
*?�Ti2` 3

JmHiBTH2 h`�Bib

aQ 7�` r2 ?�p2 b22M ?Qr iQ T`2/B+i #`22/BM; p�Hm2b mbBM; i?2 "GlS �MBK�H KQ/2HX h?2b2 #`22/BM; p�Hm2b
r2`2 �Hr�vb QMHv 7Q` QM2 i`�BiX 6`QK � bi�iBbiB+�H TQBMi Q7 pB2r- 2tT2`ib �`2 +�HHBM; bm+? �M�Hvb2b mMBp�`B�i2
2p�Hm�iBQMbX AM `2�HBiv- HBp2biQ+F #`22/2`b r�Mi iQ BKT`Qp2 i?2B` �MBK�Hb BM � TQTmH�iBQM rBi? `2bT2+i iQ
b2p2`�H i`�Bib bBKmHi�M2QmbHvX A7 i?2`2 �`2 ;2M2iB+ `2H�iBQMb?BTb UK2�bm`2/ #v ;2M2iB+ +Q``2H�iBQMbV #2ir22M
i`�Bib- mMBp�`B�i2 T`2/B+iBQMb Q7 #`22/BM; p�Hm2b /Q MQi K�F2 QTiBK�H mb2 Q7 i?2 �p�BH�#H2 BM7Q`K�iBQMX h?Bb
2z2+i Bb bi`QM;2`- B7 +2`i�BM i`�Bib +�M QMHv #2 Q#b2`p2/ BM �MBK�Hb Q7 QM2 b2tX �++Q`/BM; iQ UJ`Q/2- kyy8V
r?Q +Bi2b Ua+?�2z2`- RN39V �M/ Uh?QKTbQM �M/ J2v2`- RN3eV- i?2 BM+`2�b2/ �++m`�+v Q7 i?2 2p�Hm�iBQMb Bb
QM2 Q7 i?2 K�BM �/p�Mi�;2 Q7 KmHiBp�`B�i2 "GlS �M�Hvb2bX S`2/B+iBQMb Q7 #`22/BM; p�Hm2b 7Q` b2p2`�H i`�Bib
BM � bBM;H2 2p�Hm�iBQM Bb +�HH2/ KmHiBp�`B�i2 T`2/B+iBQM Q7 #`22/BM; p�Hm2bX am+? KmHiBp�`B�i2 �M�Hvb2b +�M
#2 BKTH2K2Mi2/ BM /Bz2`2Mi r�vb bm+? �b

Ç +QK#BMBM; /Bz2`2Mi +Q``2+i2/ BM7Q`K�iBQM bQm`+2b BM � KmHiBp�`B�i2 b2H2+iBQM BM/2t �b r2 ?�p2 b22M BM
+?�Ti2` 9X

Ç KmHiBp�`B�i2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b mbBM; "GlS �MBK�H KQ/2H UK2i?Q/ Q7 +?QB+2VX
Ç +QK#BMBM; T`2/B+i2/ #`22/BM; p�Hm2b 7`QK mMBp�`B�i2 �M�Hvb2bX

"2+�mb2 r2 ?�p2 �H`2�/v b22M BM 2�`HB2` +?�Ti2`b ?Qr iQ +QK#BM2 BM7Q`K�iBQM mbBM; i?2 b2H2+iBQM BM/2t- r2
�`2 /B`2+iHv BMi`Q/m+BM; i?2 KmHiBp�`B�i2 "GlS K2i?Q/bX

3XR JmHiBp�`B�i2 S`2/B+iBQMb P7 "`22/BM; o�Hm2b lbBM; "GlS

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b mbBM; � KmHiBp�`B�i2 "GlS KQ/2H Bb i?2 QTiBK�H T`2/B+iBQM T`Q+2/m`2X Ai
?�b �/p�Mi�;2b- B7

Ç bQK2 i`�Bib ?�p2 HQr2` ?2`Bi�#BHBiv i?�M Qi?2`b
Ç 2MpB`QMK2Mi�H +Q``2H�iBQMb 2tBbi #2ir22M i`�Bib K2�bm`2/ QM i?2 b�K2 �MBK�H
Ç bQK2 i`�Bib �`2 �p�BH�#H2 QMHv � bm#b2i Q7 �HH �MBK�Hb
Ç bQK2 i`�Bib r2`2 mb2/ 7Q` � }`bi `QmM/ Q7 b2H2+iBQM

