


y = g + e

y g e

e
E [e] = 0 g

y E [y] = E [g]

V ar(y) = V ar(g) + V ar(e)



Population (N = 10)

G1

G1

G1

G2

G2

G2

G2

G2

G2 G2

G2

G2

G1

G1

G1

G1

G1 G1

G1

G1

f(G1G1) f(G1G2) f(G2G2)
G1G1 G1G2 G2G2

G1G1 G1G2 G2G2

f(G1G1) = 4
10 = 0.4

f(G1G2) = 3
10 = 0.3

f(G2G2) = 3
10 = 0.3

f(G1) f(G2)

f(G1) = f(G1G1) + 1/2f(G1G2) = 0.4 + 0.15 = 0.55
f(G2) = f(G2G2) + 1/2f(G1G2) = 0.3 + 0.15 = 0.45

Vij GiGj

GiGj

1 2

f(GiGj) GiGj



Vij

G2G2 G1G1

G2G2 G1G10 G1G2

aa

d

G1
G1

G1G1 V11 = a

G1G2 V12 = d

G2G2 V22 = −a

µ E [V ]
E [X] X

E [X] =
∑

xi∈X
xi ∗ f(xi)



X x
f(xi) x xi

X = {V11, V12, V22}

µ = E [V ] = f(G1G1) ∗ V11 + f(G1G2) ∗ V12 + f(G2G2) ∗ V22

f(G1) f(G2) G1 G2 p = f(G1)
q = f(G2) = 1 − p

G1G1 p ∗ p = p2

G1G2 p ∗ q + q ∗ p = 2pq

G2G2 q ∗ q = q2

µ = p2 ∗ a + 2pq ∗ d − q2 ∗ a

= (p2 − q2)a + 2pqd

= (p + q)(p − q)a + 2pqd

= (p − q)a + 2pqd

p q

i
i

ZW11 G1G1

ZW11
G1G1

G1G1
G1G1



f(G1) = p f(G2) = q

f(G1) = 1 f(G1G1) = p f(G1G2) = q

G1G1 G1
f(G1) = 1 f(G2) = 0 G2

f(G1) = p f(G2) = q

G1G1

µ11 = pa + qd

ZW11 G1G1

ZW11 = 2 ∗ (µ11 − µ)
= 2 (pa + qd − [(p − q)a + 2pqd])
= 2 (pa + qd − (p − q)a − 2pqd)
= 2 (qd + qa − 2pqd)
= 2 (qa + qd(1 − 2p))
= 2q (a + d(1 − 2p))
= 2q (a + (q − p)d)

G2G2 G1G2

ZW22 G2G2

G2G2

f(G1) = p f(G2) = q

f(G2) = 1 f(G1G2) = p f(G2G2) = q

G2G2

µ22 = pd − qa

ZW22



ZW22 = 2 ∗ (µ22 − µ)
= 2 (pd − qa − [(p − q)a + 2pqd])
= 2 (pd − qa − (p − q)a − 2pqd)
= 2 (pd − pa − 2pqd)
= 2 (−pa + p(1 − 2q)d)
= −2p (a + (q − p)d)

ZW12 G1G2

G1G2

f(G1) = p f(G2) = q

f(G1) = 0.5 f(G1G1) = 0.5p f(G1G2) = 0.5q

f(G2) = 0.5 f(G1G2) = 0.5p f(G2G2) = 0.5q

G1G2

µ12 = 0.5pa + 0.5d − 0.5qa = 0.5 [(p − q)a + d]

ZW12

ZW12 = 2 ∗ (µ12 − µ)
= 2 (0.5(p − q)a + 0.5d − [(p − q)a + 2pqd])
= 2 (0.5pa − 0.5qa + 0.5d − pa + qa − 2pqd)
= 2 (0.5(q − p)a + (0.5 − 2pq)d)
= (q − p)a + (1 − 4pq)d
= (q − p)a + (p2 + 2pq + q2 − 4pq)d
= (q − p)a + (p2 − 2pq + q2)d
= (q − p)a + (q − p)2d

= (q − p) [a + (q − p)d]

a + (q − p)d α



G1G1 2qα

G1G2 (q − p)α

G2G2 −2pα

G2G2 G1G2
G2 G1

ZW12 ZW22

ZW12 − ZW22 = (q − p)α − (−2pα)
= (q − p)α + 2pα

= (q − p + 2p)α
= (q + p)α
= α

G1G2 G2 G1 G1G1
ZW11 ZW12

ZW11 − ZW12 = 2qα − (q − p)α
= (2q − (q − p)) α

= α

G1

Vij

ZWij

G1G1 G1G2 G2G2

V11 − ZW11 = a − 2qα

= a − 2q [a + (q − p)d]
= a − 2qa − 2q(q − p)d
= a(1 − 2q) − 2q2d + 2pqd

= [(p − q)a + 2pqd] − 2q2d

= µ + D11



V12 − ZW12 = d − (q − p)α
= d − (q − p) [a + (q − p)d]
= [(p − q)a + 2pqd] + 2pqd

