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S`27�+2

GBp2biQ+F "`22/BM; �M/ :2MQKB+b Bb � K�bi2`b +Qm`b2 i�m;?i BM i?2 AMbiBimi2 Q7
�;`B+mHim`�H a+B2M+2b �i 1h> wm`B+?X h?2 �BK Q7 i?Bb +Qm`b2 Bb iQ BMi`Q/m+2 i?2
#�bB+ +QM+2Tib Q7 HBp2biQ+F #`22/BM; �M/ ;2MQKB+b iQ i?2 bim/2MibX

S`2`2[mBbBi2b

h?2`2 �`2 MQ 2tTHB+Bi T`2`2[mBbBi2b 7Q` i?Bb +Qm`b2X �HH `2[mB`2/ +QM+2Tib �`2
2tTH�BM2/ /m`BM; i?Bb +Qm`b2X �Hi?Qm;? #�bB+ FMQrH2/;2 BM i?2 7QHHQrBM; �`2�b
Bb /2}MBi2Hv ?2HT7mH 7Q` i?Bb +Qm`b2X

Ç GBM2�` �H;2#`�, "�bB+ T`QT2`iB2b Q7 �M/ #�bB+ QT2`�iBQMb rBi? p2+iQ`b
�M/ K�i`B+2b

Ç ai�iBbiB+b, aBKTH2 HBM2�` KQ/2Hb �M/ H2�bi b[m�`2b
Ç _, "�bB+b Q7 ?Qr iQ rQ`F rBi? /�i� �M/ ?Qr iQ /Q bBKTH2 +QKTmi�iBQMb

:Q�Hb

h?2 7QHHQrBM; ;Q�Hb �`2 i�F2M 7`QK i?2 i2�+?BM; bvbi2K �i 1h>X h?2 bim/2Mib
�`2 �#H2 iQ b2i mT /2bB;M K�i`B+2b- i?2 �//BiBp2 ;2M2iB+ `2H�iBQMb?BT K�i`Bt �M/
Bib BMp2`b2 �b r2HH �b i?2 KBt2/ KQ/2H 2[m�iBQMb iQ 2biBK�i2 "GlS #`22/BM;
p�Hm2bX h?2 +QM+2Ti Q7 "GlS #`22/BM; p�Hm2b �`2 �HbQ 2ti2M/2/ iQ ;2MQKB+
b2H2+iBQMX �HH +QM+2Tib BMi`Q/m+2/ /m`BM; i?Bb +Qm`b2 �`2 MQi QMHv T`2b2Mi2/
/m`BM; i?2 H2+im`2- #mi bim/2Mib �`2 2tT2+i2/ iQ rQ`F rBi? i?2 +QM+2Tib QM
bK�HH 2t�KTH2 T`Q#H2KbX

1t�K

h?2`2 rBHH #2 � r`Bii2M 2t�K /m`BM; i?2 H2+im`2 Q7 i?2 H�bi r22F Q7 i?2 b2K2bi2`X
h?2 2t�K Bb ;QBM; iQ #2 �M QT2M@#QQF 2t�KX �HH K�i2`B�H i?�i b2�Kb ?2HT7mH
iQ bim/2Mib rBHH #2 �HHQr2/X

8
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G2+im`2 LQi2b

h?2b2 H2+im`2 MQi2b +QMi�BM �HH i?2 `2H2p�Mi K�i2`B�H 7Q` i?2 2t�KX AM i?2 }`bi
irQ +?�Ti2`b- i?2 M2+2bb�`v iQQHb iQ rQ`F i?`Qm;? i?2 K�i2`B�H Q7 i?2 +Qm`b2 �`2
BMi`Q/m+2/ #`B2~vX h?Qb2 iQQHb +QMbBbi Q7 HBM2�` �H;2#`� �M/ _X h?2b2 +?�Ti2`b
�`2 KQbiHv H27i iQ bim/2Mib iQ rQ`F i?`Qm;? #v i?2Kb2Hp2bX .Bz2`2Mi bim/2Mib
?�p2 /Bz2`2Mi H2p2Hb Q7 bFBHHb BM i?2 iQTB+b Q7 HBM2�` �H;2#`� �M/ _X >2M+2 MQi
2p2`v bim/2Mi M22/b iQ ;Q i?`Qm;? i?2 T`2b2Mi2/ K�i2`B�H �i i?2 b�K2 /2Ti?X



*?�Ti2` R

AMi`Q/m+iBQM hQ GBM2�`
�H;2#`�

GBM2�` �H;2#`� Bb � H�`;2 �`2� 7`QK r?B+? r2 QMHv M22/ i?2 7QHHQrBM; i?`22 iQTB+b
RX o2+iQ`b
kX J�i`B+2b �M/
jX avbi2Kb Q7 HBM2�` 2[m�iBQMbX

