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Problem 1 Quantitative Genetics

Recently published research results indicate that the level of a critical enzyme is
mostly determined by a single genetic locus. The locus is bi-allelic with alleles
FEy and Es. E is the favorite allele which increases the enzyme level and it has a
frequency of 0.2. For reasons of simplicity, we assume that the Hardy-Weinberg
equilibrium holds. The following plot indicates the distribution of enzyme levels
accross the three genotypes for a given population of interest.
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We take the mean enzyme levels as the characteristic values for a given genotype.
This results in

Genotype Mean Enzyme Level

E1E1 21.98
E1E2 19.43
E2E2 13.73

After re-scaling the Mean Enzyme Levels for each genotype such that the origin
is exactly between the two homozygous genotypes E1E1 and E2E2, we get the
following genotypic values for the three genotypes.

Genotype Genotypic Value

E1E1 4.125
E1E2 1.575
E2E2 -4.125




a) Assuming a single locus model, what are the values of a and d for the
enzyme levels at locus E and what is the population mean p?

Solution:

The genotypic values given in the last table of the problem corresponds to the
following symbolic values

Genotype Genotypic Value

E1E1 V11 =a
E1E2 Vie=d
E2E2 V22 = —a
Hence
a=4.125
and
d=1.575

The population mean is defined as

= Vi % f(ELEL) + Vig * f(E1E2) + Vag * f(E2E2)

where f(EiEj) stands for the frequency of genotype EiFj. From Hardy-
Weinberg we know that

Genotype Genotype Frequency

E1EL f(ELE1) = p?
E1E2 f(E1E2) = 2pq
E2E2 f(E2E2) = ¢?

where p = f(E1) the allele frequency of E1 which is given in the task and is
p = 0.2. Because the locus F is bi-allelic, we get ¢ = f(F2) =1—p=0.8.

Using all this, we get the population mean p as

1 = axp*+dx2pq+(—a)*q* = (p—q)a+2pqd = (0.2—0.8)%4.125+2%0.2%0.8%1.575 = —1.971



b) Compute the breeding values and the dominance deviations for all three
genotypes

Solution:

All breeding values depend on the allele substitution effect o which corresponds
to

a=a+(qg—p)d=4.125+ (0.8 —0.2) % 1.575 = 5.07

Breeding values are computed according to the following table

Genotype Breeding Value

E1E1 2qa = 8.112
E1E2 (¢ — p)a = 3.042
E2E2 —2pa = —2.028

The dominance deviation is

Genotype Dominance Deviation

E1E1 —2¢%d = —2.016
E1E2 2pqd = 0.504
E2E2 —2p%d = —0.126




¢) Compute the genetic additive variance and the dominance variance.

Solution:

The additive genetic variance corresponds to

0% = 2pga® = 2% 0.2 % 0.8 % 5.07% = 8.225568

op = (2pqd)® = (2% 0.2 % 0.8  1.575)* = 0.254016



d) When two heterozygous parents have offspring, these offspring individuals
can have genotypes F1E1, F1E2 or E2E2. When comparing the breeding
values of the offspring with different genotypes, we realize that the breeding
values are different. Compute all pairwise differences between the breeding
values of all offspring genotypes. What is the name of the specific effect
that appears in the differences of the breeding values?

Solution:

BVi; — BVia =2gqa— (¢ — p)a =«
BVig — BVas = (¢ — p)a — (—2pa) = «
BVi1 — BVay = 2qa — (—2pa) = 2«

The effect a appears in all differences and is called allele substitution effect.



Problem 2 Livestock Breeding

A group of farmers have decided to start a breeding organisation for Alpaca
(Vicugna pacos). In a first time period, the breeding organisation focuses
on importing animals from South America. In a second stage, the breeding
organisation wants to establish an own breeding program. The members of the
breeding organisation have decided to use the wool of the alpacas as a marketable
product. From an economic point of view the two traits wool yield and wool
quality are of primary importance to be able to sell the wools of the alpaca.

The members of the breeding organisation have a few questions with respect
to the design of the planned breeding program. You as an expert in Livestock
breeding are now asked to answer the following questions.

a) The breeding organisation wants to increase wool yield. To do that they
plan to get the weight of the wool of every male animal at the age of two
years. The male animals with the highest wool weight at the age of two
years are selected to be sires of the future generation. The female animals
are mated to the sires randomly. Do you think this is a good strategy?
Please reason about your answer by providing facts from Livestock Breeding.
Could you suggest some improvements to the planned breeding program
of the alpaca breeders.

