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eXj h?2 AMp2`b2 LmK2`�iQ` _2H�iBQMb?BT J�i`Bt

h?2 ;2M2`�H 7Q`K Q7 >2M/2`bQMǶb KBt2/ KQ/2H 2[m�iBQMb �b b?QrM BM U8XRyV /2T2M/ QM 7Qm` K�i`B+2b
RX .2bB;M K�i`Bt X 7Q` i?2 }t2/ 2z2+ib
kX .2bB;M K�i`Bt Z 7Q` i?2 `�M/QK 2z2+ib
jX h?2 BMp2`b2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt R−1 7Q` i?2 `2bB/m�Hb e �M/
9X h?2 BMp2`b2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt G−1 7Q` i?2 `�M/QK #`22/BM; p�Hm2b aX

q?2M mbBM; i?2 �MBK�H KQ/2H �b /2b+`B#2/ BM b2+iBQM !`27UO�MBK�HKQ/2HV- r2 ?�p2 b22M BM UeXRV i?�i G
+Q``2bTQM/b iQ i?2 T`Q/m+i Q7 i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A �M/ i?2 ;2M2iB+ �//BiBp2 p�`B�M+2 σ2

aX
"mi i?2 KBt2/ KQ/2H 2[m�iBQMb /2T2M/ QM i?2 BMp2`b2 G−1 Q7 G r?B+? K2�Mb

G−1 = (A ∗ σ2
a)−1 = A−1 ∗ 1

σ2
a

UeXjV

6`QK UeXjV r2 +�M b22 i?�i BM Q`/2` iQ #2 �#H2 iQ b2i mT i?2 KBt2/ KQ/2H 2[m�iBQMb 7Q` �M �MBK�H KQ/2H-
r2 M22/ i?2 BMp2`b2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A−1X "2+�mb2 BM T`�+iB+�H `QmiBM2 T`2/B+iBQMb Q7 #`22/BM;
p�Hm2b- r2 ?�p2 bQK2i?BM; BM i?2 Q`/2` Q7 Ry KBHHBQM �MBK�Hb i?�i r2 T`2/B+i #`22/BM; p�Hm2b 7Q`X >2M+2 i?2
K�i`Bt A ?�b Ry KBHHBQM `Qrb �M/ Ry KBHHBQM +QHmKMbX � K�i`Bt Q7 i?�i bBx2 +�MMQi #2 BMp2`i2/ 2tTHB+BiHv
rBi? +QKKQMHv FMQrM K2i?Q/b bm+? �b /2b+`B#2/ mM/2` ?iiTb,ff2MXrBFBT2/B�XQ`;frBFBfAMp2`iB#H2nK�i`BtX
h?Bb rQmH/ ?�p2 #22M i?2 2M/ Q7 i?2 "GlS �MBK�H KQ/2H- B7 MQi >2M/2`bQM Tm#HBb?2/ BM U>2M/2`bQM- RNdeV
� b2i Q7 bBKTH2 `mH2b iQ /B`2+iHv +QMbi`m+i i?2 K�i`Bt A−1 rBi?Qmi b2iiBM; mT i?2 MmK2`�iQ` `2H�iBQMb?BT
K�i`BtX

eX9 ai`m+im`2 Q7 A−1

q?2M HQQFBM; �i � +QM+`2i2 2t�KTH2 Q7 �M BMp2`b2 Q7 � MmK2`�iQ` `2H�iBQMb?BT K�i`Bt �b b?QrM #2HQr- r2
+�M /Bb+Qp2` bQK2 BKTQ`i�Mi 7�+ibX G2i mb �bbmK2 i?2 7QHHQrBM; T2/B;`22X

h�#H2 eXk, S2/B;`22 lb2/ hQ *QKTmi2 AMp2`b2 LmK2`�iQ` _2H�iBQM@
b?BT J�i`Bt

*�H7 aB`2 .�K
R L� L�
k L� L�
j L� L�
9 R k
8 j k

h?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A 7Q` i?2 T2/B;`22 b?QrM BM h�#H2 \\ Bb b?QrM BM UeX9VX

