
*?�Ti2` d

�//BiBQM�H �bT2+ib Q7 "GlS

h?Bb +?�Ti2` BMi`Q/m+2b BMi2`2biBM; �//BiBQM�H �bT2+ib �M/ bT2+B�H T`QT2`iB2b Q7 "GlS@#�b2/ T`2/B+i2/ #`22/@
BM; p�Hm2bX �b r2 ?�p2 b22M BM +?�Ti2` 8- T`2/B+i2/ #`22/BM; p�Hm2b r?B+? `2bmHi 7`QK bQHpBM; >2M/2`bQMǶb
KBt2/ KQ/2H 2[m�iBQMb �`2 T`2/B+iBQMb �M/ i?2b2 T`2/B+iBQMb �Hr�vb /2T2M/ QM bQK2 �bbmKTiBQMbX h?2b2
�bbmKTiBQMb �`2 KQ`2 Q` H2bb p�HB/ /2T2M/BM; QM i?2 /�i�b2i i?�i Bb �M�Hvb2/ iQ T`Q/m+2 i?2 `2bmHibX 6m`i?2`@
KQ`2- T`2/B+i2/ #`22/BM; p�Hm2b �`2 � 7mM+iBQM Q7 `2+Q`/2/ /�i� �M/ bm+? /�i� Bb M2p2` T2`72+iX h?2`27Q`2- r2
M22/ � K2�bm`2 iQ [m�MiB7v ?Qr ;QQ/ Qm` T`2/B+iBQMb �`2X am+? � K2�bm`2 Bb i?2 �++m``�+v Q7 i?2 T`2/B+i2/
#`22/BM; p�Hm2bX
PM2 Q7 i?2 `2�bQMb- "GlS Bb MQr�/�vb i?2 K2i?Q/ Q7 +?QB+2 7Q` T`2/B+iBM; #`22/BM; p�Hm2b Bb i?2 7�+i i?�i
BM i?2 "GlS �MBK�H KQ/2H �HH �p�BH�#H2 BM7Q`K�iBQM Bb mb2/X h?Bb T`QT2`iv +�M #2 b?QrM #v /2+QKTQbBM;
i?2 T`2/B+i2/ #`22/BM; p�Hm2b 7`QK �M �MBK�H KQ/2HX

dXR �++m``�+v

h?2 �++m`�+v 7Q` � "GlS@#�b2/ �MBK�H KQ/2H Bb MQ HQM;2` �b 2�bBHv /2`Bp2/ �b rBi? i?2 b2H2+iBQM BM/2tX Pm`
�MBK�H KQ/2H Bb � HBM2�` KBt2/ 2z2+ib KQ/2H +QMi�BMBM; }t2/ �M/ `�M/QK 2z2+ibX .m2 iQ i?2 T`QT2`iB2b
Q7 "GlS@#�b2/ K2i?Q/b- i?2 2biBK�i2b Q7 i?2 }t2/ 2z2+ib �M/ i?2 T`2/B+iBQM Q7 i?2 `�M/QK 2z2+ib ?�p2
KBMBKmK 2``Q` p�`B�M+2X 6Q` i?2 }t2/ 2z2+ib- i?Bb 2``Q` p�`B�M+2 +�M #2 +QKTmi2/ �b

var(β − β̂) = var(β̂)

#2+�mb2 }t2/ 2z2+ib β /Q MQi ?�p2 �Mv p�`B�M+2X 6Q` i?2 `�M/QK 2z2+ib a i?2 T`2/B+iBQM 2``Q` p�`B�M+2
US1oV /Q2b MQi bBKTHB7v iQ i?2 p�`B�M+2 Q7 i?2 T`2/B+i2/ 2z2+ib âX _�M/QK 2z2+ib #v i?2B` M�im`2 /Q ?�p2
� +2`i�BM p�`B�M+2 r?B+? Bb T�`i Q7 i?2 KQ/2H bT2+B}+�iBQMX 6Q` � "GlS �MBK�H KQ/2H i?2 p�`B�M+2 Q7 i?2
`�M/QK 2z2+ib a +Q``2bTQM/ iQ var(a) = A ∗ σ2

aX �Mv K2�MBM;7mH T`2/B+iBQM â Q7 � `�M/QK 2z2+i a b?QmH/
�HbQ b�iBb7v i?�i i?2 p�`B�M+2 var(â) T`2/B+ib var(a) �b +HQb2Hv �b TQbbB#H2X 6QHHQrBM; i?Bb �`;mK2Mi var(â)
+�MMQi +Q``2bTQM/ iQ i?2 T`2/B+iBQM 2``Q` p�`B�M+2X h?2 T`2/B+iBQM 2``Q` p�`B�M+2 PEV (û) Bb +QKTmi2/ �b

