z2+ib
X n × p /2bB;M K�i`Bt HBMFBM; i?2 }t2/ 2z2+ib iQ i?2 Q#b2`p�iBQMb
u p2+iQ` Q7 H2M;i? nu Q7 `�M/QK 2z2+ib
Z n × nu /2bB;M K�i`Bt HBMFBM; `�M/QK 2z2+i iQ i?2 Q#b2`p�iBQMb
e p2+iQ` Q7 H2M;i? n Q7 `�M/QK `2bB/m�H 2z2+ibX

6m`i?2`KQ`2- r2 �bbmK2 i?2 7QHHQrBM; `2H�iBQMb 7Q` i?2 2tT2+i2/ p�Hm2b �M/ 7Q` i?2 p�`B�M+2bX �b �H`2�/v
K2MiBQM2/ i?2 `�M/QK 2z2+ib �`2 /2}M2/ �b /2pB�iBQMb �M/ ?2M+2 i?2B` 2tT2+i2/ p�Hm2 Bb b2i iQ x2`QX

E(u) = 0 �M/ E(e) = 0 U8XeV

6`QK i?Bb Bi 7QHHQrb i?�i E(y) = XβX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`B+2b 7Q` i?2 `�M/QK 2z2+ib �`2 b2i iQ

var(u) = G �M/ var(e) = R U8XdV

lM/2` i?2 �bbmKTiBQM i?�i cov(u, eT ) = 0- r2 +�M +QKTmi2 var(y) = Z ∗var(u)∗ZT +var(e) = ZGZT +R =
V X
AM KQ/2H U8X8V i?2 p2+iQ`b β �M/ u �`2 mMFMQrMX h?2 bQHmiBQM Q7 i?2 KQ/2H U8X8V 7Q` i?2 mMFMQrMb β �M/
u H2�/b iQ 2biBK�i2b β̂ 7Q` i?2 }t2/ 2z2+ib β �M/ 7Q` T`2/B+i2/ `�M/QK 2z2+ib ûX lMHBF2 rBi? i?2 b2H2+iBQM
BM/2t- rBi? "GlS- r2 /Q MQi ?�p2 iQ +Q``2+i i?2 Q#b2`p�iBQMb #27Q`2 T`2/B+iBM; `�M/QK 2z2+ibX



8X9X aA_1 JP.1G 8R

8XjXj h?2 aQHmiBQM

�M QmiHBM2 Q7 ?Qr iQ /2`Bp2 i?2 "GlS bQHmiBQMb 7Q` β̂ �M/ û rBHH #2 ;Bp2M BM �M �TT2M/BtX h?2 /2i�BHb Q7
i?Bb /2`Bp�iBQM �`2 MQi BKTQ`i�MiX h?2`27Q`2- r2 �`2 T`2b2MiBM; ?2`2 /B`2+iHv i?2 `2bmHi r?B+? �`2

û = GZT V −1(y − Xβ̂) U8X3V

q2 +�HH û i?2 #2bi HBM2�` mM#B�b2/ T`2/B+iBQM Q7 u Q` b?Q`i2` û = BLUP (u)X 6Q` β̂- r2 BMb2`i i?2 ;2M2`�HBx2/
H2�bi b[m�`2b 2biBK�iQ` U:GaV r?B+? +Q``2bTQM/b iQ

β̂ = (XT V −1X)−XT V −1y U8XNV

h?2 K�i`Bt (XT V −1X)− /2MQi2b i?2 ;2M2`�HBx2/ BMp2`b2 Q7 i?2 K�i`Bt (XT V −1X)X h?2 ;2M2`�HBx2/ BMp2`b2
K− +�M #2 `2TH�+2/ rBi? i?2 bBKTH2 BMp2`b2 K−1- r?2M2p2` i?2 +QHmKMb Q7 K�i`Bt K �`2 HBM2�`Hv BM/2T2M@
/2MiRX �M�HQ;QmbHv iQ û- ˆbeta Bb +�HH2/ i?2 #2bi HBM2�` mM#B�b2/ 2biBK�iQ` Q7 i?2 }t2/ 2z2+ib βX AM b?Q`i- r2
+�M bi�i2 β̂ = BLUE(β)X