A =

⎡

⎢⎢⎢⎢⎣

1.0000 0.0000 0.0000 0.5000 0.0000
0.0000 1.0000 0.0000 0.5000 0.5000
0.0000 0.0000 1.0000 0.0000 0.5000
0.5000 0.5000 0.0000 1.0000 0.2500
0.0000 0.5000 0.5000 0.2500 1.0000

⎤

⎥⎥⎥⎥⎦
UeX9V

h?2 K�i`Bt A−1 b?QrM #2HQr +Q``2bTQM/b iQ i?2 BMp2`b2 Q7 i?2 K�i`Bt A 7`QK UeX9VX

https://en.wikipedia.org/wiki/Invertible_matrix


eX8X >1L.1_aPLǶa _lG1 hP a1h lS A−1 8N

A−1 =

⎡

⎢⎢⎢⎢⎣

1.5000 0.5000 0.0000 −1.0000 0.0000
0.5000 2.0000 0.5000 −1.0000 −1.0000
0.0000 0.5000 1.5000 0.0000 −1.0000

−1.0000 −1.0000 0.0000 2.0000 0.0000
0.0000 −1.0000 −1.0000 0.0000 2.0000

⎤

⎥⎥⎥⎥⎦

6`QK i?2 �#Qp2 b?QrM BMp2`b2 A−1- r2 `2+Q;MBx2 i?�i A−1 ?�b � bBKTH2` bi`m+im`2 i?�M A Bib2H7X h?2 `2�bQM
7Q` i?Bb Bb i?�i MQM@x2`Q 2H2K2Mib Q++m` QMHv �i K�i`Bt 2H2K2Mib Q7 A−1 +Q``2bTQM/BM; iQ T�`2Mib �M/ T`Q;2Mv
Q` iQ K�i2bX 6m`i?2`KQ`2 Qz@/B�;QM�H 2H2K2Mib +Q``2bTQM/BM; iQ K�i2b �`2 TQbBiBp2 �M/ 2H2K2Mib +Q``2bTQM/@
BM; iQ T�`2Mib �M/ T`Q;2Mv �`2 M2;�iBp2X h?2b2 Q#b2`p�iBQMb r2`2 mb2/ #v >2M/2`bQM BM U>2M/2`bQM- RNdeV
iQ +QK2 mT rBi? i?2 `mH2b /2b+`B#2/ #2HQrX

eX8 >2M/2`bQMǶb _mH2 hQ a2i lT A−1

q2 /2MQi2 i?2 `Qr Q` +QHmKM BM/2t +Q``2bTQM/BM; iQ �M �MBK�H Q7 BMi2`2bi �b i �M/ i?2 `Qr Q` +QHmKM BM/2t
#2HQM;BM; iQ i?2 �MBK�Hb 7�i?2` �b s �M/ i?2 `Qr Q` +QHmKM BM/2t +Q``2bTQM/BM; iQ �MBK�H iǶb KQi?2` �b dX
h?2 `mH2b /Bz2`2MiB�i2 i?2 7QHHQrBM; i?`22 +�b2b

RX #Qi? T�`2Mib Q7 �MBK�H i �`2 FMQrM
kX QMHv QM2 T�`2Mi Q7 �MBK�H i Bb FMQrM
jX #Qi? T�`2Mib Q7 �MBK�H i �`2 mMFMQrM

eX8XR "Qi? S�`2Mib EMQrM

Ç �// 2 iQ i?2 /B�;QM�H@2H2K2Mi (i, i)
Ç �// −1 iQ Qz@/B�;QM�H 2H2K2Mib (s, i)- (i, s)- (d, i) �M/ (i, d)
Ç �// 1