RXR :HBKTb2 �?2�/

h?2 +2Mi`�H iQTB+ Q7 i?Bb +Qm`b2 Bb i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2bX JQbi
�TT`Q�+?2b iQ T`2/B+i #`22/BM; p�Hm2b `2[mB`2 i?2 bQHmiBQM Q7 H�`;2 bvbi2Kb Q7
HBM2�` 2[m�iBQMbX h?2b2 bvbi2Kb Q7 2[m�iBQMb �`2 r`Bii2M /QrM mbBM; p2+iQ`b
�M/ K�i`B+2bX >2M+2 i?2 i?`22 K2MiBQM2/ iQTB+b �`2 BKTQ`i�Mi iQ mM/2`bi�M/
�i � H2p2H i?�i i?2v +�M #2 mb2/ �b iQQHb 7Q` i?2 T`2/B+iBQM Q7 #`22/BM; p�Hm2bX

RXk o2+iQ`b

h?2 K�i2`B�H Q7 i?Bb b2+iBQM Bb H�`;2Hv #�b2/ QM i?2 pB/2Q imiQ`B�H U?iiTb,ffvQmimX
#2f7LFnxx�JQabV 7`QK Uj#Hm2R#`QrM- kyReVX q2 i`v iQ ;Bp2 � bmKK�`Bx2/
i`�Mb+`BTi Q7 i?2 pB/2QX h?2 p2+iQ` Bb i?2 7mM/�K2Mi�H #mBH/BM; #HQ+F Q7 HBM2�`
�H;2#`�X h?2`2 �`2 i?`22 /Bz2`2Mi #mi `2H�i2/ +QM+2Tib �#Qmi r?�i p2+iQ`b �`2X
q2 +�HH i?2K

RX i?2 T?vbB+b T2`bT2+iBp2
kX i?2 +QKTmi2` b+B2M+2 T2`bT2+iBp2 �M/
jX i?2 K�i?2K�iB+b T2`bT2+iBp2X

d

https://youtu.be/fNk_zzaMoSs
https://youtu.be/fNk_zzaMoSs
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h?2 K�i?2K�iB+b T2`bT2+iBp2 i`B2b iQ T`QpB/2 � p2`v ;2M2`�H +QM+2Ti- b�vBM;
i?�i �Mvi?BM; +�M #2 � p2+iQ` �b HQM; �b- QM2 +�M �// irQ p2+iQ`b Q` � p2+iQ`
+�M #2 KmHiBTHB2/ #v � 7�+iQ` �M/ i?2 `2bmHi Q7 #Qi? QT2`�iBQMb Bb � p2+iQ` �;�BMX
6Q` r?�i r2 r�Mi iQ mb2 p2+iQ`b 7Q` BM i?2 +QMi2ti Q7 HBp2biQ+F #`22/BM; �M/
;2MQKB+b- i?2 K�i?2K�iB+b T2`bT2+iBp2 Bb MQi bQ mb27mH- ?2M+2 r2 B;MQ`2 Bi 7`QK
MQr QMX

RXkXR S?vbB+b S2`bT2+iBp2

h?2 T?vbB+b T2`bT2+iBp2 Bb i?�i p2+iQ`b �`2 �``Qrb rBi? � +2`i�BM H2M;i? �M/ �
/B`2+iBQM i?2v �`2 TQBMiBM; iQX �b HQM; �b H2M;i? �M/ /B`2+iBQM �`2 i?2 b�K2-
i?2 �``Qrb +�M #2 KQp2/ �`QmM/ �M/ i?2v �`2 biBHH i?2 b�K2 p2+iQ`X .Bz2`2Mi
�``Qrb rBi? i?2 b�K2 H2M;i? �M/ i?2 b�K2 /B`2+iBQM �`2 +�HH2/ `2T`2b2Mi�iBp2b
Q7 i?2 b�K2 p2+iQ`X o2+iQ`b i?�i �`2 BM � ~�i TH�M2 �`2 +�HH2/ irQ@/BK2MbBQM�HX
h?Qb2 r?Q �`2 bBiiBM; BM i?2 b�K2 1m+HB/2�M bT�+2 i?�i r2 �`2 �HH HBpBM; BM- �`2
+�HH2/ i?`22@/BK2MbBQM�HX

RXkXk *QKTmi2` a+B2M+2 S2`bT2+iBp2

AM i?2 +QKTmi2` b+B2M+2 T2`bT2+iBp2 p2+iQ`b �`2 Q`/2`2/ HBbi Q7 MmK#2`bX G�i2`
r2 rBHH b22 i?�i p2+iQ`b +�M �HbQ +QMi�BM KQ`2 ;2M2`�H Q#D2+ib HBF2 bi`BM;bX �b



