
*?�Ti2` Ry

o�`B�M+2 *QKTQM2Mib

h?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2b mbBM; � "GlS �MBK�H KQ/2H `2[mB`2/ i?2 p�`B�M+2 +QKTQM2Mib σ2
e 7Q`

i?2 `2bB/m�H p�`B�M+2 �M/ σ2
a 7Q` i?2 ;2M2iB+ �//BiBp2 p�`B�M+2 iQ #2 FMQrMX 6Q` i?2 bB`2 KQ/2H- σ2

a Bb `2TH�+2/
#v i?2 bB`2 p�`B�M+2 +QKTQM2Mi σ2

s X AM `2�H rQ`H/ HBp2biQ+F #`22/BM; 2p�Hm�iBQMb- i?2b2 p�`B�M+2 +QKTQM2Mib
�`2 MQi FMQrM �M/ ?2M+2 Kmbi #2 2biBK�i2/ 7`QK i?2 /�i�X h?2 /�i� �M�HvbBb T`Q+2/m`2 i?�i 2biBK�i2b i?2
p�`B�M+2 +QKTQM2Mib 7`QK /�i� Bb +�HH2/ p�`B�M+2 +QKTQM2Mib 2biBK�iBQMX

RyXR aB`2 JQ/2H

h?2 bB`2 KQ/2H Bb mb2/ iQ KQiBp�i2 i?2 BMi`Q/m+iBQM Q7 i?2 iQTB+ Q7 p�`B�M+2 +QKTQM2Mib 2biBK�iBQMX h?2
bB`2 KQ/2H Bb ;Bp2M #v

y = Xβ + Zss + e URyXRV

rBi? var(e) = R- var(s) = Asσ2
s �M/ var(y) = ZsAsZT

s σ2
s + RX h?2 K�i`Bt As Bb i?2 MmK2`�iQ` `2H�iBQMb?BT

7Q` bB`2b- i?2 bB`2 p�`B�M+2 +QKTQM2Mi σ2
s +Q``2bTQM/b iQ 0.25∗σ2

a �M/ R +�M Q7i2M #2 bBKTHB}2/ iQ R = I ∗σ2
e X

h?2 BMi2`2bi BM i?Bb +?�Ti2` Bb ?Qr iQ 2biBK�i2 σ2
s �M/ σ2

e X

AM i?2 bBKTH2 +�b2 i?2 p2+iQ` β Bb `2/m+2/ iQ Dmbi QM2 b+�H�` }t2/ 2z2+ib T�`�K2i2`X h?Bb `2/m+2/ X iQ �
K�i`Bt rBi? QM2 +QHmKM rBi? �HH 2H2K2Mib 2[m�H iQ 1X �bbmKBM; i?�i r2 ?�p2 q mM`2H�i2/ bB`2b i?2 `2H�iBQMb?BT
K�i`Bt As 7Q` i?2 bB`2b +Q``2bTQM/b iQ i?2 B/2MiBiv K�i`Bt IX

RyXk �M�HvbBb P7 o�`B�M+2 U�MQp�V

�b � }`bi �TT`Q�+? r2 +�M mb2 �M �M�HvbBb Q7 p�`B�M+2 #v }iiBM;

RX � KQ/2H rBi? �M Qp2`�HH 2z2+i β = µ �M/
kX � KQ/2H rBi? bB`2 2z2+ibX

h?2b2 irQ KQ/2Hb ;Bp2 �M �M�HvbBb Q7 p�`B�M+2 Q7 i?2 7QHHQrBM; bi`m+im`2

3j
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aQm`+2 .2;`22b Q7 6`22/QK UdfV amKb Q7 a[m�`2b USSQV

Pp2`�HH UµV Rank(X) = 1 yT X(XT X)−1XT y = F
aB`2b UsV Rank(Zs) − Rank(X) = q − 1 yT Zs(ZT

s Zs)−1ZT
s y − yT X(XT X)−1XT y = S

_2bB/m�H UeV n − Rank(Zs) = n − q yT y − yT Zs(ZT
s Zs)−1ZT

s y = R

hQi�H n yT y

h?2 bmKb Q7 b[m�`2b USSQV +�M �HbQ #2 2tT�M/2/ BMiQ bmKb Q7 b+�H�` [m�MiBiB2b r?B+? KB;?i #2 2�bB2` iQ
mM/2`bi�M/X 6Q` Qm` bB`2 KQ/2H r2 ;2i