2 iQ 2H2K2Mib (s, s)- (d, d)- (s, d)- (d, s)

eX8Xk PMHv PM2 S�`2Mi EMQrM

q2 �bbmK2 i?�i bB`2 s Bb FMQrM
Ç �// 4

3 iQ /B�;QM�H@2H2K2Mi (i, i)
Ç �// − 2

3 iQ Qz@/B�;QM�H 2H2K2Mib (s, i)- (i, s)
Ç �// 1

3 iQ 2H2K2Mi (s, s)

eX8Xj "Qi? S�`2Mib lMFMQrM

Ç �// 1 iQ /B�;QM�H@2H2K2Mi (i, i)
h?2 �TTHB+�iBQM Q7 >2M/2`bQMǶb `mH2b iQ +QMbi`m+i A−1 /B`2+iHv rBHH #2 � T`Q#H2K BM QM2 Q7 i?2 +QKBM; 2t2`+Bb2bX
q?2M �TTHvBM; i?2 �#Qp2 /2b+`B#2/ `mH2b- Bi ?�b iQ #2 MQi2/ r2HH i?�i i?Bb bBKTH2 p2`bBQM Q7 i?2 `mH2b �`2
QMHv p�HB/ 7Q` � T2/B;`22 rBi?Qmi BM#`22/BM;X q2 rBHH b22 BM b2+iBQM !`27UO/2`Bp�iBQMQ7?2M/2`bQMb`mH2bV ?Qr
iQ 2ti2M/ i?2 bBKTH2 `mH2b bm+? i?�i i?2v +�M #2 mb2/ 7Q` � ;2M2`�H T2/B;`22 rBi? BM#`22/BM;X

eXe .2`Bp�iBQM Q7 >2M/2`bQMǶb _mH2b

>2M/2`bQMǶb `mH2b +�M #2 `2H�i2/ iQ i?2 bQ@+�HH2/ G.G@/2+QKTQbBiBQM Q7 i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt
AX h?2 `2bmHi Q7 i?Bb /2+QKTQbBiBQM +QMbBbib Q7 i?2 2[mBp�H2M+2 #2ir22M K�i`Bt A �M/ i?2 T`Q/m+i Q7 i?`22
K�i`B+2b L- D �M/ LT X h?2 K�i`Bt L Bb � HQr2` i`B�M;mH�` K�i`Bt �M/ i?2 K�i`Bt D Bb � /B�;QM�H K�i`BtX
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h?2 `2�bQM 7Q` r?v r2 �`2 /QBM; i?Bb /2+QKTQbBiBQM Q7 A Bb i?�i i?2 K�i`B+2b L �M/ D +�M Km+? 2�bB2`
#2 BMp2`i2/ i?�M i?2 K�i`Bt AX h?2 G.G@/2+QKTQbBiBQM Bb � ;2M2`�H T`Q+2/m`2 BM HBM2�` �H;2#`� �M/ Bi +�M
#2 �TTHB2/ iQ �Mv bvKK2i`B+ �M/ TQbBiBp2@/2}MBi2 K�i`Bt MQi QMHv iQ MmK2`�iQ` `2H�iBQMb?BT K�i`B+2bX "mi
r?2M i?2 G.G@/2+QKTQbBiBQM Bb �TTHB2/ iQ � MmK2`�iQ` `2H�iBQMb?BT K�i`Bt- i?2 K�i`B+2b L �M/ D /Q �HbQ
?�p2 � bT2+B�H ;2M2iB+ K2�MBM;X h?Bb K2�MBM; Bb `2p2�H2/ BM i?2 7QHHQrBM; /2`Bp�iBQMX

eXeXR .2+QKTQbBiBQM Q7 h`m2 "`22/BM; o�Hm2 �M/ Bib o�`B�M+2

h?2 i`m2 #`22/BM; p�Hm2 UaiV Q7 �MBK�H i +�M #2 /2+QKTQb2/ BMiQ i?2 i`m2 #`22/BM; p�Hm2b Q7 �MBK�H iǶb
T�`2Mib s �M/ d �M/ i?2 K2M/2HB�M b�KTHBM; i2`K mi

ai = 1
2as + 1

2ad + mi UeX8V

�TTHvBM; i?2 /2+QKTQbBiBQM b?QrM BM UeXRyV 7Q` �HH �MBK�Hb BM i?2 T2/B;`22 �M/ +QK#BMBM; i?2 /2+QKTQbBiBQMb
BMiQ � K�i`Bt@p2+iQ` MQi�iBQM- r2 ;2i

a = P · a + m UeXeV

r?2`2
a p2+iQ` Q7 i`m2 #`22/BM; p�Hm2b 7Q` �HH �MBK�Hb
P K�i`Bt HBMFBM; �MBK�Hb iQ i?2B` T�`2Mib
m p2+iQ` Q7 K2M/2HB�M b�KTHBM; i2`Kb