RXkX o1*hP_a N

�M 2t�KTH2- r2 �bbmK2 i?�i r2 �`2 �M�HvxBM; +�`+�bb2b �M/ i?2 QMHv i?BM;
r2 FMQr �#Qmi � +�`+�bb Bb Bib bH�m;?i2`@r2B;?i UaqV �M/ Bib T`B+2 USVX h?2
/Bz2`2Mi +�`+�bb2b +�M i?2M #2 `2T`2b2Mi2/ #v � T�B` Q7 MmK#2`b i?2 }`bi #2BM;
i?2 bH�m;?i2`@r2B;?i �M/ i?2 b2+QM/ #2BM; i?2 T`B+2X Ai Bb BKTQ`i�Mi iQ MQi2 ?2`2-
i?�i i?2 Q`/2` Q7 i?2 MmK#2` K�ii2`bX AM i2`Kb Q7 p2+iQ`b- ?2`2 2�+? +�`+�bb Bb
`2T`2b2Mi2/ #v � irQ@/BK2MbBQM�H p2+iQ`X

RXkXj :2QK2i`B+ *QMi2ti

aQK2 #�bB+ T`QT2`iB2b Q7 p2+iQ`b �`2 BMi`Q/m+2/ mbBM; i?2 ;2QK2i`B+ +QMi2ti-
i?�i � p2+iQ` Bb �M �``Qr HQ+�i2/ BM � +2`i�BM +QQ`/BM�i2 bvbi2K rBi? Bib i�BH
bBiiBM; �i i?2 Q`B;BM Q7 i?2 +QQ`/BM�i2 bvbi2KX h?Bb Bb � HBiiH2 #Bi /Bz2`2Mi 7`QK
i?2 T?vbB+b T2`bT2+iBp2 Ub22 RXkXRV r?2`2 i?2 �``Qr +�M bBi �Mvr?2`2 BM bT�+2X AM
HBM2�` �H;2#`� Bi Bb �HKQbi �Hr�vb i?2 +�b2 i?�i p2+iQ`b �`2 `QQi2/ �i i?2 Q`B;BMX
PM+2 r2 mM/2`bi�M/ i?2 T`QT2`iB2b Q7 p2+iQ`b BM i?2 +QMi2ti Q7 �``Qrb BM bT�+2-
r2 +�M i?2M i`�MbH�i2 i?2b2 T`QT2`iB2b iQ i?2 HBbi@Q7@MmK#2`b TQBMi Q7 pB2r Ub22
RXkXkV +QMbB/2`BM; i?2 +QQ`/BM�i2b Q7 i?2 p2+iQ`bX
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RXkX9 *QQ`/BM�i2 avbi2K

Ai Bb BKTQ`i�Mi iQ BMi`Q/m+2 i?2 +QQ`/BM�i2 bvbi2K- #2+�mb2 i?Bb rBHH #2 i?2 #�bBb
Q7 i?2 +Q``2bTQM/2M+2 #2ir22M i?2 irQ T2`bT2+iBp2b Q7 HBM2�` �H;2#`�X 6Q` i?2
KQK2Mi- r2 7Q+mb QM irQ /BK2MbBQMbX h?2 ?Q`BxQMi�H HBM2 Bb +�HH2/ i?2 t@�tBb �M/
i?2 p2`iB+�H HBM2 Bb +�HH2/ i?2 v@�tBbX h?2 TH�+2 r?2`2 i?2 irQ HBM2b BMi2`b2+i Bb
+�HH2/ i?2 Q`B;BMX �M �`#Bi`�`v H2M;i? Bb +?Qb2M iQ `2T`2b2Mi 1X h?2 +QQ`/BM�i2b
Q7 � p2+iQ` Bb � T�B` Q7 MmK#2`b i?�i ;Bp2 BMbi`m+iBQMb 7Q` ?Qr iQ ;2i 7`QK i?2
i�BH Q7 i?�i p2+iQ` �i i?2 Q`B;BM iQ Bib iBTX h?2 }`bi MmK#2` i2HHb vQm ?Qr 7�` iQ
r�HF �HQM; i?2 t@�tBb UTQbBiBp2 MmK#2`b BM/B+�iBM; `B;?ir�`/ KQiBQM- M2;�iBp2
MmK#2`b BM/B+�iBM; H27ir�`/ KQiBQMV �M/ i?2 b2+QM/ MmK#2` i2HH vQm ?Qr 7�` iQ
r�HF T�`�HH2H iQ i?2 v@�tBb UTQbBiBp2 MmK#2`b BM/B+�iBM; mTr�`/ KQiBQM- M2;�iBp2
MmK#2`b BM/B+�iBM; /QrMr�`/ KQiBQMVX

RXkX8 o2+iQ` PT2`�iBQMb

h?2 p2+iQ`b #v i?2Kb2Hp2b +�M #2 T`2iiv BMi2`2biBM; Q#D2+ib- #mi i?2v ;2i `2�HHv
mb27mH r?2M +QMbB/2`BM; bQK2 QT2`�iBQMb i?�i r2 +�M T2`7Q`K QM i?2KX >2`2
r2 +QMbB/2` i?`22 #�bB+ QT2`�iBQMbX