F = yT X(XT X)−1XT y = 1
n

[
n∑

i=1
yi

]2

S = yT Zs(ZT
s Zs)−1ZT

s y − yT X(XT X)−1XT y =
q∑

i=1

1
ni

⎡

⎣
ni∑

j=1
yij

⎤

⎦
2

− F

R = yT y − yT Zs(ZT
s Zs)−1ZT

s y =
n∑

i=1
y2

i − S − F

AM T`BM+BTH2 2z2+ib β �M/ s �`2 i`2�i2/ �b }t2/ 2z2+ib BM i?2 �#Qp2 �MQp�X A7 2biBK�i2b Q7 σ2
e �M/ σ2

s �`2
`2[mB`2/ i?2 Q#b2`p2/ bmKb Q7 b[m�`2b S �M/ R +�M #2 2[m�i2/ iQ i?2B` 2tT2+i2/ p�Hm2b E(R) = (n − q)σ2

e

�M/ E(S) = (q − 1)σ2
e − tr(ZsMZs)σ2

s r?2`2 M = I − X(XT X)−1XT X

RyXj LmK2`B+�H 1t�KTH2

q2 r�Mi iQ b?Qr i?2 2biBK�iBQM Q7 p�`B�M+2 +QKTQM2Mib rBi? � p2`v bK�HH /�i� b2iX h?2 /�i� i?�i rBHH #2
mb2/ Bb b?QrM BM i?2 i�#H2 #2HQrX h?2 Q#b2`p�iBQMb +QMbBbi Q7 T`2@r2�MBM; r2B;?i ;�BMb Q7 #227 +�iiH2X

h�#H2 RyXR, aK�HH 1t�KTH2 .�i�b2i 7Q` o�`B�M+2 *QKTQM2Mib 1b@
iBK�iBQM lbBM; � aB`2 JQ/2H

�MBK�H aB`2 qq:
9 k kXN
8 R 9Xy
e j jX8
d k jX8

h?2 KQ/2H mb2/ Bb � bBKTHB}2/ bB`2 KQ/2H r?2`2 �HH i?2 }t2/ 2z2+i �`2 +�Tim`2/ #v � +QKKQM K2�M µX h?2M
i?2`2 Bb i?2 bB`2 2z2+i s �b � `�M/QK 2z2+i �M/ i?2 `�M/QK `2bB/m�H 2z2+iX >2M+2 7Q` �Mv ;Bp2M Q#b2`p�iBQM
yij 7Q` �MBK�H i Q7 bB`2 j- r2 +�M r`Bi2

yij = µ + sj + ei

rBi? µ i?2 +QKKQM K2�M- sj i?2 `�M/QK 2z2+i Q7 bB`2 j Uj = 1, 2, 3V �M/ ei +Q``2bTQM/b iQ i?2 `�M/QK
`2bB/m�H Q7 Q#b2`p�iBQM i Ui = 1, . . . , 4VX AM K�i`Bt MQi�iBQM i?B b KQ/2H r�b �H`2�/v ;Bp2M BM URyXRVX h?2
/2bB;M K�i`Bt X Bb � K�i`Bt rBi? QM2 +QHmKM �M/ rBi? 2H2K2Mib �HH 2[m�H iQ 1X h?2 /2bB;M K�i`Bt Zs HBMFb
Q#b2`p�iBQMb iQ bB`2 2z2+ibX
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X =

⎡

⎢⎢⎣

1
1
1
1

⎤

⎥⎥⎦ - Zs =

⎡

⎢⎢⎣

0 1 0
1 0 0
0 0 1
0 1 0

⎤

⎥⎥⎦

�M �M�HvbBb Q7 p�`B�M+2 +�M #2 +QMbi`m+i2/ �b

aQm`+2 .2;`22b Q7 6`22/QK UdfV amKb Q7 a[m�`2b USSQV

Pp2`�HH UµV Rank(X) = 1 F = 48.3025
aB`2b UsV Rank(Zs) − Rank(X) = q − 1 S = 0.4275
_2bB/m�H UeV n − Rank(Zs) = n − q R = 0.18

qBi?