1[m�iBQM UeXeV +�M #2 BMi2`T`2i2/ �b `2;`2bbBQM Q7 i?2 i`m2 #`22/BM; p�Hm2b QMiQ T�`2Mi�H #`22/BM; p�Hm2bX
AM bm+? � `2;`2bbBQM i?2 `�M/QK i2`K m Bb HBF2 � `2bB/m�H i2`KX h?2 ;2M2iB+ K2�MBM; Q7 m +Q``2bTQM/b
iQ i?2 /2pB�iBQM Q7 ai 7`QK i?2 7mHH@bB# �p2`�;2 Q7 i?2 i`m2 #`22/BM; p�Hm2b rBi?BM i?2 Mm+H2�` 7�KBHv rBi?
T�`2Mib s �M/ dX h?2 i2`K m Bb +�HH2/ K2M/2HB�M b�KTHBM; i2`KX h?2 bQm`+2 Q7 m Bb i?2 7�+i i?�i /m`BM;
K2BQbBb- T�`2Mi�H �HH2H2b �`2 `�M/QKHv �bbB;M2/ iQ 2�+? T`Q;2MvX "mHK2` U"mHK2`- RNdRV ?�b b?QrM i?�i mi

�`2 BM/2T2M/2Mi 7`QK i`m2 #`22/BM; p�Hm2b Q7 T�`2Mib s �M/ dX lbBM; i?Bb `2bmHi- r2 i�F2 i?2 p�`B�M+2 QM
#Qi? bB/2b Q7 UeXRyV H2�/BM; iQ

var(ai) = var(1
2as + 1

2ad + mi)

= 1
4var(as) + 1

4var(ad) + 1
2cov(as, ad) + var(mi) UeXdV

6`QK UeXRV iQ;2i?2` rBi? i?2 /2}MBiBQM Q7 i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A- r2 FMQr i?�i

var(ai) = (1 + Fi)σ2
a

var(as) = (1 + Fs)σ2
a

var(ad) = (1 + Fd)σ2
a

cov(as, ad) = (A)sdσ2
a = 2Fiσ

2
a UeX3V

eXeXk o�`B�M+2 Q7 J2M/2HB�M a�KTHBM; h2`Kb

AMb2`iBM; i?2 `2H�iBQMb 7`QK UeX3V BMiQ UeXdV �M/ bQHpBM; 7Q` var(mi) ;Bp2b i?2 7QHHQrBM; `2bmHi



eXeX .1_Ao�hAPL P6 >1L.1_aPLǶa _lG1a eR

var(mi) = var(ai) − 1
4var(as) − 1

4var(ad) − 1
2cov(as, ad)

= (1 + Fi)σ2
a − 1

4(1 + Fs)σ2
a − 1

4(1 + Fd)σ2
a − 1

2 ∗ 2 ∗ Fi ∗ σ2
a

=
(

1 − 1
4(Fs + Fd)

)
σ2

a UeXNV

AM +�b2 r?2`2 QMHv T�`2Mi s Q7 �MBK�H i Bb FMQrM i?2 i2`Kb BM UeXRyV �M/ UeXNV +?�M;2 iQ

ai = 1
2as + 1

2ad + mi UeXRyV

ai = 1
2as + mi

var(mi) =
(

1 − 1
4(1 + Fs)