Solution:

o The strategy is not very good, because parents do not pass phenotypes to
their offspring but random samples of their alleles, hence selection should
not be based on phenotypic values.

e The measurements are done only at two years of age, which is probably
very late. It would be better to have observations earlier in the life of a
selection candidate.

e Only male animals are measured and selected, the same should be done
on the female side.

e Animals are related, this should be recorded as important information in
a pedigree

o Breeding values should be predicted based on a BLUP animal model which
uses all information in an optimal way

e Selection decisions should be based for males and females on the ranking
according to the predicted breeding values


https://en.wikipedia.org/wiki/Alpaca

b) During the negociations between the farmers and the buyers of the wool, it
became clear, that the quality of the wool is a second important criterion.
The trait ‘fiber diameter* is used to describe the wool quality. Now the
Alpaca breeder want to improve their population with respect to the two
traits ‘wool yield* and ‘fiber diameter’. What are the different selection
strategies when a population should be improved with respect to several
traits? Please specify three selection strategies. Which of the three
strategies do you recommend to the Alpaca breeders? What is the reason
for your recommendation?

Solution:

1. Tandem selection

2. Selection based on independent selection thresholds

3. Selection based on dependent selection thresholds which corresponds to a
selection index using multivariate BLUP breeding values

e The best is strategy 3.

« genetic relationships (correlations) between traits in the aggregate genotype
are considered correctly

o relationships between information sources in the index are considered
correctly

¢ information from auxiliary traits can be used

o differences in economic relevance of different traits are considered correctly

e expected selection responses can be estimated and thereby quantified



¢) The breeding organisation has decided to define an aggregate genotype
with the two traits of ‘wool yield‘ and ‘fiber diameter’. The economic values
for the two traits are given in the table below. The aggregate genotype is
approximated using an index with the predicted breeding values for the
same traits ‘wool yield‘ and ‘fiber diameter‘ as information sources. The
breeding values are predicted using a multivariate BLUP animal model.
What are the index weights with which the information sources are used
in the index.

2
Trait Economic Value
Wool Yield 12.75
Fibre Diameter -3.20

Solution:

Because the same traits are used in the aggregate genotype and in the index and
because the information sources used in the selection index are based on BLUP
predictions, the index weights are the same as the econmic values. Hence



Problem 3 Own Performance and Progeny Records

Given is the following data set

Animal Sire Dam Herd Observation

4 1 2 1 26.78
5 1 4 2 6.04
6 3 2 2 14.41
7 6 5 2 9.66

The variance components o2 (residual) and o2 (genetic) are

a) Predict the breeding values and the corresponding accuracies of the pre-
dicted breeding values based on the animals own performance. The popu-
lation mean p is taken as the average of all observations, p = 14.22.

Solution:

The predicted breeding value 4; based on an own performance is

i = h*(yi — )

where )
20
p2 = Ju —0.25
o2+ 02 20+ 60

The accuracies of all predicted breeding values correspond to the correlation 7, ,
between the true breeding value and the information source y.

2
’ru’y = COU(U/’y) = Ou = & = h =V 02 == 05

Ou0y Ou0y oy

The results are shown in the following table

Animal Predicted Breeding Value Accuracy

4 3.13913626 0.5
) -2.04586374 0.5
6 0.04663626 0.5
7 -1.14086374 0.5
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b) Predict the breeding values of the sires 1, 3 and 6 based on the performance
records of their progeny using the regression method. Indicate for each
breeding value the corresponding accuracy.

Solution:

The predicted breeding value ; based on the progeny performance is

;= b(y; — 1)
where 5
n
b= —— = 14.22
ntk P
with
4—h2 4-025

k= = =15
h? 0.25

First the number of progeny per sire is determined

Sire  Mean Observation Number of Progeny

1 16.41 2
3 14.41 1
6 9.66 1

Adding the predicted breeding values

Sire  Mean Observation Number of Progeny Predicted Breeding Value Accuracy

1 16.41 2 0.514
3 14.41 1 0.023
6 9.66 1 -0.570

0.34
0.25
0.25
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¢) What is the reason for the difference between the accuracies found in
Problem 3a and 3b? How many offspring does a sire need that the accuracy
of its predicted breeding value based on progeny records will be bigger
than the accuracy in 3a?

Solution:

« In 3a the accuracies are all constant and depend only on h?

¢ In 3b, the accuracies are also influenced by the number of offspring, but
for low number of progeny, accuracies are lower

e The number of progeny that is required can be computed as

n

=h
n+k
n
= h2
n+k
n 2
n+ (4 — h?)/h?
nh? 2
nh? +4 — h?

nh? = h%(nh? + (4 — h?))

nh? = nh* + 4h* — b*

n=nh?+4—h?

n—nh?=4-—n?

n(l—h?) =4 —h?

4-h* 4025

T1-nz2 T 1-02

5

n
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Problem 4 BLUP Models

Given is the same data set as in Problem 3.