M =

⎡

⎢⎢⎣

0.75 −0.25 −0.25 −0.25
−0.25 0.75 −0.25 −0.25
−0.25 −0.25 0.75 −0.25
−0.25 −0.25 −0.25 0.75

⎤

⎥⎥⎦ �M/ ZT
s MZ =

⎡

⎣
0.75 −0.50 −0.25

−0.50 1.00 −0.50
−0.25 −0.50 0.75

⎤

⎦

r2 ;2i i?2 7QHHQrBM; 2biBK�i2b

σ̂2
e = R = 0.18

σ̂2
s = S − (q − 1)σ̂2

e

tr(ZT
s MZs) = 0.4275 − 2 ∗ 0.18

2.5 = 0.027

h?2 b�K2 +QKTmi�iBQMb #�b2/ QM �M �MQp� +�M #2 /QM2 BM _ p2`v 2�bBHvX �bbmK2 i?�i Qm` /�i�b2i Bb BM �
/�i�7`�K2 r?B+? Bb +�HH2/ i#HnMmKn2tn+?TRkn�QpX q2 �`2 /QBM; i?2 �MQp� mbBM; i?2 7mM+iBQM �QpUV iQ ;2i
i?2 bmKb Q7 b[m�`2bX
�QpnMmKn2tn+?TRk I@ �QpU7Q`KmH� 4 qq: � aB`2- /�i� 4 i#HnMmKn2tn+?TRkn�QpV
bmKK�`vU�QpnMmKn2tn+?TRkV

OO .7 amK a[ J2�M a[ 6 p�Hm2 S`U=6V
OO aB`2 k yX9kd8 yXkRjd RXR3d yX899
OO _2bB/m�Hb R yXR3yy yXR3yy

h?2 `2bmHib 7`QK �#Qp2 �`2 Q#i�BM2/ 7Q` σ̂2
e = 0.18 �b i?2 p�Hm2 mM/2` i?2 +QHmKM J2�M a[ BM i?2 `Qr

_2bB/m�HbX "2+�mb2 BM Qm` +QKTmi�iBQMb �#Qp2- r2 ?�p2 +QMbB/2`2/ i?2 2biBK�iBQM Q7 i?2 Qp2`�HH 2z2+i
r?B+? Bb MQi /QM2 BM i?2 7mM+iBQM �QpUV BM _X

RyX9 L2;�iBp2 1biBK�i2b rBi? �MQp�

PM2 Q7 i?2 T`Q#H2Kb i?�i 7`2[m2MiHv Q++m`b r?2M mbBM; �MQp� iQ 2biBK�i2 p�`B�M+2 +QKTQM2Mib Bb i?�i bQK2
2biBK�i2b KB;?i #2 M2;�iBp2X L2;�iBp2 2biBK�i2b �`2 QmibB/2 Q7 i?2 T2`KBbbB#H2 `�M;2 7Q` i?2 T�`�K2i2` �M/
?2M+2 �`2 MQi p�HB/ 2biBK�i2bX �b � +QMb2[m2M+2 Q7 i?�i �Hi2`M�iBp2 K2i?Q/b ?�p2 #22M T`QTQb2/ iQ 2biBK�i2
p�`B�M+2 +QKTQM2MibX
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RyX8 GBF2HB?QQ/@"�b2/ �TT`Q�+?2b