AM T`BM+BTH2- � KmHiBp�`B�i2 �M�HvbBb +�M #2 i?Qm;?i Q7 �b b2p2`�H mMBp�`B�i2 �M�Hvb2b r?B+? �`2 bi�+F2/ QM2
QM iQT Q7 i?2 Qi?2`X G2i mb �bbmK2 i?�i r2 ?�p2 irQ i`�BibX 6Q` i?2 }`bi i`�Bi- r2 /2}M2 i?2 KQ/2H

y1 = X1β1 + Z1a1 + e1

aBKBH�`Hv 7Q` i?2 b2+QM/ i`�Bi- r2 /2}M2 i?2 KQ/2H

y2 = X2β2 + Z2a2 + e2

dR
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A7 r2 ;`QmT i?2 /�i� #v i`�Bib- i?2M r2 +�M r`Bi2 i?2 KmHiBp�`B�i2 KQ/2H �b

[
y1
y2

]
=
[

X1 0
0 X2

] [
β1
β2

]
+
[

Z1 0
0 Z2

] [
a1
a2

]
+
[

e1
e2

]

h?2 ;2M2iB+ p�`B�M+2@+Qp�`B�M+2 K�i`Bt G0 7Q` i?2 irQ i`�Bib ?�b i?2 7QHHQrBM; bi`m+im`2X

G0 =
[

σ2
g1 σg1,g2

σg1,g2 σ2
g2

]
=
[

g11 g12
g21 g22

]

h?2 BMp2`b2 G−1
0 Q7 G0 +�M #2 7Q`KmH�i2/ �b

G−1
0 =

[
g11 g12

g21 g22

]

6Q` i?2 `�M/QK `2bB/m�H 2z2+ib- i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt R0 7Q` i?2 irQ i`�Bib +�M #2 r`Bii2M �b

R0 =
[

r11 r12
r21 r22

]

�HbQ i?2 BMp2`b2 R−1
0 +�M #2 r`Bii2M �b

R−1
0 =

[
r11 r12

r21 r22

]

h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt 7Q` i?2 +QKTH2i2 b2i Q7 i`m2 #`22/BM; p�Hm2b �M/ 7Q` �HH `�M/QK `2bB/m�Hb +�M
#2 r`Bii2M �b

var(a) = var

[
a1
a2

]
=
[

g11A g12A
g21A g22A

]
= G0 ⊗ A = G

r?2`2 A Bb i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt �M/ ⊗ /2MQi2b i?2 bQ@+�HH2/ E`QM2+F2`T`Q/m+i Q7 irQ
K�i`B+2bX h?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt R 7Q` i?2 `�M/QK `2bB/m�Hb Bb ;Bp2M #v

R = var(e) = var

[
e1
e2

]
=
[

r11In r12In

r21In r22In

]
= R0 ⊗ In

r?2`2 n +Q``2bTQM/b iQ i?2 MmK#2` Q7 �MBK�Hb BM i?2 T2/B;`22X h?2 +Qp�`B�M+2b #2ir22M �HH 2H2K2Mib Q7 a
�M/ e �`2 0X h?Bb Bb /2MQi2/ #v +QK#BMBM; #Qi? `�M/QK p2+iQ`b BMiQ � bBM;H2 p2+iQ` �M/ r`BiBM; /QrM i?2
p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 i?2 +QK#BM2/ p2+iQ` �b

var

[
a
e

]
=
[

G 0
0 R

]
= var

⎡

⎢⎢⎣

a1
a2
e1
e2

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

g11A g12A 0 0
g21A g22A 0 0
0 0 r11In r12In

0 0 r21In r22In

⎤

⎥⎥⎦

h?2 bQHmiBQMb iQ ;2i 2biBK�i2b Q7 }t2/ 2z2+ib �M/ iQ ;2i T`2/B+iBQMb 7Q` #`22/BM; p�Hm2b �`2 Q#i�BM2/ 7`QK
i?2 bQHmiBQMb Q7 KBt2/ KQ/2H 2[m�iBQMbX h?2b2 ?�p2 2t�+iHv i?2 b�K2 bi`m+im`2 �b BM i?2 mMBp�`B�i2 +�b2X

