
*?�Ti2` N

:2MQKB+ a2H2+iBQM

aBKBH�`Hv iQ "GlS- i?2 T`BM+BTH2b Q7 :2MQKB+ a2H2+iBQM U:aV r�b T`QTQb2/ [mBi2 � r?BH2 #27Q`2 Bib
BMi`Q/m+iBQM BM kyy3X h?2 }`bi B/2�b Q7 :a r2`2 T`2b2Mi2/ #v UJ2mrBbb2M 2i �HX- kyyR�VX h?2v b?Qr2/ i?�i
BM7Q`K�iBQM 7`QK ;2MQivT2b Q7 p2`v K�Mv HQ+B 2p2MHv bT`2�/ Qp2` i?2 +QKTH2i2 ;2MQK2 +�M bm++2bb7mHHv #2
mb2/ 7Q` i?2 Tm`TQb2b Q7 HBp2biQ+F #`22/BM;X "2+�mb2 i?2 BM7Q`K�iBQM Q7 i?2 ;2MQivT2b Bb bT`2�/ Qp2` i?2
+QKTH2i2 ;2MQK2 Bi Bb Q7i2M `272``2/ iQ �b ;2MQKB+ BM7Q`K�iBQM �M/ 7`QK i?2 mb2 Q7 i?Bb BM7Q`K�iBQM 7Q`
b2H2+iBQM Tm`TQb2b i?2 i2`K Q7 ;2MQKB+ b2H2+iBQM r�b BMp2Mi2/X h?2 2�`Hv `2bmHib QM :a r2`2 MQi +QMbB/2`2/
mMiBH i?2 T�T2` #v Ua+?�2z2`- kyyeV b?Qr2/ i?�i BM � +�iiH2 #`22/BM; T`Q;`�K i?2 BMi`Q/m+iBQM Q7 :a +QmH/
H2�/ iQ b�pBM;b BM �#Qmi NyW Q7 i?2 iQi�H +Qbib- T`QpB/2/ i?�i i?2 �++m`�+B2b +QKTmi2/ #v UJ2mrBbb2M 2i �HX-
kyyR�V +�M `2�HHv #2 �+?B2p2/X �7i2` i?2 Tm#HB+�iBQM Q7 Ua+?�2z2`- kyyeV K�Mv HBp2biQ+F #`22/BM; Q`;�MBb�iBQM
bi�`i2/ iQ BMi`Q/m+2 T`Q+2/m`2b Q7 :aX