RX �//BiBQM
kX KmHiBTHB+�iBQM #v � b+�H�` MmK#2` �M/



RXkX o1*hP_a RR

6B;m`2 RXR, �//BiBQM Q7 irQ p2+iQ`b

jX /Qi T`Q/m+i

RXkX8XR �//BiBQM

G2i mb �bbmK2- r2 ?�p2 irQ p2+iQ`b v �M/ wX hQ �// i?2b2 irQ p2+iQ`b- KQp2
i?2 b2+QM/ QM2 bm+? i?�i Bib i�BH bBib �i i?2 iBT Q7 i?2 }`bi QM2X h?2M /`�r �
M2r p2+iQ` 7`QK i?2 i�BH Q7 i?2 }`bi QM2 iQ i?2 iBT Q7 i?2 b2+QM/ QM2X h?2 M2r
p2+iQ` +Q``2bTQM/b iQ i?2 bmK Q7 i?2 irQ p2+iQ`b U6B;m`2 RXRVX
LmK2`B+�HHv- p2+iQ` �//BiBQM +Q``2bTQM/b iQ bmKKBM; mT 2�+? Q7 i?2 +QQ`/BM�i2b
BM/BpB/m�HHvX >2M+2 B7 r2 ?�p2 irQ p2+iQ`b v �M/ w rBi? i?2B` +QQ`/BM�i2b ;Bp2M
�b

v =
[

vx

vy

]
ă- w =

[
wx

wy

]

i?2M i?2 bmK v + w ?�b +QQ`/BM�i2b



Rk *>�Sh1_ RX ALh_P.l*hAPL hP GAL1�_ �G:1"_�

v + w =
[

vx + wx

vy + wy

]

RXkX8Xk JmHiBTHB+�iBQM #v � a+�H�` LmK#2`

h?Bb QT2`�iBQM Bb #2bi mM/2`biQQ/ #v HQQFBM; �i � 72r 2t�KTH2bX A7 r2 i�F2 i?2
MmK#2` 2 �M/ KmHiBTHv Bi #v � +2`i�BM p2+iQ` v- i?Bb K2�Mb i?�i r2 bi`2i+? Qmi
i?2 p2+iQ` v bm+? i?�i Bi Bb 2 iBK2b �b HQM; �b i?2 Q`B;BM�H p2+iQ`X JmHiBTHB+�iBQM
Q7 � p2+iQ` rBi? TQbBiBp2 MmK#2`b /Q2b MQi +?�M;2 i?2 /B`2+iBQM Q7 i?2 p2+iQ`X
JmHiBTHvBM; � p2+iQ` v rBi? � M2;�iBp2 MmK#2` HBF2 −0.5 i?2M i?2 /B`2+iBQM ;2ib
~BTT2/ �`QmM/ �M/ i?2M b[mBb?2/ #v 0.5X

h?2 QT2`�iBQM Q7 KmHiBTHvBM; � p2+iQ` #v � ;Bp2M MmK#2`- HBF2 2 Q` −0.5 Bb �HbQ
+�HH2/ b+�HBM; �M/ i?�i Bb i?2 `2�bQM r?v BM HBM2�` �H;2#`� i?2 MmK#2`b HBF2 2 �M/
−0.5 �`2 +�HH2/ b+�H�` MmK#2`b Q` Dmbi b+�H�`bX LmK2`B+�HHv- bi`2i+?BM; � p2+iQ`
#v � ;Bp2M MmK#2` HBF2 2- +Q``2bTQM/b iQ KmHiBTHvBM; 2�+? Q7 i?2 +QQ`/BM�i2
+QKTQM2Mib #v i?�i 7�+iQ` 2X 6Q` � p2+iQ` v rBi? +QQ`/BM�i2 +QKTQM2Mib vx

�M/ vy- i?2 p2+iQ` 2v ?�b +QQ`/BM�i2b 2vx �M/ 2vy

v =
[

vx

vy

]
ă- 2v =

[
2vx

2vy

]



RXjX J�h_A*1a Rj

RXkX8Xj .Qi S`Q/m+i

h?2 /Qi T`Q/m+i Bb 2tTH�BM2/ BM � /Bz2`2Mi pB/2Q i?�i +�M #2 b22M QM ?iiTb,
ffvQmimX#2fGv:Ev+uhkpyX LmK2`B+�HHv- B7 vQm ?�p2 irQ p2+iQ`b Q7 i?2 b�K2
/BK2MbBQM- K2�MBM; irQ HBbib Q7 MmK#2`b Q7 i?2 b�K2 H2M;i?- 2X;X v �M/ w i?2M
i?2B` /Qi T`Q/m+i v · w +�M #2 +QKTmi2/ #v T�B`BM; mT �HH Q7 i?2 +QQ`/BM�i2b-
KmHiBTHvBM; i?2b2 T�B`b iQ;2i?2` �M/ �//BM; i?2 `2bmHiX aQ i?2 p2+iQ`b