Animal Sire Dam Herd Observation

4 1 2 1 26.78
5 1 4 2 6.04
6 3 2 2 14.41
7 6 5 2 9.66

The variance components o2 (residual) and o2 (genetic) are

a) Predict the breeding values based on the data given above, using a sire
model. Herds are treated as fixed effects and sire breeding values are
modeled as random effects. Please specify all model components including
expected values and variances for the random components. Set up the
mixed model equations to get solutions for the predicted breeding values.

29

Solution:

Model components

The sire model is defined as

y=XB+Zss+e

y  vector of length 4 of observations
B vector of length 2 of fixed herd effects

X  design matrix linking fixed effects to observations

s vector of length 3 of sire breeding values

Zs design matrix linking sire breeding values to observations
e vector of length 4 of random rest effects

The vectors of the model are

26.78 s el

. 6.04 | B . ! _ | e
Y= 14.41 7ﬁ_|:/62:|75_ 53 y €= es
9.66 % eq
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The design matrices

10 1 00
0 1 1 00
X = 0 1 » Zs = 0 10
0 1 0 01

Expected Values and Variances of Random Components

Yy XpB

El s | = 0

0
Y vV ZG 0
var | s | =| GZT G 0
0 0 R

where R = [ x 02, G = Agx 02, V = Z,GZT + R and A; is the numerator
relationship matrix between the sires given below and

2 1 2

Og = ZO'U

1.00 0.00 0.00
As = 0.00 1.00 0.50
0.00 0.50 1.00

Mixed Model Equations

MME for the sire model are

XTX XTz, 1181 [ X7y
ZIX ZTZ 4+ XN+ A7Y || 5|

The single components of MME are

—_ =

2 00
XTX:[(I) g}’XTZ:[ 1 ?],ZTZ= 01 0, A=
0 0 1

1.0000  0.0000  0.0000
A7 = | 0.0000 1.3333 —0.6667
0.0000 —0.6667 1.3333
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Putting all mixed model equations together leads to

1.00 0.00 1.00 0.00 0007 [ B
0.00 3.00 100 1.00 100 | | 3
1.00 1.00 1400 0.00 000 || 3
0.00 1.00 0.00 17.00 —8.00 | | 5,
0.00 1.00 0.00 —8.00 17.00 | | %

The solution

B 27.0835
Bo 9.9861
5 | =] —0.3035
3 0.3227
3 0.1327

15

26.78
30.11
32.82
14.41

9.66



b) Predict the breeding values based on the data given above, using an animal
model. Herds are treated as fixed effects and breeding values are modeled
as random effects. Please specify all model components including expected
values and variances for the random components. Set up the mixed model
equations to get solutions for the predicted breeding values.

51

Solution:

Model components

The animal model is defined as

y=XB+Zu+e

y  vector of length 4 of observations

B vector of length 2 of fixed herd effects

X design matrix linking fixed effects to observations

u  vector of length 7 of animal breeding values

Z  design matrix linking animal breeding values to observations
e  vector of length 4 of random rest effects

The vectors of the model are

]
26.78 o el
_leoa| L [B] B e
Y= 14.41 56_|:ﬂ2:|aa/_ z4 y €= es
9.66 0 ey
Ue
- u7 -
The design matrices

1 0 0001 00O

0 1 000 0O 1 0O

X = 0o 11|° Z= 0 00O 0O O0OT1FO0

0 1 000 0O O0O0 1

Expected Values and Variances of Random Components

Yy XpB
EFlu | = 0
e 0
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Y Vv
var | v | = | GZT @G
e 0 0

ZG 0

0
R

where R = [ x 0%, G = Ax02, V = ZGZT + R and A is the numerator
relationship matrix between the animals given below

Mixed Model Equations

MME for the animal model are

XTX XTz
ZT'X ZTZ 4+ X+ A1

The single components of MME are

o
2.0000  0.5000  0.0000
0.5000  2.0000  0.5000
0.0000  0.5000 1.5000
A™' = | —0.5000 —1.0000  0.0000
—1.0000  0.0000  0.0000

0.0000 —1.0000 —1.0000

0.0000  0.0000  0.0000

[ 1.0000 0.0000 0.0000 0.5000
0.0000 1.0000 0.0000 0.5000
0.0000 0.0000 1.0000 0.0000

A= 0.5000 0.5000 0.0000 1.0000
0.7500 0.2500 0.0000 0.7500
0.0000 0.5000 0.5000 0.2500

| 0.3750 0.3750 0.2500 0.5000

60

20 3
—0.5000
—1.0000
0.0000
2.5000
—1.0000
0.0000
0.0000

0.7500
0.2500
0.0000
0.7500
1.2500
0.1250
0.6875

I[2]-1

—1.0000
0.0000
0.0000

—1.0000
2.5714
0.5714

—1.1429

Putting all mixed model equations together leads to
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0.0000
0.5000
0.5000
0.2500
0.1250
1.0000
0.5625