NXR "�+F;`QmM/

h?2 bBM;H2 HQ+�iBQM BM i?2 ;2MQK2 i?�i �`2 +QMbB/2`2/ BM :a �`2 +�HH2/ K�`F2`bX q?2M HQQFBM; �i i?2
+QKTH2i2 b2i Q7 K�`F2`b +QMbBbiBM; i?2 ;2MQKB+ BM7Q`K�iBQM BM � TQTmH�iBQM- i?2 bQ@+�HH2/ aBM;H2 Lm+H2QiB/2
SQHvKQ`T?BbKb UaLSV ?�p2 #22M b?QrM iQ #2 i?2 KQbi mb27mH ivT2b Q7 K�`F2`bX h?2b2 aLS +Q``2bTQM/
iQ /Bz2`2M+2b Q7 bBM;H2 #�b2b �i � ;Bp2M TQbBiBQM BM i?2 ;2MQK2X "�b2/ QM 2KTB`B+�H �M�Hvb2b Q7 p2`v K�Mv
aLS@HQ+B- �HKQbi �HH aLS Dmbi i�F2 irQ /Bz2`2Mi bi�i2bX 6m`i?2`KQ`2 Bi Bb BKTQ`i�Mi i?�i i?2b2 aLSb �`2
KQ`2 Q` H2bb 2p2MHv bT`2�/ Qp2` i?2 +QKTH2i2 ;2MQK2X aQK2 aLSb �`2 BM +Q/BM; `2;BQMb �M/ bQK2 Kv #2
TH�+2/ BM `2;BQMb Q7 mMFMQrM 7mM+iBQM�HBivX 6B;m`2 NXR b?Qrb i?2 /Bbi`B#miBQM Q7 aLS Qp2` i?2 ;2MQK2X
h?2 HQ+B i?�i �`2 `2H2p�Mi 7Q` � [m�MiBi�iBp2 i`�Bib �`2 +�HH2/ Zm�MiBi�iBp2 h`�Bi GQ+B UZhGVX �Mv ;Bp2M
aLS@J�`F2` +�M QMHv #2 BM7Q`K�iBp2 7Q` � ;Bp2M ZhG- B7 � +2`i�BM HBMF�;2 /Bb2[mBHB#`BmK #2ir22M i?2
ZhG �M/ i?2 K�`F2` HQ+mb 2tBbibX h?2 B/2� #2?BM/ i?Bb HBMF�;2 /Bb2[mBHB#`BmK Bb i?�i � +2`i�BM TQbBiBp2
ZhG@�HH2H2 2pQHp2/ BM � +2`i�BM ;2M2iB+ M2B;?#Q`?QQ/ Q7 � MmK#2` Q7 aLS HQ+BX �b � `2bmHi Q7 i?�i i?2
TQbBiBp2 ZhG@�HH2H2 Bb p2`v Q7i2M BM?2`Bi2/ rBi? i?2 b�K2 aLS@�HH2H2X Pp2` i?2 ;2M2`�iBQMb- `2+QK#BM�iBQM
#2ir22M i?2 ZhG �M/ i?2 M2B;?#Q`BM; aLS@HQ+B +�M ?�TT2M �M/ i?2`2#v r2�F2M i?2 �bbQ+B�iBQM #2ir22M
i?2 TQbBiBp2 ZhG@�HH2H2 �M/ i?2 ;Bp2M aLS@�HH2H2X h?Bb `2+QK#BM�iBQM 2z2+i Bb bK�HH2` r?2M i?2 ZhG �M/
i?2 aLS@HQ+B �`2 T?vbB+�HHv +HQb2` iQ;2i?2` QM i?2 +?`QKQbQK2X h?2 MQM@`�M/QK �bbQ+B�iBQM #2ir22M ZhG
�M/ aLS@K�`F2`b Bb +�HH2/ HBMF�;2 /Bb2[mBHB#`BmKX
h?2 K�`F2` HQ+mb Bb +�HH2/ M �M/ i?2 ZhG Bb +�HH2/ Q- i?2M i?2 G. +�M #2 K2�bm`2/ #v

D = p(M1Q1) ∗ p(M2Q2) − p(M1Q2) ∗ p(M2Q1) UNXRV

r?2`2 p(MxQy) +Q``2bTQM/b iQ i?2 7`2[m2M+v Q7 i?2 +QK#BM�iBQM Q7 K�`F2` �HH2H2 Mx �M/ ZhG �HH2H2 QyX
o2`v Q7i2M i?2 G. K2�bm`2 b?QrM BM UNXRV Bb `2@b+�H2/ iQ i?2 BMi2`p�H #2ir22M 0 �M/ 1 r?B+? H2�/b iQ

dd
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6B;m`2 NXR, .Bbi`B#miBQM Q7 aLS@GQ+B �+`Qbb � :2MQK2