PEV (û) = var(u − û) = var(u) + var(û) − 2 ∗ cov(u, û) = var(u) − var(û)

>2M/2`bQM 7QmM/ i?�i PEV (û) /2T2M/b QM i?2 BMp2`b2 Q7 i?2 +Q2{+B2Mi K�i`Bt BM i?2 KBt2/ KQ/2H 2[m�iBQMbX

[
XT R−1X XT R−1Z
ZT R−1X ZT R−1Z + G−1

]−1
=
[

C11 C12

C21 C22

]

q2 +�M bi�i2 i?�i

e8



ee *>�Sh1_ dX �..AhAPL�G �aS1*ha P6 "GlS

PEV (û) = var(u − û) = var(u) − var(û) = C22 UdXRV

6Q` � bBM;H2 �MBK�H i- i?2 T`2/B+iBQM 2``Q` p�`B�M+2 Bb PEV (ûi) = C22
ii r?2`2 C22

ii Bb i?2 i@i? /B�;QM�H 2H2K2Mi
BM i?2 K�i`Bt C22X h?2 �++m`�+v Q7 ûi Bb K2�bm`2/ #v i?2 b[m�`2/ +Q``2H�iBQM r2

u,û #2ir22M i`m2 �M/ T`2/B+i2/
#`22/BM; p�Hm2X h?Bb +Q``2H�iBQM Bb /2}M2/ �b

ru,û = cov(u, û)√
var(u) ∗ var(û)

= var(û)√
var(u) ∗ var(û)

=
√

var(û)
var(u) UdXkV

*QK#BMBM; 2[m�iBQMb UdXkV �M/ UdXRV #v bQHpBM; #Qi? 7Q` var(ûi) H2�/b iQ

var(ûi) = var(ui) − C22
ii

var(ûi) = r2
u,û ∗ var(ui)

PEV (ûi) = C22
ii = var(ui) − r2

u,û ∗ var(ui) = (1 − r2
u,û) ∗ var(ui) UdXjV

aQHpBM; 2[m�iBQM UdXjV 7Q` r2
u,û r?B+? Bb i?2 K2�bm`2 +QKKQMHv mb2/ iQ �bbB;M � +2`i�BM H2p2H Q7 �++m`�+v iQ

i?2 T`2/B+i2/ #`22/BM; p�Hm2 ûi Q7 � ;Bp2M �MBK�H iX

r2
u,û = 1 − C22

ii

var(ui)
= 1 − PEV (ûi)

var(ui)
UdX9V

6`QK 2[m�iBQM UdX9V Bi #2+QK2b +H2�` i?�i i?2 bK�HH2` PEV (ûi) Bb i?2 ?B;?2` i?2 �++m`�+v r2
u,û BbX AM i?2

HBKBi r?2`2 PEV (ûi) i2M/b iQ 0- i?2 �++m`�+v rBHH i2M/ iQ 1X "�b2/ QM i?2 /2}MBiBQM Q7 PEV (ûi) BM UdXRV- Bi
+�M #2 b22M i?�i PEV (ûi) i2M/b iQ 0- B7 var(ûi) i2M/b iQr�`/b var(ui)X h?�i K2�Mb i?2 #2ii2` i?2 p�`B�M+2
var(ûi) Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2b ûi �TT`QtBK�i2b i?2 p�`B�M+2 var(ui)- i?2 bK�HH2` i?2 p�Hm2 7Q`
PEV (ûi) �M/ i?2 ?B;?2` i?2 �++m`�+v r2

u,û Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2 ûi rBHH #2X PM i?2 Qi?2` ?�M/- B7
var(ûi) i2M/b iQ 0 r?B+? K2�Mb i?2 T`2/B+iBQM Q7 var(ui) #v var(ûi) Bb p2`v TQQ`- PEV (ûi) i2M/b iQ var(ui)
�M/ i?2 �++m`�+v r2

u,û i2M/b iQ Bib KBMBKmK r?B+? Bb 0X

dXk *QM}/2M+2 AMi2`p�Hb Q7 S`2/B+i2/ "`22/BM; o�Hm2b

h?2 T`2/B+iBQM 2``Q` p�`B�M+2 US1oV /2i2`KBM2b i?2 +QM}/2M+2 BMi2`p�H Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2bX
h?2 b[m�`2 `QQi Q7 S1o +Q``2bTQM/b iQ i?2 bi�M/�`/ 2``Q` Q7 T`2/B+iBQM Ua1SVX