8XjX9 JBt2/ JQ/2H 1[m�iBQMb

h?2 bQHmiBQMb b?QrM BM U8X3V 7Q` û �M/ BM U8XNV 7Q` β̂ �`2 MQi bmBi�#H2 7Q` T`�+iB+�H Tm`TQb2bX "Qi? bQHmiBQMb
+QMi�BM i?2 BMp2`b2 V −1 Q7 K�i`Bt V X h?2 K�i`Bt V +Q``2bTQM/b iQ i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7
�HH Q#b2`p�iBQMb yX h?2 BMp2`b2 K�i`Bt V −1 Bb MQi 2�bv iQ +QKTmi2 �M/ 7m`i?2`KQ`2 T`Q+2/m`2b iQ BMp2`i
;2M2`�H K�i`B+2b �`2 +QKTmi�iBQM�HHv 2tT2MbBp2 �M/ �`2 T`QM2 iQ `QmM/BM; 2``Q`bX AM QM2 Q7 ?Bb K�Mv T�T2`b-
>2M/2`bQM ?�b b?QrM i?�i i?2 `2bmHib 7Q` û �M/ β̂ �`2 i?2 b�K2 r?2M bQHpBM; i?2 7QHHQrBM; bvbi2K Q7 2[m�iBQMb
bBKmHi�M2QmbHvX

[
XT R−1X XT R−1Z
ZT R−1X ZT R−1Z + G−1

] [
β̂
û

]
=
[

XT R−1y
ZT R−1y

]
U8XRyV

h?2 �#Qp2 b?QrM 2[m�iBQMb �`2 +�HH2/ KBt2/ KQ/2H 2[m�iBQMb UJJ1VX h?2v /Q MQ HQM;2` +QMi�BM i?2
BMp2`b2 V 1 �M/ ?2M+2 i?2b2 JJ1 �`2 Km+? bBKTH2` iQ bQHp2X h?2 JJ1 +QMi�BM i?2 BMp2`b2b R−1 �M/ G−1-
#mi r2 rBHH b22 rBi? +QM+`2i2 2t�KTH2b i?�i i?2v �`2 Km+? 2�bB2` iQ BMp2`iX �b � +QMb2[m2M+2- r?2M2p2` r2
?�p2 iQ T`2/B+i #`22/BM; p�Hm2b mbBM; "GlS- r2 rBHH mb2 i?2 KBt2/ KQ/2H 2[m�iBQMb b?QrM BM U8XRyVX

8X9 aB`2 JQ/2H

h?2 �TTHB+�iBQM Q7 i?2 HBM2�` KBt2/ 2z2+ib KQ/2H 7`QK U8X8V iQ i?2 MmK2`B+�H 2t�KTH2 BM i�#H2 8XRX �b
`�M/QK 2z2+ib u r2 �`2 i�FBM; i?2 7�i?2` s Q7 2�+? �MBK�H i rBi? �M Q#b2`p�iBQMX �b }t2/ 2z2+ib β r2 �`2
mbBM; i?2 ?2`/ 2z2+iX q?2M 7�i?2`b �`2 KQ/2H2/ �b `�M/QK 2z2+ib- i?2M r2 +�HH i?Bb KQ/2H � bB`2 KQ/2HX
a2iiBM; mT � bB`2 KQ/2H 7Q` i?2 /�i� BM i�#H2 8XR HQQFb �b 7QHHQrb

R6Q` Qm` 2t�KTH2b i?�i �`2 b?QrM ?2`2- r2 +�M �Hr�vb mb2 i?2 bBKTH2 BMp2`b2X



8k *>�Sh1_ 8X "1ah GAL1�_ lL"A�a1. S_1.A*hAPL U"GlSV

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2.61
2.31
2.44
2.41
2.51
2.55
2.14
2.61
2.34
1.99
3.10
2.81
2.14
2.41
2.54
3.16

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
1 0
1 0
1 0
0 1
0 1
0 1
0 1
1 0
1 0
1 0
1 0
0 1
0 1
0 1
0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
β1
β2

]
+

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎣
s1
s2
s3

⎤

⎦+

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1
e2
e3
e4
e5
e6
e7
e8
e9
e10
e11
e12
e13
e14
e15
e16

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

"2bB/2b i?2 2[m�iBQM 7Q` i?2 bB`2 KQ/2H r2 �HbQ ?�p2 iQ bT2+B7v i?2 2tT2+i2/ p�Hm2b �M/ i?2 p�`B�M+2b Q7 �HH
`�M/QK +QKTQM2MibX hQ #2 �#H2 iQ /BbiBM;mBb? i?2 bB`2 KQ/2H 7`QK i?2 ;2M2`�H HBM2�` KBt2/ 2z2+ib KQ/2H-
r2 mbm�HHv +�HH i?2 `�M/QK bB`2 2z2+i s �M/ MQ HQM;2` uX h?2 2tT2+i2/ p�Hm2b 7Q` i?2 `�M/QK p�`B�#H2b r2`2
�H`2�/v bi�i2/ r?2M /Bb+mbbBM; i?2 ;2M2`�H HBM2�` KBt2/ 2z2+ib KQ/2H BM b2+iBQM 8XjXkX >2M+2