NXkX � GAL1�_ JP.1G hP S_1.A*h :1LPJA* "_11.AL: o�Gl1a dN

r2 = D2

p(M1) ∗ p(M2) ∗ p(Q1) ∗ p(Q2) UNXkV

AM UNXkV r2 /2b+`B#2b i?2 T`QTQ`iBQM Q7 i?2 p�`B�M+2 �i i?2 ZhG r?B+? Bb 2tTH�BM2/ #v i?2 K�`F2` M X >2M+2
i?2 G. Kmbi #2 ?B;? bm+? i?�i i?2 K�`F2` +�M 2tTH�BM � H�`;2 T�`i Q7 i?2 p�`B�M+2 �i i?2 ZhGX 6Q` i?2
H2M;i? Q7 KQbi HBp2biQ+F bT2+B2b- �#Qmi 50′000 aLS K�`F2`b �`2 `2[mB`2/ iQ ;2i � bm{+B2Mi +Qp2`�;2 Q7 i?2
+QKTH2i2 ;2MQK2X
LQr�/�vb i?2 i2`K ;2MQKB+ b2H2+iBQM Bb Q7i2M mb2/ �K#B;mQmbHvX q?�i KQbi T2QTH2 K2�M r?2M i?2v �`2
i�HFBM; �#Qmi :a b?QmH/ #2ii2` #2 +�HH2/ ;2MQKB+ T`2/B+iBQM Q7 #`22/BM; p�Hm2bX h?Bb T`2/B+iBQM +�M #2
/QM2 BM /Bz2`2Mi r�vb r?B+? �`2 HBbi2/ #2HQr

Ç hrQ@bi2T T`Q+2/m`2, 1z2+ib Q7 aLSb �`2 T`2/B+i2/ mbBM; bBM;H2 HQ+mb KQ/2Hb BM � `272`2M+2 TQTmH�iBQM
r?B+? +Q``2bTQM/b Q7 K�BMHv K�H2 #`22/BM; �MBK�Hb rBi? T`2/B+i2/ i`�/BiBQM�H "GlS@#`22/BM; p�Hm2b
rBi? �M �++m`�+v �#Qp2 � +2`i�BM i?`2b?QH/X S`2/B+iBQMb Q7 ;2MQKB+ #`22/BM; p�Hm2b 7Q` �HH �MBK�Hb
BM i?2 TQTmH�iBQM rBi? ;2MQKB+ BM7Q`K�iBQM �`2 +QKTmi2/ #v bmKKBM; mT �HH T`2pBQmbHv 2biBK�i2/
aLS@2z2+ibX h?Bb T`Q+2/m`2 Bb +m``2MiHv �TTHB2/ BM i?2 arBbb /�B`v +�iiH2 TQTmH�iBQMb

Ç aBM;H2@bi2T T`Q+2/m`2b i`v iQ T`2/B+i ;2MQKB+ #`22/BM; p�Hm2b �M/ i`�/BiBQM�H #`22/BM; p�Hm2b BM �
bBM;H2 2p�Hm�iBQMX

NXk � GBM2�` JQ/2H hQ S`2/B+i :2MQKB+ "`22/BM; o�Hm2b

� HBM2�` KQ/2H iQ 2biBK�i2 aLS@2z2+ib #�b2/ QM i?2 /�i� 7`QK i?2 `272`2M+2 TQTmH�iBQM BM i?2 irQ@bi2T
T`Q+2/m`2 +�M #2 /2}M2/ �b 7QHHQrb

y = Xβ + Mg + e UNXjV

r?2`2 m MmK#2` Q7 aLS K�`F2`b
y p2+iQ` Q7 Q#b2`p�iBQMb
β p2+iQ` Q7 }t2/ 2z2+ib
X /2bB;M K�i`Bt HBMFBM; }t2/ 2z2+ib iQ Q#b2`p�iBQMb
g `�M/QK ;2M2iB+ 2z2+i Q7 aLS@;2MQivT2b
M /2bB;M K�i`Bt HBMFBM; aLS@;2MQivT2 2z2+ib iQ Q#b2`p�iBQMb
e p2+iQ` Q7 `�M/QK `2bB/m�Hb

h?2 Q#b2`p�iBQMb y mb2/ BM UNXjV �`2 BM KQbi 2p�Hm�iBQMb MQi T?2MQivT2b #mi i`�/BiBQM�HHv T`2/B+i2/ #`22/BM;
p�Hm2b rBi? �M �++m`�+v �#Qp2 � +2`i�BM i?`2b?QH/X �b � +QMb2[m2M+2 Q7 i?�i i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt
URV Q7 i?2 `2bB/m�Hb e Bb MQi Dmbi �M B/2MiBiv K�i`Bt UIV iBK2b � `2bB/m�H p�`B�M+2 +QKTQM2Mi Uσ2

