
A A−1



A

A =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.0000 0.0000 0.0000 0.0000 0.5000 0.0000 0.0000 0.2500 0.0000 0.1250
0.0000 1.0000 0.0000 0.0000 0.5000 0.5000 0.0000 0.5000 0.2500 0.3750
0.0000 0.0000 1.0000 0.0000 0.0000 0.5000 0.5000 0.2500 0.5000 0.3750
0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.5000 0.0000 0.2500 0.1250
0.5000 0.5000 0.0000 0.0000 1.0000 0.2500 0.0000 0.6250 0.1250 0.3750
0.0000 0.5000 0.5000 0.0000 0.2500 1.0000 0.2500 0.6250 0.6250 0.6250
0.0000 0.0000 0.5000 0.5000 0.0000 0.2500 1.0000 0.1250 0.6250 0.3750
0.2500 0.5000 0.2500 0.0000 0.6250 0.6250 0.1250 1.1250 0.3750 0.7500
0.0000 0.2500 0.5000 0.2500 0.1250 0.6250 0.6250 0.3750 1.1250 0.7500
0.1250 0.3750 0.3750 0.1250 0.3750 0.6250 0.3750 0.7500 0.7500 1.1875

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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A−1 A

A

A σ2
a

var(a) = A ∗ σ2
a

a A

ai i d s

ai = 1
2 as + 1

2 ad + mi

as ad s d i mi

mi

a = P ∗ a + m
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a3 = 1
2 a1 + 1

2 a2 + m3
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a4 = 1
2 a1 + m4

1 2 mi

a1 = m1

a2 = m2

⎡

⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3
a4
a5
a6

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00
0.50 0.50 0.00 0.00 0.00 0.00
0.50 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.50 0.50 0.00 0.00
0.00 0.50 0.00 0.00 0.50 0.00

⎤

⎥⎥⎥⎥⎥⎥⎦
∗

⎡

⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3
a4
a5
a6

⎤

⎥⎥⎥⎥⎥⎥⎦
+

⎡

⎢⎢⎢⎢⎢⎢⎣

m1
m2
m3
m4
m5
m6

⎤

⎥⎥⎥⎥⎥⎥⎦

ai i as ad s
d ai

as = 1
2 ass + 1

2 asd + ms

ass asd s ad

ad = 1
2 ads + 1

2 add + md

ai

m

ai = 1
2

(1
2 ass + 1

2 asd + ms

)
+ 1

2

(1
2 ads + 1

2 add + md

)
+ mi

= 1
4 ass + 1

4 asd + 1
4 ads + 1

4 add + 1
2 ms + 1

2 md + mi

i
m

a = L ∗ m

L

i s d
i s d



⎡

⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3
a4
a5
a6

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

1.00 0.00 0.00 0.00 0.00 0.00
0.00 1.00 0.00 0.00 0.00 0.00
0.50 0.50 1.00 0.00 0.00 0.00
0.50 0.00 0.00 1.00 0.00 0.00
0.50 0.25 0.50 0.50 1.00 0.00
0.25 0.62 0.25 0.25 0.50 1.00

⎤

⎥⎥⎥⎥⎥⎥⎦
∗

⎡

⎢⎢⎢⎢⎢⎢⎣

m1
m2
m3
m4
m5
m6

⎤

⎥⎥⎥⎥⎥⎥⎦

ai var(ai)

var(ai) = var(1
2 as + 1

2 ad + mi) = 1
4 var(as) + 1

4 var(ad) + 1
2 cov(as, ad) + var(mi)

A

var(ai) = (1 + Fi)σ2
a

var(as) = (1 + Fs)σ2
a

var(ad) = (1 + Fd)σ2
a

cov(as, ad) = asdσ2
a = 2Fiσ

2
a

m
var(mi)

var(mi) = var(ai) −
[1

4 var(as) + 1
4 var(ad) + 1

2 cov(as, ad)
]

= (1 + Fi)σ2
a − 1

4 (1 + Fs)σ2
a − 1

4 (1 + Fd)σ2
a − 1

2 2Fiσ
2
a

=
[1

2 − 1
4 (Fs + Fd)

]
σ2

a

i ai

ai = 1
2 ad + mi

var(mi) =
[
1 − 1

4 (1 + Fd)
]

σ2
a =

[3
4 − 1

4 Fd

]
σ2

a

ai = mi

var(mi) = σ2
a



m

m a

var(a) = var(L ∗ m) = L ∗ var(m) ∗ LT

var(m) var(mi) var(mi)
i

var(m) m
mi mj i ̸= j

var(mi) σ2
a

var(m) = D ∗ σ2
a

var(a) = L ∗ var(m) ∗ LT = L ∗ D ∗ LT σ2
a

var(a)
A σ2

a

A

var(a) = A ∗ σ2
a = L ∗ D ∗ LT σ2

a

A = L ∗ D ∗ LT

A

A
A−1 A A

A−1

A−1 = (L ∗ D ∗ LT )−1 = (LT )−1 ∗ D−1 ∗ L−1 = (L−1)T ∗ D−1 ∗ L−1

D D−1

1/var(mi) L−1

a = P ∗ a + m

a = L ∗ m

m



A

m = a − P ∗ a = (I − P ) ∗ a

m = L−1 ∗ a

I P

m L−1

L−1 = I − P

D

D =

⎡

⎢⎢⎢⎢⎢⎢⎣

1.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 1.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.50000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.75000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.50000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.46875

⎤

⎥⎥⎥⎥⎥⎥⎦

D−1

D−1 =

⎡

⎢⎢⎢⎢⎢⎢⎣

1.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 1.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 2.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 1.33333 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 2.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 2.13333

⎤

⎥⎥⎥⎥⎥⎥⎦

P L−1

P =

⎡

⎢⎢⎢⎢⎢⎢⎣

0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00
0.50 0.50 0.00 0.00 0.00 0.00
0.50 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.50 0.50 0.00 0.00
0.00 0.50 0.00 0.00 0.50 0.00

⎤

⎥⎥⎥⎥⎥⎥⎦

L−1

L−1 =

⎡

⎢⎢⎢⎢⎢⎢⎣

1.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 1.00000 0.00000 0.00000 0.00000 0.00000

−0.50000 −0.50000 1.00000 0.00000 0.00000 0.00000
−0.50000 0.00000 0.00000 1.00000 0.00000 0.00000

0.00000 0.00000 −0.50000 −0.50000 1.00000 0.00000
0.00000 −0.50000 0.00000 0.00000 −0.50000 1.00000

⎤

⎥⎥⎥⎥⎥⎥⎦

A−1



A−1 =

⎡

⎢⎢⎢⎢⎢⎢⎣

1.83333 0.50000 −1.00000 −0.66667 0.00000 0.00000
0.50000 2.03333 −1.00000 0.00000 0.53333 −1.06667

−1.00000 −1.00000 2.50000 0.50000 −1.00000 0.00000
−0.66667 0.00000 0.50000 1.83333 −1.00000 0.00000

0.00000 0.53333 −1.00000 −1.00000 2.53333 −1.06667
0.00000 −1.06667 0.00000 0.00000 −1.06667 2.13333

⎤

⎥⎥⎥⎥⎥⎥⎦
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