E(s) = 0 �M/ E(e) = 0 → E(y) = Xβ U8XRRV

6Q` i?2 p�`B�M+2b i?2`2 �`2 � 72r bBKTHB}+�iBQMb i?�i r2 +�M mb2 BM Qm` bB`2 KQ/2HX h?2 +Qp�`B�M+2 #2ir22M
i?2 `�M/QK 2z2+ib s �M/ e �`2 �bbmK2/ iQ #2 0X h?2 +Qp�`B�M+2b �KQM; i?2 bBM;H2 `2bB/m�H 2z2+ib �`2 �HbQ
�bbmK2/ iQ #2 0X >2M+2- i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 `2bB/m�H 2z2+ib �`2 var(e) = I ∗ σ2

e X h?2
p�`B�M+2 Q7 i?2 bB`2 2z2+ib s Bb

var(s) = A ∗ σ2
s = G

r?2`2 A Bb i?2 �//BiBp2 ;2M2iB+ `2H�iBQMb?BT K�i`Bt #2ir22M i?2 bB`2bX q2 rBHH #2 rQ`FBM; i?2 A BM � H�i2`
+?�Ti2`X "2+�mb2 Qm` bB`2b �`2 MQi `2H�i2/- r2 +�M b�v i?�i A = I �M/ ?2M+2

G = I ∗ σ2
a

4
LQr r2 �`2 `2�/v iQ b2i mT i?2 KBt2/ KQ/2H 2[m�iBQMb 7`QK U8XRyV 7Q` i?2 bB`2 KQ/2HX h?2 +QKTmi�iBQM Q7
i?2 MmK2`B+�H bQHmiBQMb 7`QK i?2 KBt2/ KQ/2H 2[m�iBQMb rBHH #2 i?2 iQTB+ Q7 �M 2t2`+Bb2X

8X8 �MBK�H JQ/2H

h?2 KBt2/ KQ/2H 2[m�iBQMb �`2 � mMBp2`b�H iQQH iQ }M/ "GlSb Q7 `�M/QK 2z2+ib �M/ "Gl1b Q7 }t2/ 2z2+i
bBKmHi�M2QmbHvX PM i?2 Qi?2` ?�M/ Bi Bb MQi b�iBb7�+iQ`v i?�i rBi? i?2 bB`2 KQ/2H QMHv bB`2b Q#i�BM T`2/B+i2/
#`22/BM; p�Hm2bX �HH BM7Q`K�iBQM i?�i Bb FMQrM �#Qmi i?2 KQi?2`b r�b +QKTH2i2Hv B;MQ`2/ r?2M r2 bT2+B}2/
i?2 bB`2 KQ/2HX � #2ii2` �TT`Q�+? rQmH/ #2 iQ +QK#BM2 �HH �p�BH�#H2 BM7Q`K�iBQM 7`QK � ;Bp2M TQTmH�iBQMX
h?Bb +�M #2 /QM2 #v `2TH�+BM; BM i?2 bB`2 KQ/2H i?2 `�M/QK bB`2 2z2+ib #v `�M/QK �MBK�Hb 2z2+ibX �b �
`2bmHi 2�+? �MBK�H BM i?2 /�i�b2i `2+2Bp2b � `�M/QK 2z2+i r?B+? KQ/2Hb Bib #`22/BM; p�Hm2X h?Bb ivT2 Q7
KQ/2H Bb +�HH2/ �M �MBK�H KQ/2HX "2+�mb2 i?2 �MBK�H KQ/2H ?�b i?2 #`22/BM; p�Hm2b Q7 �HH �MBK�Hb �b
`�M/QK 2z2+ib- r2 MQr +�HH i?2K a �M/ MQ HQM;2` s �b BM i?2 bB`2 KQ/2HX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt
Uvar(a)V #2ir22M �HH �MBK�H 2z2+ib Bb T`QTQ`iBQM�H iQ i?2 �//BiBp2 ;2M2iB+ `2H�iBQMb?BT K�i`Bt A �KQM; �HH
�MBK�HbX q2 rBHH b22 BM � H�i2` +?�Ti2` ?Qr iQ +QKTmi2 i?2 K�i`Bt AX
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