[
XT R−1X ZT R−1X
ZT R−1X ZT R−1Z + G−1

] [
β̂
â

]
=
[

XT R−1y
ZT R−1y

]

r?2`2
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y =
[

y1
y2

]
- X =

[
X1 0
0 X2

]
- β̂ =

[
β̂1
β̂2

]
- Z =

[
Z1 0
0 Z2

]
- â =

[
â1
â2

]

"�b2/ QM i?2 bT2+B}+�iBQM Q7 i?2 p�`B�M+2@+Qp�`B�M+2 K�i`B+2b /2b+`B#2/ 2�`HB2`- r2 ;2i R−1 = R−1
0 ⊗ In �M/

G−1 = G−1
0 ⊗ A−1X

3Xk JmHiBi`�Bi a2H2+iBQM

LQr i?�i r2 ?�p2 T`2/B+i2/ #`22/BM; p�Hm2b 7Q` � +QHH2+iBQM Q7 i`�Bib �p�BH�#H2- i?2 [m2biBQM Bb ?Qr iQ BMi2;`�i2
i?2b2 T`2/B+i2/ #`22/BM; p�Hm2b BMiQ � +QMbBbi2Mi b2H2+iBQM +`Bi2`BQMX �b r2 ?�p2 b22M 2�`HB2`- b2H2+iBQM BM/2t
i?2Q`v T`QpB/2b � iQQH iQ QTiBK�HHv +QK#BM2 /Bz2`2Mi bQm`+2b Q7 BM7Q`K�iBQM BM Q`/2` iQ �TT`QtBK�i2 i?2
�;;`2;�i2 ;2MQivT2 HX AM b2+iBQM 3XkXj- r2 rBHH `2im`M iQ i?Bb iQTB+ QM+2 �;�BMX �Hi?Qm;? i?2 b2H2+iBQM BM/2t
T`QpB/2b �M B/2�H 7`�K2rQ`F iQ +QK#BM2 2biBK�i2/ #`22/BM; p�Hm2b BMiQ �M QTiBK�H b2H2+iBQM +`Bi2`BQM- r2 �`2
;QBM; iQ /2b+`B#2 iQ Qi?2` b2H2+iBQM T`Q+2/m`2b i?�i �`2 +QKKQMHv mb2/ BM T`�+iB+�H HBp2biQ+F #`22/BM;X h?2
irQ T`Q+2/m`2b �`2

RX h�M/2K@a2H2+iBQM �M/
kX a2H2+iBQM #�b2/ QM BM/2T2M/2Mi b2H2+iBQM i?`2b?QH/bX

h?2 /2b+`BTiBQM Q7 i?2b2 T`Q+2/m`2b �BKb �i b?QrBM; i?2 M2;�iBp2 +QMb2[m2M+2b i?�i `2bmHib 7`QK i?2 mb2 Q7
i?2b2 bm#@QTiBK�H b2H2+iBQM bi`�i2;B2bX

3XkXR h�M/2K@a2H2+iBQM

h?2 i2`K h�M/2K@a2H2+iBQM bi�M/b 7Q` i?2 bi`�i2;v Q7 �Hr�vb BKT`QpBM; i?2 TQTmH�iBQM rBi? `2bT2+i iQ
Dmbi QM2 i`�BiX PM+2 i?2 #`22/BM; ;Q�H 7Q` i?Bb i`�Bi Bb `2�+?2/ i?2 TQTmH�iBQM Bb BKT`Qp2/ rBi? `2bT2+i iQ �
/Bz2`2Mi i`�BiX h?Bb b2[m2M+2 Q7 bBM;H2@i`�Bi BKT`Qp2K2Mib Bb +QMiBMm2/ mMiBH i?2 #`22/BM; ;Q�H 7Q` �HH i`�Bib
Bb `2�+?2/X
h?2 T`Q#H2K rBi? h�M/2K@a2H2+iBQM Bb i?�i r?BH2 BKT`QpBM; i?2 TQTmH�iBQM 7Q` � ;Bp2M i`�Bi- i?2 TQTmH�iBQM
+�M QMHv `2�HBx2 +Q``2H�i2/ b2H2+iBQM `2bTQMb2b 7Q` �HH Qi?2` i`�BibX h?2b2 +Q``2H�i2/ b2H2+iBQM `2bTQMb2b KB;?i
#2 p2`v bK�HH Q` +�M 2p2M #2 M2;�iBp2 r?B+? +�mb2b i?2 iBK2 i?�i Bi i�F2b iQ `2�+? i?2 #`22/BM; ;Q�H 7Q` �HH
`2H2p�Mi i`�Bib iQ #2 p2`v HQM;X