SEP (ûi) =
√

PEV (ûi) =
√

(1 − r2
u,û) ∗ var(ui)

�bbmKBM; i?2 T`2/B+i2/ #`22/BM; p�Hm2b û 7QHHQr � MQ`K�H /Bbi`B#miBQM �M/ a1S ;Bp2b � K2�bm`2 Q7 ?Qr Km+?
i?2 T`2/B+iBQMb p�`vX 6Q` � ;Bp2M 2``Q` T`Q#�#BHBiv UαV i?2 +QM}/2M+2 BMi2`p�H +�M #2 /2`Bp2/ 7Q` T`Q#�#BHBiv
Q7 1 − αX 6Q` � ;Bp2M ;2M2iB+ bi�M/�`/ /2pB�iBQM σu Q7 12- �M 2``Q` T`Q#�#BHBiv Q7 α = 0.05 �M/ `�M;2 Q7
�++m`�+B2b- i?2 rB/i? Q7 i?2 +QM}/2M+2 BMi2`p�Hb +�M #2 +QKTmi2/X h?2 `2bmHib Q7 i?2b2 BMi2`p�H rB/i?b �`2
b?QrM BM h�#H2 dXRX
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6B;m`2 dXR, *QM}/2M+2 AMi2`p�H Q7 S`2/B+i2/ "`22/BM; o�Hm2

h�#H2 dXR, qB/i?b Q7 *QM}/2M+2 AMi2`p�Hb 7Q` :Bp2M �++m`�+B2b

�++m``�+v AMi2`p�H qB/i?
yX9y jeX99
yX8y jjXke
yXey kNXd8
yXdy k8Xde
yX3y kRXy9
yXNy R9X33
yXN8 RyX8k
yXNN 9Xdy

6Q` � ;Bp2M T`2/B+i2/ #`22/BM; p�Hm2 Q7 Ryy �M/ �M �++m`�+v Q7 yXNN i?2 +QM}/2M+2 BMi2`p�H Bb 100 ± 2.35X
h?2 b�K2 +QM}/2M+2 BMi2`p�H Bb �HbQ b?QrM BM 6B;m`2 dXRX

dXj _2H2p�M+2 Q7 �++m``�+B2b

h?2 `2H2p�M+2 i?�i Bb �bbB;M2/ iQ i?2 �++m`�+B2b Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2b /2T2M/b QM i?2 HBp2biQ+F
bT2+B2b �M/ �HbQ QM i?2 BM/BpB/m�H #`22/2`X h?2 �bb2bbK2Mi Q7 i?2 BKTQ`i�M+2 Q7 i?2 �++m`�+B2b Bb MQi �Hr�vb
2�bv �M/ Bb /Bz2`2Mi r?2i?2` r2 �`2 HQQFBM; �i � bBM;H2 �MBK�H Q` r?2i?2` r2 �`2 HQQFBM; �i � TQTmH�iBQMX
S`2/B+i2/ #`22/BM; p�Hm2b �`2 mM#B�b2/- ?2M+2 HQr �++m`�+B2b �`2 MQi +QMbB/2`2/ iQ #2 bQK2i?BM; ǳ#�/ǴX 6Q`
bBM;H2 �MBK�Hb rBi? T`2/B+i2/ #`22/BM; p�Hm2b rBi? HQr �++m`�+B2b- i?2B` T`2/B+i2/ #`22/BM; p�Hm2 Bb 2tT2+i2/
iQ +?�M;2 KQ`2X "mi i?2 +?�M;2 Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2b +�M #2 BM #Qi? /B`2+iBQMbX "2+�mb2 KQbi
#`22/2`b r�Mi iQ �pQB/ M2;�iBp2 +?�M;2b- ?B;? �++m`�+B2b �`2 i�F2M iQ #2 BKTQ`i�MiX
*QM+2`MBM; i?2 b2H2+iBQM `2bTQMb2- ?B;?2` �++m`�+B2b �`2 #2ii2`- #mi i?2b2 ?B;?2` �++m`�+B2b �`2 MQi 7Q` 7`22X
h?2 Q7i2M K2�M i?�i