eV #mi R Bb
� /B�;QM�H K�i`Bt rBi? 2H2K2Mib (R)ii = 1

Bm
− 1 r?2`2 Bm Bb i?2 �++m`�+v Q7 i?2 i`�/BiBQM�HHv T`2/B+i2/

#`22/BM; p�Hm2 7`QK �M �MBK�H 7`QK i?2 `272`2M+2 TQTmH�iBQM- +Q``2+i2/ 7Q` i?2 T�`2Mi�H +QMi`B#miBQMbX AM
2z2+i- Bm +Q``2bTQM/b iQ i?2 �++m`�+v Q7 i?2 K2M/2HB�M b�KTHBM; i2`KX
h?2 KBt2/@KQ/2H 2[m�iBQMb `2bmHiBM; 7`QK KQ/2Hb ;Bp2M BM UNXjV ?�p2 i?2 7QHHQrBM; bi`m+im`2

[
XT R−1X XT R−1M
MT R−1X MT R−1M + I ∗ λ

] [
β̂
ĝ

]
=
[

XT R−1y
MT R−1y

]
UNX9V

r?2`2

λ = σ2
e

σ2
a

m∑

i=1
2 ∗ pi ∗ (1 − pi) UNX8V

AM UNX8V σ2
a Bb i?2 iQi�H ;2M2iB+ p�`B�M+2 �M/ pi Bb i?2 7`2[m2M+v Q7 i?2 aLS@�HH2H2 i?�i Bb �bbQ+B�i2/ rBi? i?2

TQbBiBp2 ZhG@�HH2H2X
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h?2 bQHmiBQMb 7Q` ĝ 7`QK UNX9V +Q``2bTQM/ iQ i?2 aLS@;2MQivT2 2z2+ibX h?2 T`2/B+i2/ #`22/BM; p�Hm2 â 7Q`
�Mv b2H2+iBQM +�M/B/�i2 rBi? ;2MQKB+ BM7Q`K�iBQM Bb i?2M +QKTmi2/ �b

â =
m∑

i=1
Miĝi UNXeV

r?2`2 Mi +Q``2bTQM/b iQ i?2 p2+iQ` Q7 aLS@;2MQivT2b Q7 i?2 b2H2+iBQM +�M/B/�i2X

NXkXR J�i`Bt M

h?2 2H2K2Mib BM K�i`Bt M +�M #2 2M+Q/2/ BM /Bz2`2Mi r�vbX h?2 `2bmHib 7`QK i?2 ;2MQivTBM; H�#Q`�iQ`v
b2M/b � +Q/2 `2T`2b2MiBM; i?2 Mm+H2QiB/2 i?�i +�M #2 7QmM/ �i � ;Bp2M TQbBiBQMX 6Q` i?2 mb2 BM i?2 HBM2�`
KQ/2H r2 ?�p2 iQ mb2 � /Bz2`2Mi 2M+Q/BM;X G2i mb �bbmK2 i?�i �i � ;Bp2M aLS@TQbBiBQM- i?2 #�b2b G Q` C �`2
Q#b2`p2/ �M/ G +Q``2bTQM/b iQ i?2 �HH2H2 rBi? i?2 TQbBiBp2 2z2+i QM Qm` i`�Bi Q7 BMi2`2biX "�b2/ QM i?2 irQ
Q#b2`p2/ �HH2H2b- i?2 TQbbB#H2 ;2MQivT2b �`2 GG- GC Q` CCX PM2 TQbbB#H2 +Q/2 7Q` i?Bb aLS BM i?2 K�i`Bt
M KB;?i #2 i?2 MmK#2` Q7 G@�HH2H2b r?B+? +Q``2bTQM/b iQ 2- 1 �M/ 0X �Hi2`M�iBp2Hv- Bi Bb �HbQ TQbbB#H2 iQ
mb2 i?2 +Q/2b 1- 0 �M/ −1 BMbi2�/ r?B+? +Q``2bTQM/b iQ i?2 7�+iQ`b rBi? r?B+? a Bb KmHiBTHB2/ iQ ;2i i?2
;2MQivTB+ p�Hm2b BM i?2 bBM;H2 HQ+mb KQ/2HX