XTy
ZTy

L ZT7 =

|

[eoil el an Bl an B e e M @)

0.0000
—1.0000
—1.0000

0.0000

0.5714

2.5714
—1.1429

0.3750 |
0.3750
0.2500
0.5000
0.6875
0.5625
1.0625 |

O OO OO oo

OO DD OO OO
OO O OO O

0.0000
0.0000
0.0000
0.0000
—1.1429
—1.1429
2.2857

SO, OO OO

O OO O oo

_ o0 O O o oo




[ 1.00
0.00
0.00
0.00
0.00
1.00
0.00
0.00

| 0.00

0.00
3.00
0.00
0.00
0.00
0.00
1.00
1.00
1.00

The solution

0.00
0.00
6.00
1.50
0.00
—1.50
-3.00
0.00
0.00

0.00
0.00
1.50
6.00
1.50
—3.00
0.00
-3.00
0.00

0.00
0.00
0.00
1.50
4.50
0.00
0.00

-3.00

REIBIBIFINIRINE ) RN
R S VN . e

0.00

—1.50

1.00  0.00
0.00 1.00
-3.00

—3.00 0.00

0.00 0.00
8.50 —3.00

-3.00 8.71
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[ 27.3031

0.00 1.71
0.00 —-3.43

10.1841
—0.7847
0.2616
0.5231
—0.5231
—1.1770
0.9155
—0.1808

0.00
1.00
0.00
-3.00
-3.00
0.00
1.71
8.71
—3.43

0.00
1.00
0.00
0.00
0.00
0.00
—3.43
—3.43
7.86

26.78
30.11
0.00
0.00
0.00
26.78
6.04
14.41
9.66




Problem 5 Relationship and Inbreeding

Given is the following pedigree

Animal Sire Dam
FREUDI RENARD Flurina
RENARD LARS SIRA
SIRA TELL SILVA

Flurina HARRY Freia

a) Compute the numerator relationship matrix for the above given pedigree.

48

Solution:

First we have to re-order the pedigree such that parents are always before progeny.
This results in

Animal Sire Dam
SIRA TELL SILVA
Flurina HARRY Freia
RENARD LARS SIRA

FREUDI RENARD Flurina

Recoding the pedigree to numers with the following mapping

Name Code

TELL
SILVA
HARRY
Freia
LARS
SIRA
Flurina
RENARD
FREUDI

© 00~ Tk Wi+

Applying the above shown mapping

Animal Sire Dam

6 1 2

19



Extending the pedigree with founders

Animal Sire Dam
7 3 4
8 5 6
9 8 7
Animal Sire Dam
1 NA NA
2 NA NA
3 NA NA
4 NA NA
5 NA NA
6 1 2
7 3 4
8 5 6
9 8 7

This pedigree can be used to compute the numerator relationship matrix

[ 1.000
0.000
0.000
0.000
0.000
0.500
0.000
0.250

| 0.125

0.000
1.000
0.000
0.000
0.000
0.500
0.000
0.250
0.125

0.000
0.000
1.000
0.000
0.000
0.000
0.500
0.000
0.250

0.000
0.000
0.000
1.000
0.000
0.000
0.500
0.000
0.250

0.000
0.000
0.000
0.000
1.000
0.000
0.000
0.500
0.250
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0.500
0.500
0.000
0.000
0.000
1.000
0.000
0.500
0.250

0.000
0.000
0.500
0.500
0.000
0.000
1.000
0.000
0.500

0.250
0.250
0.000
0.000
0.500
0.500
0.000
1.000
0.500

0.125
0.125
0.250
0.250
0.250
0.250
0.500
0.500
1.000




b) Compute the inverse numerator relationship matrix A~! from the above
given pedigree.

21

Solution:

1.5000  0.5000  0.0000  0.0000  0.0000 —1.0000  0.0000  0.0000  0.0000
0.5000 1.5000  0.0000  0.0000  0.0000 -1.0000  0.0000  0.0000  0.0000
0.0000  0.0000 1.5000  0.5000  0.0000  0.0000 —1.0000  0.0000  0.0000
0.0000  0.0000  0.5000 1.5000  0.0000  0.0000 —1.0000  0.0000  0.0000
Al = 0.0000  0.0000  0.0000  0.0000 1.5000  0.5000  0.0000 —1.0000  0.0000
—1.0000 —1.0000  0.0000  0.0000  0.5000 2.5000  0.0000 -—1.0000  0.0000
0.0000  0.0000 -1.0000 —1.0000  0.0000  0.0000 2.5000  0.5000 —1.0000
0.0000  0.0000  0.0000  0.0000 —1.0000 —1.0000  0.5000 2.5000 —1.0000
0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 —1.0000 —1.0000  2.0000
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