3XkXk a2H2+iBQM "�b2/ PM AM/2T2M/2Mi a2H2+iBQM h?`2b?QH/b

h?Bb K2i?Q/ r�b mb2/ #27Q`2 i?2 b2H2+iBQM BM/2t r�b /Bb+Qp2`2/X h?Bb b2H2+iBQM T`Q+2/m`2 Bb p2`v 2�bv iQ
�TTHvX 6B`bi b2H2+iBQM i?`2b?QH/b �`2 /2}M2/ 7Q` �HH i`�BibX AM i?2 M2ti bi2Tb- �HH �MBK�Hb r?B+? �`2 �#Qp2 i?2
i?`2b?QH/b 7Q` �HH i`�Bib �`2 b2H2+i2/ �b T�`2Mib Q7 i?2 M2ti ;2M2`�iBQMX qBi? i?Bb K2i?Q/- b2H2+iBQM `2bTQMb2b
7Q` �HH i`�Bib +�M #2 Q#i�BM2/ BM i?2 2�`Hv ;2M2`�iBQMb �7i2` i?2 BKTH2K2Mi�iBQM Q7 i?Bb b2H2+iBQM bi`�i2;vX
q2 �`2 mbBM; i?2 7QHHQrBM; 2t�KTH2 iQ b?Qr ?Qr b2H2+iBQM #�b2/ QM BM/2T2M/2Mi b2H2+iBQM i?`2b?QH/b Bb mb2/X
6Q` `2�bQMb Q7 bBKTHB+Biv- r2 `2bi`B+i Qm`b2Hp2b QM irQ i`�BibX "mi i?2 `2bmHib +�M #2 ;2M2`�HBx2/ rBi?Qmi �Mv
T`Q#H2KbX

3XkXkXR 1t�KTH2, a2H2+iBQM PM AM/2T2M/2Mi h?`2b?QH/b

AM � /�B`v +�iiH2 TQTmH�iBQM- #`22/2`b r�Mi iQ BKT`Qp2 KBHF vB2H/ �M/ T`Qi2BM +QMi2MiX q2 �bbmK2 i?2
7QHHQrBM; b2H2+iBQM i?`2b?QH/b 7Q` i?2 irQ i`�Bib Q7 BMi2`2bi /m`BM; }`bi H�+i�iBQM