)
σ2

a

=
(3

4 − 1
4Fs

)
σ2

a UeXRRV

q?2M #Qi? T�`2Mib �`2 mMFMQrM- r2 ;2i

ai = mi

var(mi) = σ2
a UeXRkV

eXeXj .2+QKTQbBiBQM Q7 A

h?2 i`m2 #`22/BM; p�Hm2b as Q7 bB`2 s �M/ ad Q7 /�K d +�M #2 /2+QKTQb2/ BM � bBKBH�` r�v �b b?QrM 7Q` i?2
i`m2 #`22/BM; p�Hm2 ai BM UeXRyVX

as = 1
2ass + 1

2ads + ms

ad = 1
2asd + 1

2add + md UeXRjV

r?2`2
ss bB`2 Q7 s
ds /�K Q7 s
sd bB`2 Q7 d
dd /�K Q7 d

lbBM; UeXRjV iQ;2i?2` rBi? UeXRyV H2�/b iQ i?2 7QHHQrBM; 2tT`2bbBQM 7Q` ai

ai = 1
2as + 1

2ad + mi

= 1
2(1

2ass + 1
2ads + ms) + 1

2(1
2asd + 1

2add + md) + mi

= 1
4ass + 1

4ads + 1
4asd + 1

4add + 1
2ms + 1

2md + mi
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h?Bb ivT2 Q7 /2+QKTQbBiBQM +�M �HbQ #2 /QM2 7Q` i?2 ;`�M/@T�`2Mib Q7 �MBK�H i �M/ 7m`i?2` #�+F mMiBH r2 ;2i
iQ i`m2 #`22/BM; p�Hm2b Q7 �MBK�Hb rBi? mMFMQrM T�`2MibX �MBK�Hb Q7 �M+2biQ` ;2M2`�iBQMb rBi? mMFMQrM
T�`2Mib �`2 +�HH2/ 7QmM/2` TQTmH�iBQMX h?2 T`Q+2bb Q7 /2+QKTQbBM; i`m2 #`22/BM; p�Hm2b #�+F i?`Qm;? �HH
;2M2`�iBQMb Q7 � T2/B;`22 Bb +�HH2/ `2+m`bBp2 /2+QKTQbBiBQM Q7 �MBK�H iǶb i`m2 #`22/BM; p�Hm2X "2+�mb2 r2
FMQr 7`QK UeXRkV i?�i i?2 /2+QKTQbBiBQM Q7 i`m2 #`22/BM; p�Hm2b ak 7Q` �M �MBK�H k rBi? mMFMQrM T�`2Mib
Bb ak = mk- i?2 `2bmHi Q7 i?2 `2+m`bBp2 /2+QKTQbBiBQM Q7 ai Bb � bmK Q7 K2M/2HB�M b�KTHBM; i2`Kb HBMFBM; i?2
�M+2biQ`b Q7 i #�+F iQ i?2 7QmM/2` TQTmH�iBQMX
P`/2`BM; �HH �MBK�Hb BM � T2/B;`22 �++Q`/BM; iQ i?2B` �;2 �M/ r`BiBM; i?2 `2bmHi Q7 i?2 `2+m`bBp2 /2+QKTQbBiBQM
Q7 �HH i`m2 #`22/BM; p�Hm2b BM K�i`Bt@p2+iQ` MQi�iBQM H2�/b iQ

a = L · m UeXR9V

h?2 K�i`Bt L Bb � HQr2` i`B�M;mH�` K�i`BtX h?2 `Qr +Q``2bTQM/BM; iQ �MBK�H i Bb i?2 �p2`�;2 Q7 i?2 `Qrb
BM L +Q``2bTQM/BM; iQ T�`2Mib s �M/ d Q7 iX h?2 K�i`Bt L +QMi�BMb i?2 T�i? Q7 i?2 ;2M2 ~Qr 7`QK i?2 #�b2
TQTmH�iBQM iQ �HH �MBK�Hb BM i?2 TQTmH�iBQMX 6`QK 2[m�iBQM UeXR9V- r2 �`2 +QKTmiBM; i?2 p�`B�M+2 Q7 �HH i`m2
#`22/BM; p�Hm2b r?B+? H2�/b iQ