v =
[

vx

vy

]
ă �M/ w =

[
wx

wy

]

i?2B` /Qi T`Q/m+i v · w i?2M Bb +QKTmi2/ �b

v · w = vx ∗ wx + vy ∗ wy

RXj J�i`B+2b

h?2 BMi`Q/m+iBQM iQ i?2 iQTB+ Q7 K�i`B+2b Bb �p�BH�#H2 7`QK ?iiTb,ffvQmimX#2f
Fu"3Aw�8�m1 �M/ ?iiTb,ffvQmimX#2fsFuk.Pl*qJlX �M m × n K�i`Bt Bb
� i�#H2@HBF2 Q#D2+i Q7 m ∗ n MmK#2`b �``�M;2/ BM m `Qrb �M/ n +QHmKMbX AM
;2M2`�H i?2 m × n K�i`Bt A ?�b i?2 7QHHQrBM; bi`m+im`2X

A =

⎡

⎢⎢⎢⎣

a11 a12 . . . a1n

a21 a22 . . . a2n
XXX

XXX
am1 am2 . . . amn

⎤

⎥⎥⎥⎦

h?2 m∗n MmK#2`b BMbB/2 Q7 i?2 b[m�`2 #`�+F2ib �`2 +�HH2/ 2H2K2Mib Q7 i?2 K�i`BtX
h?2 2H2K2Mi Q7 K�i`Bt A i?�i Bb BM `Qr i �M/ BM +QHmKM j Bb +�HH2/ aij Q` (A)ij X
�b �M 2t�KTH2

A =
[

2 3 1
5 1 2

]

Bb � 2 × 3 K�i`BtX AM i?2 }`bi `Qr i?2 b2+QM/ 2H2K2Mi +Q``2bTQM/b iQ (A)12 =
a12 = 3X �M n×n K�i`Bt UBX2X � K�i`Bt rBi? 2[m�H MmK#2`b Q7 `Qrb �M/ +QHmKMbV
Bb +�HH2/ � [m�/`�iB+ K�i`BtX hrQ K�i`B+2b A �M/ B �`2 +�HH2/ 2[m�H- B7 i?2v
?�p2 i?2 b�K2 MmK#2` Q7 `Qrb �M/ +QHmKMb �M/ B7 i?2 +Q``2bTQM/BM; 2H2K2Mib
�`2 i?2 b�K2- BX2X

(A)ij = (B)ij 7Q` �HH B �M/ D

https://youtu.be/LyGKycYT2v0
https://youtu.be/LyGKycYT2v0
https://youtu.be/kYB8IZa5AuE
https://youtu.be/kYB8IZa5AuE
https://youtu.be/XkY2DOUCWMU
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RXjXR aT2+B�H J�i`B+2b

h?2 7QHHQrBM; K�i`B+2b �`2 bT2+B�H �M/ �`2 mb2/ BM bT2+B�H +�b2bX
Ç LmHHK�i`Bt, h?2 m × n K�i`Bt 0 Bb +�HH2/ LmHHK�i`Bt- B7 2�+? 2H2K2Mi Bb

2[m�H iQ x2`QX
Ç lTT2` h`B�M;mH�` J�i`Bt, h?2 b[m�`2 K�i`Bt R Bb +�HH2/ mTT2` i`B�M@

;mH�` K�i`Bt- B7 (R)ij = 0 7Q` i > jX
Ç GQr2` h`B�M;mH�` J�i`Bt, h?2 b[m�`2 K�i`Bt L Bb +�HH2/ HQr2` i`B�M@

;mH�` K�i`Bt- B7 (L)ij = 0 7Q` i < jX
Ç .B�;QM�H J�i`Bt, h?2 b[m�`2 K�i`Bt D Bb +�HH2/ /B�;QM�H K�i`Bt- B7

(D)ij = 0 7Q` i ≠ jX
Ç A/2MiBiv J�i`Bt, h?2 /B�;QM�H K�i`Bt I Bb +�HH2/ B/2MiBiv K�i`Bt- B7 �HH

/B�;QM�H 2H2K2Mib (I)ii = 1X
Ç *QHmKM o2+iQ`, � m × 1 K�i`Bt Bb Q7i2M +�HH2/ � +QHmKM p2+iQ`X
Ç _Qr o2+iQ`, � 1 × n K�i`Bt Bb Bb Q7i2M +�HH2/ � `Qr p2+iQ`X

RXjXk J�i`Bt PT2`�iBQMb

h?2 7QHHQrBM; QT2`�iBQMb rBi? K�i`B+2b �`2 /2}M2/X

RXjXkXR �//BiBQM

6Q` irQ m × n K�i`B+2b A �M/ B- i?2B` bmK A + B Bb �;�BM � m × n K�i`Bt rBi?
2�+? 2H2K2Mi +Q``2bTQM/BM; iQ i?2 bmK Q7 i?2 +Q``2bTQM/BM; 2H2K2Mib 7`QK A
�M/ BX >2M+2- r2 +�M r`Bi2