Ç ;2M2`�iBQM BMi2`p�Hb BM+`2�b2- #2+�mb2 r2 M22/ iQ r�Bi 7Q` KQ`2 T`Q;2Mv iQ /2HBp2` � T2`7Q`K�M+2 `2+Q`/
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Ç KQ`2 T`Q;2Mv T2` b2H2+iBQM +�M/B/�i2 Kmbi #2 i2bi2/- ?2M+2 i?2 MmK#2` Q7 b2H2+iBQM +�M/B/�i2b �M/
i?2 b2H2+iBQM BMi2MbBiB2b /2+`2�b2

Ç +Qbib 7Q` i2biBM; �MBK�Hb BM+`2�b2X
6Q` HBp2biQ+F bT2+B2b bm+? �b +�iiH2 �M/ ?Q`b2b- #`22/2`b mbm�HHv �bbB;M iQQ Km+? `2H2p�M+2 iQ �++m`�+B2bX AM
;2M2`�H b2H2+iBQM `2bTQMb2 +QmH/ #2 BM+`2�b2/ #v HQr2`BM; i?2 ;2M2`�iBQM BMi2`p�H �M/ BM+`2�bBM; i?2 b2H2+iBQM
BMi2MbBiB2b �M/ i?2`2#v �++2TiBM; HQr2` H2p2Hb Q7 �++m`�+B2bX

dX9 .2+QKTQbBiBQM Q7 S`2/B+i2/ "`22/BM; o�Hm2

h?2 KBt2/ KQ/2H 2[m�iBQMb �b i?2v �`2 b?QrM BM U8XRyV +�M #2 r`Bii2M BM i?2 7QHHQrBM; �##`2pB�i2/ 7Q`K

M ∗ s = r

r?2`2
M +Q2{+B2Mi K�i`Bt
s p2+iQ` Q7 mMFMQrMb
r p2+iQ` Q7 `B;?i@?�M/ bB/2b

h?2 p2+iQ` s Q7 mMFMQrMb BM i?2 KBt2/ KQ/2H 2[m�iBQMb +QMbBbib Q7 i?2 p2+iQ` β̂ Q7 2biBK�i2b Q7 }t2/ 2z2+ib
�M/ i?2 p2+iQ` â Q7 T`2/B+i2/ #`22/BM; p�Hm2b- r?B+? K2�Mb

s =
[

β̂
â

]

"2+�mb2 i?2 p2+iQ` β̂ ?�b H2M;i? p- i?2 }`bi p +QKTQM2Mib BM s +Q``2bTQM/ iQ 2biBK�i2b Q7 }t2/ 2z2+ibX h?2
`2K�BMBM; q +QKTQM2Mib Q7 s +Q``2bTQM/ iQ i?2 q T`2/B+i2/ #`22/BM; p�Hm2b Q7 p2+iQ` âX G2i mb �bbmK2 i?�i
r2 r�Mi iQ ?�p2 � +HQb2` HQQF �i ?Qr i?2 T`2/B+i2/ #`22/BM; p�Hm2 âi Q7 i?2 �MBK�H �i TQbBiBQM i BM i?2 p2+iQ`
âX h?2 +QKTQM2Mi âi +�M #2 7QmM/ QM TQbBiBQM p + i BM i?2 p2+iQ` sX �b � +QMb2[m2M+2 Q7 i?�i i?2 (p + i)@i?
HBM2 BM M +QMi�BMb i?2 +Q2{+B2Mib i?�i �`2 `2H2p�Mi 7Q` i?2 +QKTmi�iBQM Q7 i?2 T`2/B+i2/ #`22/BM; p�Hm2 âiX
h?2b2 +Q2{+B2Mib /2i2`KBM2 r?�i ivT2 Q7 BM7Q`K�iBQM Bb mb2/ iQ +QKTmi2 âiX AM r?�i 7QHHQrb- r2 /2b+`B#2
?Qr i?2b2 +Q2{+B2Mib �`2 /2i2`KBM2/X
6Q` i?2 /2+QKTQbBiBQM- r2 �`2 mbBM; � bBKTH2` KQ/2H r?B+? Bb b?QrM BM UdX8V