Ç KBHF vB2H/, eNyy F;
Ç T`Qi2BM +QMi2Mi, jX8 W
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6B;m`2 3XR b?Qrb i?2 T2`7Q`K�M+2 /�i� 7Q` � ?2`/ Q7 /�B`v +QrbX h?2 b2H2+iBQM i?`2b?QH/b U`2/ HBM2 7Q` KBHF
vB2H/ �M/ #Hm2 HBM2 7Q` T`Qi2BM +QMi2MiV /BpB/2 i?2 /B�;`�K BMiQ 7Qm` [m�/`�MibX LQM2 Q7 i?2 +Qrb BM i?2
HQr2` `B;?i [m�/`�Mi /Q2b K22i �Mv Q7 i?2 b2H2+iBQM +`Bi2`BQM BKTQb2/ #v i?2 i?`2b?QH/bX h?2 +Qrb BM i?2
mTT2` H27i [m�/`�Mi 7mH}HH i?2 `2[mB`2K2Mib 7Q` T`Qi2BM +QMi2Mi �M/ i?2 +Qrb BM i?2 HQr2` `B;?i [m�/`�Mi
7mH}HH i?2 `2[mB`2K2Mib 7Q` KBHF vB2H/X PMHv i?2 +Qrb BM i?2 mTT2` `B;?i [m�/`�Mi 7mH}HH i?2 `2[mB`2K2Mib 7Q`
#Qi? i`�BibX
h?2 /Bb�/p�Mi�;2 Q7 i?Bb b2H2+iBQM bi`�i2;v #2+QK2b �TT�`2Mi rBi? i?2 +Qrb BM i?2 mTT2` H27i �M/ BM i?2
HQr2` `B;?i [m�/`�MiX h?2v �`2 +mHH2/ �M/ i?2`2#v MQi +QMbB/2`2/ �b T�`2Mib Q7 i?2 M2ti ;2M2`�iBQM 2p2M
i?Qm;?- i?2v ?�p2 ;QQ/ T2`7Q`K�M+2b BM QM2 Q7 i?2 i`�BibX 6`QK � bi�iBbiB+�H ;2M2iB+b TQBMi Q7 pB2r i?2`2 �`2
i?`22 T`Q#H2Kb �bbQ+B�i2/ rBi? � b2H2+iBQM bi`�i2;v i?�i Bb #�b2/ QM BM/2T2M/2Mi b2H2+iBQM i?`2b?QH/b

RX HBp2biQ+F #`22/2`b i2M/ iQ Tmi i?2 i?`2b?QH/b 7Q` �HH i`�Bib BM i?2 `�M;2 Q7 TQbBiBp2 T`2/B+i2/ #`22/BM;
p�Hm2bX h?Bb H2�/b iQ �M 2t+HmbBQM Q7 p2`v K�Mv �MBK�Hb �M/ � /`�K�iB+ `2/m+iBQM BM ;2M2iB+ p�`B�#BHBiv

kX ;2M2iB+ `2H�iBQMb?BTb #2ir22M i`�Bib �`2 +QKTH2i2Hv B;MQ`2/X h?2b2 `2H�iBQMb?BTb Kmbi #2 +QMbB/2`2/
r?2M /2}MBM; b2H2+iBQM i?`2b?QH/bX Pi?2`rBb2 i?2 2tT2+i2/ ;2M2iB+ ;�BM rBHH MQi #2 �b 2tT2+i2/X

jX /Bz2`2M+2b BM i?2 2+QMQKB+ `2H2p�M+2 Q7 i?2 /Bz2`2Mi i`�Bib �`2 +QKTH2i2Hv B;MQ`2/X SmiiBM; i?2 i?`2b?@
QH/ BM �HH i`�Bib BMiQ i?2 `�M;2 Q7 TQbBiBp2 T`2/B+i2/ #`22/BM; p�Hm2b H2�/b iQ � ?B;? 2KT?�bBb QM i`�Bib
rBi? � ?B;? ?2`Bi�#BHBivX h`�Bib rBi? HQr2` ?2`Bi�#BHBiv rBHH ?�p2 QMHv p2`v bK�HH b2H2+iBQM `2bTQMb2bX

3XkXj a2H2+iBQM AM/2t

AM b2+iBQM 9Xj- r2 ?�p2 �H`2�/v #`B2~v /2b+`B#2/ ?Qr r2 +�M mb2 b2H2+iBQM BM/2t i?2Q`v iQ �TT`QtBK�i2
i?2 �;;`2;�i2 ;2MQivT2 H BM �M QTiBK�H r�vX Cmbi �b � `2KBM/2`- i?2 �;;`2;�i2 ;2MQivT2 H +QK#BM2b �HH
2+QMQKB+�HHv `2H2p�Mi i`�Bib BMiQ � bBM;H2 p�Hm2 mbBM; � HBM2�` 7mM+iBQM Q7 i?2 i`m2 #`22/BM; p�Hm2b a �M/
i�FBM; i?2 2+QMQKB+ p�Hm2b w �b r2B;?iBM; 7�+iQ`bX :Bp2M i?�i H +Q``2bTQM/b iQ i?2 HBM2�` 7mM+iBQM