var(a) = var(L · m)
= L · var(m) · LT

= L · (Dσ2
a) · LT

= L · D · LT σ2
a = Aσ2

a

6`QK U\\V- i?2 G.G@/2+QKTQbBiBQM Q7 A 7QHHQrb /B`2+iHv �b A = LDLT X h?2 bBM;H2 +QKTQM2Mib mi �`2
BM/2T2M/2Mi Q7 2�+? Qi?2`X h?Bb �HbQ K2�Mb i?�i cov(mi, mj) = 0 7Q` i ≠ jX >2M+2 i?2 K�i`Bt D Bb
� /B�;QM�H K�i`BtX AM b2+iBQM !`27UOp�`B�M+2K2M/2HB�Mb�KTHBM;i2`KV r2 ?�p2 b22M i?�i var(mi) �Hr�vb
+QMi�BM σ2

a �b � 7�+iQ`X >2M+2 Bi Bb `2�bQM�#H2 iQ 2tT`2bb var(m) �b � T`Q/m+i Q7 � /B�;QM�H K�i`Bt D iBK2b
i?2 ;2M2iB+ �//BiBp2 p�`B�M+2 σ2

aX h?2 /B�;QM�H 2H2K2Mib Q7 K�i`Bt D �`2 +QKTmi2/ �b b?QrM BM b2+iBQM
!`27UOp�`B�M+2K2M/2HB�Mb�KTHBM;i2`KVX
h?2 KBt2/ KQ/2H 2[m�iBQMb `2[mB`2 i?2 BMp2`b2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A−1X h?�MFb iQ i?2 G.G@
/2+QKTQbBiBQM Q7 A- r2 +�M +QKTmi2 A−1 �b

A−1 = (L · D · LT )−1 = (LT )−1 · D−1 · L−1 UeXR8V

h?2 BMp2`b2 D−1 Bb 2�bv iQ +QKTmi2- #2+�mb2 D Bb � /B�;QM�H K�i`BtX �b � +QMb2[m2M+2 Q7 i?�i D−1 Bb �HbQ �
/B�;QM�H K�i`Bt r?2`2 i?2 2H2K2Mib (D−1)ii +Q``2bTQM/ iQ i?2 BMp2`b2 Q7 i?2 2H2K2Mib Q7 i?2 Q`B;BM�H K�i`Bt
D- BX2X (D−1)ii = 1/(D)iiX h?2 K�i`Bt L−1 Bb �HbQ � HQr2` i`B�M;mH�` K�i`Bt �M/ +�M 2�bBHv +QKTmi2/ #�b2/
QM i?2 irQ `2H�iBQMb 7Q` i?2 p2+iQ` mX "�b2/ QM UeXeV- r2 FMQr

m = a − Pa = (I − P )a UeXReV

�M/ 7`QK UeXR9V- r2 ;2i

m = L−1a UeXRdV

a2iiBM; #Qi? 2tT`2bbBQMb 7Q` m BM UeXReV �M/ UeXRdV 2[m�H +�M #2 mb2/ iQ Q#i�BM L−1

m = (I − P )a = L−1a UeXR3V

h?2`27Q`2-



eXdX *PJSlhAL: AL"_11.AL: *P166A*A1Lha ej

L−1 = I − P UeXRNV

eXeX9 :2M2`�H o2`bBQM Q7 >2M/2`bQMǶb _mH2

"�b2/ QM i?2 /2+QKTQbBiBQM Q7 A−1 b?QrM BM UeXR8V- i?2 ;2M2`�H p2`bBQM Q7 >2M/2`bQMǶb `mH2 r?2`2 BM#`22/BM;
Q7 �MBK�Hb +�M #2 �++QmMi2/ 7Q` +�M #2 bmKK�`Bx2/ �b

Ç ai�`i rBi? � K�i`Bt A−1 r?2`2 �HH 2H2K2Mib �`2 b2i iQ 0X
Ç G2i di #2 i?2 i@i? /B�;QM�H 2H2K2Mi Q7 D−1 7Q` �MBK�H i- �bbmKBM; i ?�b T�`2Mib s �M/ dX
Ç h?2M �// i?2 7QHHQrBM; +QMi`B#miBQMb iQ A−1