h?2 K�tBKmK HBF2HB?QQ/ UJGV �TT`Q�+? r�b /2p2HQT2/ �M/ TQTmH�`Bx2/ #v _X �X 6Bb?2`X JG Bb � ;2M2`�H
�TT`Q�+? 7Q` T�`�K2i2` 2biBK�iBQM �M/ Bb MQi QMHv mb2/ 7Q` 2biBK�iBM; p�`B�M+2 +QKTQM2MibX G2i mb �bbmK2
i?�i Qm` Q#b2`p2/ i`�Bib �`2 +QMiBMmQmb �M/ `2�H@p�Hm2/ [m�MiBiB2bX AM JG r2 �bbmK2 i?�i i?2b2 [m�MiBiB2b
7QHHQr � +2`i�BM /2MbBivX h?Bb /2MbBiv Bb � 7mM+iBQM Q7 i?2 Q#b2`p2/ p�Hm2b �M/ Q7 mMFMQrM T�`�K2i2`b i?�i
r2 r�Mi iQ 2biBK�i2X

RyX8XR .2MbBiv Q7 P#b2`p�iBQMb

:Bp2M � p2+iQ` y Q7 Q#b2`p�iBQMbX �b �H`2�/v K2MiBQM2/- i?2 p2+iQ` y 7QHHQrb � +2`i�BM /2MbBivX �b �M 2t�KTH2
bm+? � /2MbBiv KB;?i #2 � KmHiBp�`B�i2 MQ`K�H /Bbi`B#miBQMX 6Q` � ;Bp2M p2+iQ` y Q7 H2M;i? n- i?2 mM/2`HvBM;
n@/BK2MbBQM�H KmHiBp�`B�i2 MQ`K�H /Bbi`B#miBQM ?�b i?2 7QHHQrBM; 7Q`K

fY (y) = 1√
(2π)ndet(Σ)

exp

{
−1

2(y − µ)T Σ−1(y − µ)
}

rBi? µ 2tT2+i2/ p�Hm2 Q7 y
Σ p�`B�M+2@+Qp�`B�M+2 K�i`Bt Q7 y
det() /2i2`KBM�Mi

RyX8Xk GBF2HB?QQ/ 6mM+iBQM

�b �H`2�/v K2MiBQM2/ i?2 /2MbBiv Bb � 7mM+iBQM Q7 i?2 Q#b2`p2/ /�i� y �M/ Q7 bQK2 mMFMQrM T�`�K2i2`bX
6Q` i?2 KmHiBp�`B�i2 MQ`K�H /Bbi`B#miBQM i?2b2 T�`�K2i2`b �`2 µ �M/ ΣX "27Q`2 Q#b2`pBM; �Mv /�i�- r2 +�M
BMi2`T`2i i?2 /2MbBiv f(y|µ, Σ) �b � 7mM+iBQM Q7 y 7Q` bQK2 }t2/ p�Hm2b Q7 µ �M/ ΣX "mi QM+2 i?2 /�i� ?�b
#22M Q#b2`p2/- y Bb }t2/ �M/ i?2 T�`�K2i2`b µ �M/ Σ �`2 mMFMQrM �M/ Kmbi #2 2biBK�i2/ 7`QK i?2 /�i�X
6Q` i?2 i�bF Q7 T�`�K2i2` 2biBK�iBQM- Bi K�F2b KQ`2 b2Mb2 iQ pB2r f(y|µ, Σ) �b � 7mM+iBQM Q7 µ �M/ ΣX q2
+�M r`Bi2 i?Bb 7mM+iBQM � HBiiH2 /Bz2`2Mi

L(µ, Σ) = f(y|µ, Σ)