JmHiBTHvBM; i?2 K�i`Bt M rBi? Bib i`�MbTQb2 MT `2bmHib BM � n × n b[m�`2 K�i`Bt MMT X PM i?2 /B�;QM�H
Q7 i?Bb K�i`Bt r2 ;2i +QmMib Q7 ?Qr K�Mv �HH2H2b BM 2�+? BM/BpB/m�H ?�p2 � TQbBiBp2 2z2+iX h?2 Qz@/B�;QM�H
2H2K2Mib +QmMi ?Qr K�Mv BM/BpB/m�H b?�`2 i?2 b�K2 �HH2H2b �+`Qbb �HH aLS@TQbBiBQMbX AM +QMi`�bi iQ i?2
�//BiBp2 ;2M2iB+ `2H�iBQMb?BT K�i`Bt A- i?2 +QmMib ?2`2 �`2 #�b2/ QM B/2MiBiv #v bi�i2 �M/ MQi QM B/2MiBiv #v
/2b+2MiX

h?2 T`Q#H2K rBi? K�i`Bt MMT Bb Bib /2T2M/2M+2 QM i?2 MmK#2` aLS@K�`F2`bX h?2`27Q`2 i?2 K�i`Bt MMT

Bb T`QTQ`iBQM�H iQ i?2 `2H�iBQMb?BT A #mi Bi /Q2b MQi +Q``2bTQM/ iQ A /B`2+iHvX �b � bQHmiBQM iQ i?�i T`Q#H2K
Uo�M_�/2M- kyy3V T`QTQb2/ iQ `2@b+�H2 bm+? i?�i �HH2H2 7`2[m2M+B2b QM � ;Bp2M HQ+mb �`2 2tT`2bb2/ �b iQ iBK2b
i?2 /2pB�iBQM 7`QK 0.5X h?Bb `2@b+�HBM; Bb /QM2 rBi? �M n × m K�i`Bt P r?2`2 2�+? Q7 i?2 m +QHmKMb
+Q``2bTQM/b iQ � aLS@GQ+mbX 1H2K2Mib BM +QHmKM i Q7 K�i`Bt P ?�p2 �HH i?2 b�K2 p�Hm2 +Q``2bTQM/BM; iQ
2pi − 0.5 r?2`2 pi +Q``2bTQM/b iQ i?2 7`2[m2M+v Q7 i?2 aLS@�HH2H2 �bbQ+B�i2/ iQ i?2 TQbBiBp2 ZhG@�HH2H2 �i
HQ+mb iX

h?2 /Bz2`2M+2 #2ir22M K�i`B+2b M �M/ P Bb �bbB;M2/ iQ � M2r K�i`Bt Z

Z = M − p

6BM�HHv i?2 K�i`Bt ZZT Kmbi #2 b+�H2/ rBi? i?2 bmK Q7 2pi(1 − pi) Qp2` �HH aLS@HQ+B iQ ;2i iQ i?2 ;2MQKB+
`2H�iBQMb?BT K�i`Bt GX

G = ZZT

∑m
i=1 2pi(1 − pi)

UNXdV

h?2 K�i`Bt G ?�b bBKBH�` T`QT2`iB2b �b i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt AX h?2 ;2MQKB+ BM#`22/BM;
+Q2{+B2Mi Fj Bb /2}M2/ �b Fj = (G)jj − 1X h?2 ;2MQKB+ `2H�iBQMb?BT aij #2ir22M irQ BM/BpB/m�Hb i �M/ j
+Q``2bTQM/b iQ i?2 2H2K2Mi BM K�i`Bt G /BpB/2/ #v i?2 b[m�`2 `QQi Q7 i?2 /B�;QM�H 2H2K2Mib

aij = Gij√
GiiGjj



NXjX :"GlS 3R

NXj :"GlS

h?2 i2`K :"GlS bi�M/b 7Q` ;2MQKB+ "GlS �M/ Bb i?2 KQbi rB/2Hv mb2/ bBM;H2@bi2T T`Q+2/m`2X AM :"GlS
;2MQKB+ #`22/ p�Hm2b �`2 /B`2+iHv T`2/B+i2/ rBi?Qmi i?2 T`2/B+iBQM Q7 K�`F2` 2z2+ibX h?Bb +�M #2 /QM2 #v
BM+Hm/BM; i?2 ;2MQKB+ #`22/BM; p�Hm2b u r?B+? +Q``2bTQM/b iQ i?2 bmK Q7 �HH aLS@�HH2H2 2z2+ib /B`2+iHv �b �
`�M/QK 2z2+i BM i?2 KQ/2HX