(A + B)ij = (A)ij + (B)ij 7Q` �HH B �M/ D

RXjXkXk JmHiBTHB+�iBQM rBi? � LmK#2`

� m × n K�i`Bt � Bb KmHiBTHB2/ #v � MmK#2` α #v KmHiBTHvBM; 2p2`v 2H2K2Mi
(A)ij Q7 A rBi? αX h?2 `2bmHi α ∗ A Bb +QKTmi2/ �b (α ∗ A)ij = α ∗ (A)ij 7Q` �HH
i �M/ jX

RXjXkXj JmHiBTHB+�iBQM Q7 irQ J�i`B+2b

:Bp2M � m × n K�i`Bt A �M/ � n × p K�i`Bt B- i?2B` K�i`Bt T`Q/m+i AB Bb �
m × p K�i`Bt rBi?

(AB)ij =
n∑

k=1
(A)ik ∗ (B)kj = (A)i1 ∗ (B)1j + (A)i2 ∗ (B)2j + . . . + (A)in ∗ (B)nj
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RXjXkX9 G�rb Q7 J�i`Bt PT2`�iBQMb

Ç *QKKmi�iBpBiv, 6Q` irQ m × n K�i`B+2b A �M/ B i?2 �//BiBQM Bb +QK@
Kmi�iBp2- BX2X A + B = B + AX

Ç �bbQ+B�iBpBiv Q7 �//BiBQM, 6Q` m×n K�i`B+2b A- B �M/ C- i?2 �//BiBQM
Bb �bbQ+B�iBp2- BX2X- A + (B + C) = (A + B) + C

Ç �bbQ+B�iBpBiv Q7 KmHiBTHB+�iBQM, 6Q` � m × n K�i`Bt A- � n × p K�i`Bt
B �M/ � p × q K�i`Bt C- i?2 KmHiBTHB+�iBQM Bb �bbQ+B�iBp2- BX2X- A(BC) =
(AB)C

Ç .Bbi`B#miBpBiv, 6Q` m × n K�i`B+2b A �M/ B �M/ n × p K�i`B+2b C �M/
D- i?2 /Bbi`B#miBp2 H�r ?QH/b- BX2X- (A+B)C = AC +BC �M/ A(C +D) =
AC + AD

RXjXkX8 J�i`Bt h`�MbTQb2

:Bp2M � m × n K�i`Bt A- i?2M i?2 n × m K�i`Bt AT Bb +�HH2/ Bib i`�MbTQb2-
B7 (AT )ij = AjiX h?2 K�i`Bt A Bb +�HH2/ bvKK2i`B+- B7 A = AT X 6Q` 2p2`v
K�i`Bt A i?2 i`�MbTQb2 Q7 i?2 i`�MbTQb2 Bb i?2 K�i`Bt Bib2H7- BX2X- (AT )T = AX
6Q` �Mv m × n K�i`B+2b A �M/ B- i?2 i`�MbTQb2 (A + B)T Q7 i?2B` bmK (A + B)
Bb +QKTmi2/ �b

(A + B)T = AT + BT

6Q` 2p2`v m × n K�i`Bt A �M/ 2p2`v n × p K�i`Bt B- Bi ?QH/b i?�i

(AB)T = BT AT

RXjXkXe AMp2`b2 Q7 � J�i`Bt

AM i?Bb b2+iBQM- r2 �`2 HQQFBM; �i b[m�`2 K�i`B+2bX h?2 BMp2`b2 X Q7 � b[m�`2
K�i`Bt A Bb /2}M2/ �b i?2 b[m�`2 K�i`Bt i?�i b�iBb}2b i?2 +QM/BiBQM AX = IX
A7 i?2 BMp2`b2 K�i`Bt X 2tBbib- i?2M i?2 K�i`Bt A Bb +�HH2/ BMp2`i�#H2X A7 X /Q2b
MQi 2tBbi- A Bb +�HH2/ bBM;mH�`X A7 i?2 BMp2`b2 Q7 � K�i`Bt A 2tBbib- Bi Bb mMB[m2Hv
/2i2`KBM2/ �M/ r2 +�HH Bi A−1X
G2i mb �bbmK2 irQ BMp2`i�#H2 n × n K�i`B+2b A �M/ B- i?2M i?2 7QHHQrBM; 2[m�@
iBQMb ?QH/

RX A−1A = I
kX A−1 Bb BMp2`i�#H2 �M/ (A−1)−1 = A
jX I Bb BMp2`i�#H2 �M/ I−1 = I
9X AB Bb BMp2`i�#H2 �M/ (AB)−1 = B−1A−1