h?2 7mM+iBQM L(µ, Σ) Bb +�HH2/ i?2 GBF2HB?QQ/ 7mM+iBQMX

RyX8Xj J�tBKmK GBF2HB?QQ/

6Q` � ;Bp2M /�i�b2i r2 +?QQb2 �M �TT`QT`B�i2 /2MbBiv r?B+? Bb bmBi�#H2 7Q` Qm` Q#b2`p�iBQMbX �b �H`2�/v
K2MiBQM2/- /m2 iQ i?2 *2Mi`�H GBKBi h?2Q`2K- i?2 MQ`K�H /Bbi`B#miBQM Bb Q7i2M mb2/ �b � /2MbBiv 7Q` Q#b2`@
p�iBQMbX PM+2- r2 ?�p2 +?Qb2M i?2 /2MbBiv- Bi +QMi�BMb mMFMQrM T�`�K2i2`b r?B+? r2 ?�p2 iQ 2biBK�i2 7`QK
i?2 /�i�X GQQb2Hv bT2�FBM;- Qm` ;Q�H Bb iQ /2i2`KBM2 i?2 T�`�K2i2`b bm+? i?�i i?2 Q#b2`p2/ /�i� Bb KQ/2H2/
�b ;QQ/ �b TQbbB#H2X h?Bb `2[mB`2K2Mi Bb i`�MbH�i2/ BMiQ � K�i?2K�iB+�H 7`�K2rQ`F #v i?2 K�tBKBx�iBQM Q7
i?2 HBF2HB?QQ/X >2M+2 7Q` � ;Bp2M /�i�b2i Qm` T�`�K2i2` 2biBK�i2b �`2 /2i2`KBM2/ bm+? i?�i i?2 HBF2HB?QQ/ Bb
K�tBKBx2/X 6Q` Qm` KmHiB@p�`B�i2 MQ`K�H /Bbi`B#miBQM- i?Bb +�M #2 i`�Mb7Q`K2/ BMiQ i?2 7QHHQrBM; 2[m�iBQMb

µ̂ = argmaxµL(µ, Σ)

�M/

Σ̂ = argmaxΣL(µ, Σ)
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RyXe amKK�`v

h?2 iQTB+ Q7 p�`B�M+2 +QKTQM2Mi 2biBK�iBQM Bb � ?m;2 �`2�X q2 ?�p2 Dmbi +Qp2`2/ irQ TQbbB#H2 �TT`Q�+?2b
iQ ;2i 2biBK�i2b Q7 p�`B�M+2 +QKTQM2MibX h?2`2 �`2 K�Mv KQ`2 Q7 i?2KX h?2 +Qp2`�;2 Q7 i?2b2 K2i?Q/b Bb
QmibB/2 Q7 i?2 b+QT2 Q7 i?Bb +Qm`b2X


	Preface
	Prerequisites
	Goals

	Introduction
	Terminology
	History
	Fundamental Questions
	Improvement of Animal Populations
	Statistics
	Computer Science

	Basics in Quantitative Genetics
	Single Locus - Quantitative Trait
	Frequencies
	Hardy-Weinberg Equilibrium
	Value and Mean
	Variances
	Extension To More Loci
	Genetic Models
	Appendix: Derivations

	Genetic Evaluations
	Introduction
	Basic Principle of Predicting Breeding Values
	Animal's Own Performance
	Progeny Records

	Selection Index
	Introduction
	Selection Index Method
	Aggregate Genotype
	Theory of Index Construction
	Example of Index with Own Performance
	Example with Progeny Records
	Appendix: Derivation of Index Normal Equations
	Appendix: Derivation of the Index Components for the Example of the Mean Progeny Performance

	Best Linear Unbiased Prediction (BLUP)
	Problem of Correction
	Numeric Example
	Linear Mixed Effects Model
	Sire Model
	Animal Model

	Genetic Covariances Between Animals
	Similarity Between Individuals
	Numerator Relationship Matrix
	The Inverse Numerator Relationship Matrix
	Structure of A^{-1}
	Henderson's Rule To Set Up A^{-1}
	Derivation of Henderson's Rules
	Computing Inbreeding Coefficients
	Appendix: Derivation of Diagonalelements of Numerator Relationship Matrix A

	Additional Aspects of BLUP
	Accurracy
	Confidence Intervals of Predicted Breeding Values
	Relevance of Accurracies
	Decomposition of Predicted Breeding Value

	Multiple Traits
	Multivariate Predictions Of Breeding Values Using BLUP
	Multitrait Selection

	Genomic Selection
	Background
	A Linear Model To Predict Genomic Breeding Values
	GBLUP
	Practical Problems

	Variance Components
	Sire Model
	Analysis Of Variance (Anova)
	Numerical Example
	Negative Estimates with Anova
	Likelihood-Based Approaches
	Summary

	Introduction to R and RStudio
	Introduction To Linear Algebra