y = Xβ + Wu + e UNX3V

r?2`2 W Bb i?2 /2bB;M K�i`Bt HBMFBM; ;2MQKB+ #`22/BM; p�Hm2b iQ Q#b2`p�iBQMbX h?2 KBt2/ KQ/2H 2[m�iBQMb
�`2 i?2 /2}M2/ �b

[
XT R−1X XT R−1W
W T R−1X W T R−1W + G−1 ∗ λ

] [
β̂
û

]
=
[

XT R−1y
W T R−1y

]
UNXNV

r?2`2 G Bb /2}M2/ �b BM UNXdV �M/ λ Bb i?2 b�K2 �b BM 2[m�iBQM UNX8VX a2p2`�H �mi?Q`b ?�p2 b?QrM i?�i #Qi?
T`Q+2/m`2b UirQ@bi2T �M/ bBM;H2 bi2TV �`2 2[mBp�H2MiX 6`QK UNX3V r2 +�M b22 i?�i i?2 :"GlS KQ/2H HQQFb
p2`v bBKBH�` iQ i?2 �MBK�H KQ/2H- 2t+2Ti i?�i i?2 +Qp�`B�M+2b #2ir22M `�M/QK 2z2+ib BM i?2 �MBK�H KQ/2H �`2
#�b2/ QM i?2 MmK2`�iQ` `2H�iBQMb?BT K�i`Bt �M/ BM :"GlS i?2v �`2 KQ/2H2/ pB� i?2 ;2MQKB+ `2H�iBQMb?BT
K�i`Bt GX h?Bb K2�Mb BM i?2 �MBK�H KQ/2H i?2 +Qp�`B�M+2 #2ir22M `�M/QK #`22/BM; p�Hm2b Bb #�b2/ QM i?2
+QM+2Ti Q7 +QKKQM �M+2bi`v �M/ B/2MiBiv #v /2b+2MiX h?Bb Bb `2TH�+2/ BM :"GlS #v i?2 +QM+2Ti Q7 b?�`BM;
i?2 b�K2 �HH2H2b #�b2/ QM B/2MiBiv #v bi�i2 r?B+? Bb �bbmK2/ iQ #2 i?2 +�mb2 Q7 i?2 +Qp�`B�M+2 #2ir22M
`�M/QK ;2MQKB+ #`22/BM; p�Hm2bX
h?2 T`2/B+i2/ ;2MQKB+ #`22/BM; p�Hm2b û +QKBM; Qmi Q7 UNXNV �`2 `272``2/ iQ �b /B`2+i ;2MQKB+ #`22/BM;
p�Hm2b U.:oVX

NX9 S`�+iB+�H S`Q#H2Kb

h?2 KQ/2H 2[m�iBQMb UNX3V HQQF p2`v bi`�B;?i@7Q`r�`/- #mi i?2 T`�+iB+�H BKTH2K2Mi�iBQM +�M #2 [mBi2 +QK@
THB+�i2/X h?2 `2�bQM 7Q` i?2b2 T`Q#H2Kb Bb i?2 7�+i i?�i +QKT�`2/ iQ i?2 iQi�H bBx2 Q7 � TQTmH�iBQM QMHv �
bK�HH 7`�+iBQM Q7 �HH �MBK�Hb �`2 ;2MQivT2/ �M/ ?2M+2 +QMi`B#mi2 i?2 i?2 ;2MQKB+ 2p�Hm�iBQMX PM i?2 Qi?2`
?�M/ .:o /Q MQi +QMi�BM �HH BM7Q`K�iBQM i?�i Q++m` BM +QMp2MiBQM�H #`22/BM; p�Hm2bX
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