8X AT Bb BMp2`i�#H2 �M/ (AT )−1 = (A−1)T

6Q` 2p2`v b[m�`2 K�i`Bt A- i?2 7QHHQrBM; bi�i2K2Mib �`2 2[mBp�H2MiX
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RX A Bb BMp2`i�#H2
kX h?2 bvbi2K Q7 2[m�iBQMb Ax = b Bb bQHp�#H2 7Q` 2p2`v bX
jX h?2 bvbi2K Q7 2[m�iBQMb Ax = 0 ?�b QMHv i?2 i`BpB�H bQHmiBQM x = 0X

RXjXkXd P`i?Q;QM�H J�i`B+2b

� b[m�`2 K�i`Bt A Bb +�HH2/ Q`i?Q;QM�H- B7 i?2 +QM/BiBQM AT A = I ?QH/bX 6Q`
irQ Q`i?Q;QM�H K�i`B+2b A �M/ B- i?2 7QHHQrBM; bi�i2K2Mib ?QH/X

RX A Bb BMp2`i�#H2 �M/ A−1 = AT

kX A−1 Bb Q`i?Q;QM�H
jX AB Bb Q`i?Q;QM�H
9X I Bb Q`i?Q;QM�H

RX9 avbi2Kb P7 1[m�iBQMb

avbi2Kb Q7 HBM2�` 2[m�iBQMb �`2 BMi`Q/m+2/ #�b2/ QM ULBTT �M/ aiQz2`- kyykV
�M/ Ua2�`H2- RNdRVX aQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMb Bb QM2 Q7 i?2 7mM/�K2Mi�H
i�bFb Q7 HBM2�` �H;2#`�X q2 bi�`i rBi? � ;2M2`�H 2t�KTH2 Q7 � bvbi2K Q7 HBM2�`
2[m�iBQMb r?B+? Bb ;Bp2M �b

x1 + 2x2 = 5
2x1 + 3x2 = 8 URXRV

AM URXRV r2 �`2 ;Bp2M � bvbi2K Q7 HBM2�` 2[m�iBQMb rBi? irQ 2[m�iBQMb �M/ irQ
mMFMQrMb x1 �M/ x2X h?2 �BK Bb iQ }M/ MmK2`B+ p�Hm2b 7Q` x1 �M/ x2 bm+? i?�i
#Qi? 2[m�iBQMb �`2 b�iBb}2/X AMb2`iBM; i?2 p�Hm2b x1 = 1 �M/ x2 = 2 BMiQ i?2
�#Qp2 2[m�iBQMb b?Qr i?�i i?2v �`2 #Qi? b�iBb}2/X >2M+2 i?2 b2i L = {x1 =
1, x2 = 2} +QMbBbiBM; Q7 i?2 p�Hm2b 7Q` x1 �M/ x2 i?�i b�iBb7v #Qi? 2[m�iBQMb Bb
+�HH2/ � bQHmiBQM Q` � bQHmiBQM b2i 7Q` i?2 �#Qp2 b?QrM 2[m�iBQMbX
AM ;2M2`�H- � HBM2�` bvbi2K Q7 2[m�iBQMb +QMbBbib Q7 m 2[m�iBQMb �M/ n mMFMQrMbX
AM i?2 2t�KTH2 URXRV- m = 2 �M/ n = 2X
h?2 2t�KTH2 BM URXkV /Q2b MQi ?�p2 �Mv bQHmiBQMbX

x1 + x2 = 4
2x1 + 2x2 = 5 URXkV

h?Bb +�M #2 b22M- i?�i B7 i?2 }`bi 2[m�iBQM BM URXkV Bb KmHiBTHB2/ #v 2- r2 ;2i
2x1 + 2x2 = 8 r?B+? +QMi`�/B+ib i?2 b2+QM/ 2[m�iBQM b?QrM BM URXkVX
� bvbi2K rBi? m = 2 2[m�iBQMb �M/ n = 3 mMFMQrMb BM b?QrM BM URXjVX
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x1 − x2 + x3 = 2
2x1 + x2 − x3 = 4 URXjV

h?2`2 �`2 BM}MBi2Hv K�Mv bQHmiBQMb +QMbBbiBM; Q7 x1 = 2- x2 = α �M/ x3 = α 7Q`
�Mv `2�H MmK#2` αX

h?2 2t�KTH2b BM URXRV- URXkV �M/ URXjV �H`2�/v b?Qr �HH TQbbB#H2 +�b2b i?�i K�v
Q++m` r?2M bQHpBM; HBM2�` bvbi2Kb Q7 2[m�iBQMbX h?2 [m2biBQM Bb ?Qr iQ /2i2`@
KBM2 i?2 b2i Q7 �HH bQHmiBQMb Q7 � bvbi2K Q7 HBM2�` 2[m�iBQMbX