yi = µ + ai + ei UdX8V

r?2`2 yi P#b2`p�iBQM 7Q` �MBK�H i
ai #`22/BM; p�Hm2 Q7 �MBK�H i rBi? � p�`B�M+2 Q7 (1 + Fi)σ2

a

ei `�M/QK `2bB/m�H 2z2+i rBi? p�`B�M+2 σ2
e

µ bBM;H2 }t2/ 2z2+i
h?2 �#Qp2 /2}M2/ KQ/2H Bb mb2/ iQ �M�Hvb2 � /�i�b2i BM r?B+? �HH �MBK�Hb ?�p2 �M Q#b2`p�iBQMX �MBK�H i
?�b T�`2Mib s �M/ d �M/ n T`Q;2Mv kj UrBi? j = 1, . . . , nV �M/ n K�i2b lj UrBi? j = 1, . . . , nVX 6`QK i?Bb Bi
7QHHQrb i?�i T`Q;2Mv kj ?�b T�`2Mib i �M/ lj X
6Q` i?Bb bBKTH2 KQ/2H UdX8V i?2 KBt2/ KQ/2H 2[m�iBQMb �HbQ ?�p2 � `2/m+2/ +QKTH2tBivX "2+�mb2- r2 QMHv
?�p2 QM2 }t2/ 2z2+i r?B+? Bb T`2b2Mi BM �HH Q#b2`p�iBQMb i?2 K�i`Bt X ?�b Dmbi QM2 +QHmKM Q7 �HH QM2bX
"2+�mb2 �HH �MBK�Hb ?�p2 �M Q#b2`p�iBQM- i?2 K�i`Bt Z +Q``2bTQM/b iQ i?2 B/2MiBiv K�i`BtX
h�FBM; BMiQ �++QmMi >2M/2`bQMǶb `mH2 7Q` b2iiBM; mT A−1 /B`2+iHv- i?2 2[m�iBQM 7Q` Q#b2`p�iBQM yi r?B+?
+Q``2bTQM/b iQ i?2 (i + 1)@i?R 2[m�iBQM BM Qm` KBt2/ 2z2+ib KQ/2HX

R6Q` i?2 ;2M2`�H +�b2- i?Bb rQmH/ #2 (p + i)@i? 2[m�iBQMX AM i?2 bBKTH2 2t�KTH2- r2 ?�p2 p = 1X
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yi = µ̂ +

⎡

⎣1 + αδ(i) + α

4

n∑

j=1
δ(kj)

⎤

⎦ âi − α

2 δ(i)âs − α

2 δ(i)âd

− α

2

n∑

j=1
δ(kj)âkj + α

4

n∑

j=1
δ(kj)âlj UdXeV

r?2`2 α `�iBQM #2ir22M p�`B�M+2 +QKTQM2Mib σ2
e/σ2

a

δ(j) +QMi`B#miBQM 7Q` �MBK�H j iQ A−1

aQHpBM; UdXeV 7Q` âi H2�/b iQ

âi = 1
1 + αδ(i) + α

4
∑n

j=1 δ(kj)

⎡

⎣yi − µ̂ + α

2

⎧
⎨

⎩δ(i)(âs + âd) +
n∑

j=1
δ(kj)(âkj − 1

2 âlj )

⎫
⎬

⎭

⎤

⎦ UdXdV

6`QK i?2 /2+QKTQbBiBQM BM UdXdV- r2 +�M b22 i?�i i?2 T`2/B+i2/ #`22/BM; p�Hm2 âi +QMbBbib Q7 i?2 7QHHQrBM;
+QKTQM2Mib

Ç S`2/B+i2/ #`22/BM; p�Hm2b âs �M/ âd Q7 T�`2Mib s �M/ d Q7 i
Ç PrM T2`7Q`K�M+2 yi Q7 i
Ç S`2/B+i2/ #`22/BM; p�Hm2b âkj �M/ âlj Q7 T`Q;2Mv kj �M/ K�i2b lj

�M 2tTHB+Bi 2t�KTH2 Q7 � /2+QKTQbBiBQM BM UdXdV rBHH #2 mb2/ �b �M 2t2`+Bb2 T`Q#H2KX
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