Ĝ di iQ i?2 2H2K2Mi (i, i)
Ĝ −di/2 iQ i?2 2H2K2Mib (s, i)- (i, s)- (d, i)- (i, d)
Ĝ di/4 iQ i?2 2H2K2Mib (s, s)- (s, d)- (d, s)- (d, d)

h?2 +QMi`B#miBQMb iQ `Qrb �M/ +QHmKMb +Q``2bTQM/BM; iQ T�`2Mib s �M/ d �`2 QMHv �//2/- B7 i?2v �`2 FMQrMX
"2+�mb2 i?2 2H2K2Mib di �`2 /2T2M/2Mi QM i?2 BM#`22/BM; +Q2{+B2Mib Fs �M/ Fd Q7 T�`2Mib s �M/ d- r2 ?�p2
iQ }M/ �M 2{+B2Mi r�v iQ +QKTmi2 BM#`22/BM; +Q2{+B2Mib 7Q` �HH �MBK�Hb BM � TQTmH�iBQMX

eXd *QKTmiBM; AM#`22/BM; *Q2{+B2Mib

AM#`22/BM; +Q2{+B2Mib +�M #2 +QKTmi2/ mbBM; /Bz2`2Mi K2i?Q/bX 6`QK �HH i?2b2 K2i?Q/b- r2 �`2 Dmbi b?QrBM;
i?2 QM2 K2i?Q/ r?B+? r�b /2b+`B#2/ BM UZm��b- RNdeVX h?Bb K2i?Q/ Bb #�b2/ QM i?2 T`QT2`iB2b Q7 � b2+QM/
/2+QKTQbBiBQM Q7 i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt A r?B+? Bb +�HH2/ i?2 +?QH2bFv /2+QKTQbBiBQMX h?2
+?QH2bFv /2+QKTQbBiBQM Q7 � K�i`Bt A +Q``2bTQM/b iQ

A = RRT UeXkyV

r?2`2 i?2 K�i`Bt R Bb � HQr2` i`B�M;mH�` K�i`BtX �i i?Bb TQBMi r2 ?�p2 iQ #2 +H2�` �#Qmi i?BbX AM T`�+iB+�H
`QmiBM2 2p�Hm�iBQMb- r2 rBHH MQi 2tTHB+BiHv +QKTmi2 i?Bb /2+QKTQbBiBQM- #2+�mb2 r2 /Q MQi r�Mi iQ +QMbi`m+i
A 2tTHB+BiHvX q2 �`2 Dmbi mbBM; i?2 T`QT2`iB2b Q7 UeXkyV iQ }M/ �M 2{+B2Mi r�v iQ +QKTmi2 i?2 /B�;QM�H
2H2K2Mib (A)ii Q7 A rBi?Qmi +QMbi`m+iBM; i?2 +QKTH2i2 K�i`Bt AX h?2 /B�;QM�H 2H2K2Mib (A)ii �`2 BKTQ`i�Mi-
#2+�mb2 i?2v +QMi�BM i?2 BM#`22/BM; +Q2{+B2Mib UFiV- �b (A)ii = 1 + FiX "�b2/ QM UeXkyV- (A)ii +�M #2
+QKTmi2/ 7`QK i?2 +QKTQM2Mib Q7 R �b

(A)ii =
i∑

j=1
(R)2

ij UeXkRV

h?Bb +�M #2 b?QrM rBi? � bK�HH 3 × 3 K�i`Bt A

⎡

⎣
(A)11 (A)12 (A)13
(A)21 (A)22 (A)23
(A)31 (A)32 (A)33

⎤

⎦ =

⎡

⎣
(R)11 0 0
(R)21 (R)22 0
(R)31 (R)32 (R)33

⎤

⎦ ∗

⎡

⎣
(R)11 (R)21 (R)31
0 (R)22 (R)32
0 0 (R)33

⎤

⎦

6Q` i?2 �#Qp2 b?QrM 2t�KTH2- i?2 /B�;QM�H 2H2K2Mib (A)ii �`2 +QKTmi2/ �b

(A)11 = (R)2
11

(A)22 = (R)2
21 + (R)2

22

(A)33 = (R)2
31 + (R)2

32 + (R)2
33
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h?Bb b?Qrb i?�i /B�;QM�H 2H2K2Mib (A)ii +�M #2 +QKTmi2/ mbBM; Dmbi �HH i?2 +QKTQM2Mib Q7 `Qr i BM R mT iQ
i?2 /B�;QM�HX L2ti- r2 ?�p2 iQ b?Qr ?Qr iQ +QKTmi2 i?2 +QKTQM2Mib Q7 RX