RX9XR J�i`Bt@o2+iQ` LQi�iBQM

aQ 7�`- r2 ?�p2 r`Bii2M bvbi2Kb Q7 HBM2�` 2[m�iBQMb 2tTHB+BiHv BM i?2 b2Mb2 i?�i
2p2`v 2[m�iBQM r�b r`Bii2M QM QM2 HBM2X 6Q` bK�HH bvbi2Kb i?Bb Bb MQi � T`Q#H2KX
"mi r?2M i?2 MmK#2` Q7 2[m�iBQMb UmV �M/ i?2 MmK#2` Q7 mMFMQrMb UnV ;2i
p2`v H�`;2- i?2 2tTHB+Bi MQi�iBQM Bb MQ HQM;2` 72�bB#H2X >2M+2- r2 M22/ � MQi�iBQM
i?�i +�M �HbQ #2 mb2/ 7Q` H�`;2 bvbi2Kb Q7 2[m�iBQMbX h?2 bQ@+�HH2/ K�i`Bt@p2+iQ`
MQi�iBQM T`QpB/2b �M 2{+B2Mi r�v iQ r`Bi2 /QrM H�`;2 bvbi2Kb Q7 2[m�iBQMb p2`v
2{+B2MiHvX

q2 `2im`M iQ i?2 2t�KTH2 ;Bp2M #v URXRV �M/ r2 /2}M2 i?2 K�i`Bt A iQ #2

A =
[

1 2
2 3

]
,

i?2 p2+iQ` x iQ #2

x =
[

x1
x2

]
,

�M/ i?2 p2+iQ` y iQ #2

y =
[

5
8

]
,

qBi? i?2b2 /2}MBiBQMb- r2 +�M r`Bi2 i?2 bvbi2K Q7 2[m�iBQMb ;Bp2M BM URXRV mbBM;
K�i`Bt@p2+iQ` MQi�iBQM �b

A · x = y URX9V
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RX8 aQHpBM; avbi2Kb Q7 GBM2�` 1[m�iBQMb

A7 K�i`Bt A BM URX9V Bb MQi bBM;mH�`- BX2X i?2 BMp2`b2 J�i`Bt A−1 Q7 A /Q2b 2tBbi-
i?2 bQHmiBQM x iQ URX9V +�M #2 r`Bii2M �b x = A−1yX h?Bb `2bmHi Bb Q#i�BM2/ #v
T`2@KmHiBTHvBM; #Qi? bB/2b Q7 URX9V rBi? A−1 �M/ bBM+2 � K�i`Bt iBK2b Bib BMp2`b2
`2bmHib BM i?2 B/2MiBiv K�i`Bt I- i?2 bQHmiBQM Bb Q#i�BM2/ �b

A · x = y

A−1 · A · x = A−1 · y

I · x = A−1 · y

x = A−1 · y URX8V

6Q` bvbi2Kb Q7 2[m�iBQMb rBi? � bBM;mH�` K�i`Bt A- bQHmiBQMb +�M #2 7QmM/- B7
i?2 2[m�iBQMb �`2 +QMbBbi2MiX h?2 HBM2�` 2[m�iBQMb Ax = y �`2 +QMbBbi2Mi-
B7 �Mv HBM2�` `2H�iBQMb?BT 2tBbiBM; �KQM; i?2 `Qrb Q7 A �HbQ 2tBbi �KQM; i?2
+Q``2bTQM/BM; 2H2K2Mib Q7 yX �b � bBKTH2 2t�KTH2- i?2 2[m�iBQMb

[
1 2
3 6

] [
x1
x2

]
=

[
7
21

]

�`2 +QMbBbi2MiX AM i?2 K�i`Bt QM i?2 H27i i?2 b2+QM/ `Qr +Q``2bTQM/b iQ i?`22
iBK2b i?2 }`bi `Qr �M/ BM i?2 p2+iQ` QM i?2 `B;?i- i?2 b2+QM/ 2H2K2Mi Bb �HbQ
i?`22 iBK2b i?2 }`bi 2H2K2MiX AM +QMi`�bi i?2 2[m�iBQMb

[
1 2
3 6

] [
x1
x2

]
=

[
7
24

]

�`2 MQi +QMbBbi2MiX 6`QK i?Bb 2t�KTH2- r2 +�M �H`2�/v b22 i?�i MQM@+QMbBbi2Mi
2[m�iBQMb /Q MQi ?�p2 �Mv bQHmiBQMbX "mi +QMbBbi2Mi 2[m�iBQMb Ax = y ?�p2 �
bQHmiBQM r?B+? +�M #2 r`Bii2M �b x = Gy B7 �M/ QMHv B7- AGA = A r?B+? K2�Mb
i?�i G Bb � bQ@+�HH2/ ;2M2`�HBx2/ BMp2`b2 Q7 AX h?2 K�i`Bt G Bb Q7i2M r`Bii2M �b
A−X h?2 T`QQ7 Q7 i?Bb bi�i2K2Mi Bb ;Bp2M QM T�;2 N Q7 Ua2�`H2- RNdRVX
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