= µ + D12

V22 − ZW22 = −a − (−2pα)
= −a + 2p [a + (q − p)d]
= [(p − q)a + 2pqd] − 2p2d

= µ + D22

GiGj Vij ZWij Dij

G1G1 a 2qα −2q2d

G1G2 d (q − p)α 2pqd

G2G2 −a −2pα −2p2d

G1
f(G1) G1 p f(G2)

G2 q p + q = 1

Vij = µ + ZWij + Dij

X V ar [X]

V ar [X] =
∑

xi∈X
(xi − µX)2 ∗ f(xi)



X x
f(xi) x xi

µX E [X] X

Vij

σ2
G = V ar [V ] = (V11 − µ)2 ∗ f(G1G1)

+ (V12 − µ)2 ∗ f(G1G2)
+ (V22 − µ)2 ∗ f(G2G2)

µ = (p − q)a + 2pqd

Vij − µ = ZWij + Dij

σ2
G = (ZW11 + D11)2 ∗ p2

+ (ZW12 + D12)2 ∗ 2pq

+ (ZW22 + D22)2 ∗ q2

ZWij Dij

σ2
G = 2pqα2 + (2pqd)2

2pqα2

(2pqd)2

2pqα2

σ2
A (2pqd)

σ2
D

σ2
G = 2pqα2 + (2pqd)2

= σ2
A + σ2

D



A B
f(A1A1B1B1) f(A1A1) f(B1B1)

f(A1A1B1B1) ̸= f(A1A1) ∗ f(B1B1)

A B

V (A)
ij V (B)

kl g

g + µ = V (A)
ij + V (B)

kl + I(A)·(B)
ijkl

= µ(A)ZW (A)
ij + D(A)

ij + µ(B) + ZW (B)
kl + D(B)

kl + I(A)·(B)
ijkl

µ(A) µ(B) A B µ
µ = µ(A) +µ(B)

a d
i

g = a + d + i

a d i
E [a] = E [d] = E [i] = 0

g

E [g] = E [a] + E [d] + E [i] = 0

σ2
G

σ2
I

σ2
G = σ2

A + σ2
D + σ2

I



a a

µ g
y

y = µ + g + e

e µ
E [y] = µ

V ar [y] = σ2
p = σ2

g + σ2
e + 2Cov [g, e]

Cov [g, e]
Cov [g, e] = 0

σ2
p = σ2

g + σ2
e



σ2
G = (ZW11 + D11)2 ∗ p2

+ (ZW12 + D12)2 ∗ 2pq

+ (ZW22 + D22)2 ∗ q2

=
(
2qα − 2q2d

)2 ∗ p2

+ ((q − p)α + 2pqd)2 ∗ 2pq

+
(
−2pα − 2p2d

)2 ∗ q2

=
(
4q2α2 − 8q3dα + 4q4d2)

∗ p2

+
(
q2α2 − 2pqα2 + p2α2 − 4(q − p)pqdα + 4p2q2d2)

∗ 2pq

+
(
4p2α2 + 8p3dα + 4p4α2)

∗ q2

= 4p2q2α2 − 8p2q3dα + 4p2q4d2

+ 2pq3α2 − 4p2q2α2 + 2p3qα2

− 8p3q2dα + 8p2q3dα + 8p3q3d2

+ 4p2q2α2 + 8p3q2dα + 4p4q2d2

= 4p2q2α2 + 4p2q4d2

+ 2pq3α2 + 2p3qα2

+ 8p3q3d2

+ 4p4q2d2

= 2pqα2 (
p2 + 2pq + q2)

+ (2pqd)2 (
p2 + 2pq + q2)

= 2pqα2 + (2pqd)2

2pqα2

2pqα2 = p2ZW 2
11 + 2pqZW 2

12 + q2ZW 2
22

= p2(2qα)2 + 2pq((q − p)α)2 + q2(−2pα)2

= 4p2q2α2 + 2pq(q2α2 − 2pqα2 + p2α2) + 4p2q2α2

= 4p2q2α2 + 2pq3α2 − 4p2q2α2 + 2p3qα2 + 4p2q2α2

= (4p2q2 + 2pq3 + 2p3q)α2

= 2pq(2pq + q2 + p2)α2

= 2pqα2



(2pqd)2

(2pqd)2 = p2D2
11 + 2pqD2

12 + q2D2
22

= p2(−2q2d)2 + 2pq(2pqd)2 + q2(−2p2d)2

= 4p2q4d2 + 8p3q3d2 + 4p4q2d2

= 4p2q2d2(q2 + 2pq + p2)
= 4p2q2d2
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