H = wT a

�M/ r2 r�Mi iQ �TT`QtBK�i2 H #v �M AM/2t I r?B+? Bb � HBM2�` 7mM+iBQM Q7 �HH T`2/B+i2/ #`22/BM; p�Hm2b â-
r2 +�M r`Bi2

I = bT â

r?2`2 b Bb � p2+iQ` Q7 mMFMQrM BM/2t r2B;?ibX h?2 p2+iQ` b Bb /2i2`KBM2/ mbBM; i?2 QTiBK�HBiv +QM/BiBQM Q7
KBMBKmK T`2/B+iBQM 2``Q` p�`B�M+2 r?B+? `2bmHib BM

b = P −1Gw U3XRV

r?2`2 P Bb i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #2ir22M �HH BM7Q`K�iBQM bQm`+2b �M/ G Bb i?2 +Qp�`B�M+2 K�i`Bt
#2ir22M i?2 BM7Q`K�iBQM bQm`+2b �M/ i?2 i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2X AM +�b2 r?2`2 i?2 i`�Bib BM i?2
�;;`2;�i2 ;2MQivT2 H �M/ BM i?2 BM/2t I �`2 i?2 b�K2- i?2 K�i`B+2b P �M/ G �`2 /2}M2/ �b

P = var(â)

�M/

G = cov(a, â)

6Q` T`2/B+i2/ #`22/BM; p�Hm2b mbBM; "GlS- Bi +�M #2 b?QrM i?�i cov(a, â) = var(â) �M/ i?2`27Q`2 P = GX
lbBM; i?�i 2[m�HBiv BM 2[m�iBQM U3XRV- r2 ;2i

b = w
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r?B+? K2�Mb i?�i i?2 p2+iQ` b Q7 BM/2t r2B;?ib +Q``2bTQM/b iQ i?2 p2+iQ` Q7 2+QMQKB+ p�Hm2b wX
h?2 mb2 Q7 i?2 b2H2+iBQM BM/2t i?2Q`v iQ +QK#BM2 T`2/B+i2/ #`22/BM; p�Hm2b �b BM7Q`K�iBQM bQm`+2b iQ �TT`Qt@
BK�i2 i?2 �;;`2;�i2 ;2MQivT2 ?�b i?2 7QHHQrBM; �/p�Mi�;2b

Ç ;2M2iB+ `2H�iBQMb?BTb U+Q``2H�iBQMbV #2ir22M i`�Bib BM i?2 �;;`2;�i2 ;2MQivT2 �`2 +QMbB/2`2/ +Q``2+iHv
Ç `2H�iBQMb?BTb #2ir22M BM7Q`K�iBQM bQm`+2b BM i?2 BM/2t �`2 +QMbB/2`2/ +Q``2+iHv
Ç BM7Q`K�iBQM 7`QK �mtBHB�`v i`�Bib +�M #2 mb2/
Ç /Bz2`2M+2b BM 2+QMQKB+ `2H2p�M+2 Q7 /Bz2`2Mi i`�Bib �`2 +QMbB/2`2/ +Q``2+iHv
Ç 2tT2+i2/ b2H2+iBQM `2bTQMb2b +�M #2 2biBK�i2/ �M/ i?2`2#v [m�MiB}2/

.2bTBi2 �HH i?2b2 �/p�Mi�;2b- BM/2t b2H2+iBQM �HQM2 Bb p2`v `�`2Hv mb2/ BM T`�+iB+�H HBp2biQ+F #`22/BM;X h?2
`2�bQM 7Q` i?Bb Bb i?�i 2p2`v TQTmH�iBQM ?�b � 72r i`�Bib i?�i �`2 /B{+mHi iQ �bbQ+B�i2 rBi? �M 2+QMQKB+
p�Hm2 Q` 7Q` bQK2 i`�Bib Bi Bb /B{+mHi iQ +QK2 mT rBi? ;2M2iB+ T�`�K2i2`bX �b � +QMb2[m2M+2 Q7 i?�i- BM
T`�+iB+�H HBp2biQ+F #`22/BM; r2 rBHH �Hr�vb }M/ � KBt Q7 BM/2t b2H2+iBQM �M/ � p�`B2iv Q7 BM/2T2M/2Mi b2H2+iBQM
i?`2b?QH/bX
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