eXdXR _2+m`bBp2 *QKTmi�iBQM Q7 R

q2 �`2 b2iiBM; i?2 irQ /2+QKTQbBiBQMb Q7 A 2[m�H r?B+? H2�/b iQ

A = R ∗ RT = L ∗ D ∗ LT UeXkkV

G2i mb r`Bi2 i?2 K�i`Bt R �b � T`Q/m+i Q7 irQ K�i`B+2b L �M/ S r?2`2 L +Q``2bTQM/b iQ i?2 K�i`Bt 7`QK
i?2 G.G@/2+QKTQbBiBQM �M/ BMb2`i i?�i T`Q/m+i BMiQ UeXkkV

A = R ∗ RT = L ∗ S ∗ (L ∗ S)T = L ∗ S ∗ ST ∗ LT = L ∗ D ∗ LT UeXkjV

6`QK UeXkjV- r2 +QM+Hm/2 i?�i D = S · ST r?2`2 S Bb �HbQ � /B�;QM�H K�i`Bt rBi? 2H2K2Mib (S)ii =
√

(D)iiX
6Q` Qm` bK�HH 2t�KTH2 r2 ;2i

⎡

⎣
(R)11 0 0
(R)21 (R)22 0
(R)31 (R)32 (R)33

⎤

⎦ =

⎡

⎣
1 0 0
(L)21 1 0
(L)31 (L)32 1

⎤

⎦ ∗

⎡

⎣
(S)11 0 0
0 (S)22 0
0 0 (S)33

⎤

⎦ UeXk9V

6`QK UeXk9V- r2 +�M b22 i?�i i?2 /B�;QM�H 2H2K2Mib (R)ii �`2 2[m�H iQ (S)iiX h?2`27Q`2

(R)ii = (S)ii =
√

(D)ii UeXk8V

1�`HB2`- r2 ?�p2 b22M i?�i /B�;QM�H 2H2K2Mib (D)ii Q7 D +Q``2bTQM/ iQ

(D)ii = 1
2 − 1

4 (Fs + Fd) = 1 − 0.25((A)ss + (A)dd) UeXkeV

�M/ ?2M+2

(R)ii =
√

1 − 0.25((A)ss + (A)dd) UeXkdV

h?2 +QKTQM2Mib (A)ss �M/ (A)dd +Q``2bTQM/ iQ /B�;QM�H 2H2K2Mib Q7 A Q7 T�`2Mib Q7 s �M/ d r?B+? r2`2
+QKTmi2/ 2�`HB2`X
h?2 Qz@/B�;QM�H 2H2K2Mib Q7 R �`2 +QKTmi2/ �b

(R)ij = (L)ij ∗ (S)jj UeXk3V

PM2 T`QT2`iv Q7 i?2 K�i`Bt L Bb i?�i �Mv 2H2K2Mi (L)ij Bb 2[m�H iQ i?2 �p2`�;2 Q7 2H2K2Mib (L)sj �M/ (L)dj -
B7 s �M/ d �`2 T�`2Mib Q7 �MBK�H iX lbBM; i?Bb r2 ;2i

(R)ij = (L)ij ∗ (S)jj

= 1
2((L)sj + (L)dj) ∗ (S)jj

= 1
2((R)sj + (R)dj) UeXkNV

qBi? i?�i r2 ?�p2 b?QrM ?Qr iQ +QKTmi2 �HH 2H2K2Mib Q7 R `2+m`bBp2HvX h?Bb `2[mB`2b �M Q`/2`BM; Q7 �HH
�MBK�Hb �++Q`/BM; iQ i?2B` �;2X
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