
b b
u



y = Xb + Zu + e

y
b
u
e
X
Z

E

⎡

⎣
y
u
e

⎤

⎦ =

⎡

⎣
Xb
0
0

⎤

⎦

u
e 0

y Xb

var

⎡

⎣
y
u
e

⎤

⎦ =

⎡

⎣
ZGZT + R ZG R

GZT G 0
R 0 R

⎤

⎦

e R u
G cov(u, eT ) u e 0

b var(b) =
0 u e b 0

var(y) y
V

var(y) = var(Xb + Zu + e)
= var(Zu) + var(e)
= Z ∗ var(u) ∗ ZT + var(e)
= Z ∗ G ∗ ZT + R = V

cov(y, uT ) y u

cov(y, uT ) = cov(Xb + Zu + e, uT )
= cov(Zu, uT ) + cov(e, uT )
= Z ∗ cov(u, uT )
= Z ∗ G



û
u

Kb Mu By

E [Kb + Mu] = E [By]
Kb = BXb

var(By − (Kb + Mu))

b̂ = (XT V −1X)−XT V −1y

û = GZT V −1(y − Xb̂)

b̂
û
()−

V −1

[
XT R−1X XT R−1Z
ZT R−1X ZT R−1Z + G−1

] [
b̂
û

]
=

[
XT R−1y
ZT R−1y

]

R V
V

u e

a

s

y = Xb + Za + e



y
b
a
e
X
Z

u
a

a e

V ar(a) = G = A σ2
a G−1 = A−1σ−2

a

V ar(e) = R = I σ2
e R−1 = I σ−2

e

A
I
σ2

a

σ2
e

[
XT R−1X XT R−1Z
ZT R−1X ZT R−1Z + G−1

] [
b̂
â

]
=

[
XT R−1y
ZT R−1y

]

σ2
e

[
XT X XT Z
ZT X ZT Z + A−1 α

] [
b̂
â

]
=

[
XT y
ZT y

]

α σ2
e/σ2

a = (1 − h2)/h2

h2

M ∗ ŝ = r

M
ŝ
r

A
y



σ2
e σ2

a σ2
e = 40 σ2

a = 20
α = 40/20 = 2

yij

yij = bi + aj + eij

yij j i
bi i
aj j
eij j i

4.5 = bM + a4 + eM4

2.9 = bF + a5 + eF 5

3.9 = bF + a6 + eF 6

3.5 = bM + a7 + eM7

5.0 = bM + a8 + eM8

y = Xb + Za + e

y =

⎡

⎢⎢⎢⎢⎣

4.50
2.90
3.90
3.50
5.00

⎤

⎥⎥⎥⎥⎦

b =
[

b̂M

b̂F

]



a =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

â1
â2
â3
â4
â5
â6
â7
â8

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

e =

⎡

⎢⎢⎢⎢⎣

eM4
eF 5
eF 6
eM7
eM8

⎤

⎥⎥⎥⎥⎦

X Z

X =

⎡

⎢⎢⎢⎢⎣

1 0
0 1
0 1
1 0
1 0

⎤

⎥⎥⎥⎥⎦

Z =

⎡

⎢⎢⎢⎢⎣

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎦

M

XT X =
[

3 0
0 2

]

XT Z =
[

0 0 0 1 0 0 1 1
0 0 0 0 1 1 0 0

]

ZT Z =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



A−1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.833 0.500 0.000 −0.667 0.000 −1.000 0.000 0.000
0.500 2.000 0.500 0.000 −1.000 −1.000 0.000 0.000
0.000 0.500 2.000 0.000 −1.000 0.500 0.000 −1.000

−0.667 0.000 0.000 1.833 0.500 0.000 −1.000 0.000
0.000 −1.000 −1.000 0.500 2.500 0.000 −1.000 0.000

−1.000 −1.000 0.500 0.000 0.000 2.500 0.000 −1.000
0.000 0.000 0.000 −1.000 −1.000 0.000 2.000 0.000
0.000 0.000 −1.000 0.000 0.000 −1.000 0.000 2.000

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ZT Z + A−1 ∗ α

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.667 1.000 0.000 −1.333 0.000 −2.000 0.000 0.000
1.000 4.000 1.000 0.000 −2.000 −2.000 0.000 0.000
0.000 1.000 4.000 0.000 −2.000 1.000 0.000 −2.000

−1.333 0.000 0.000 4.667 1.000 0.000 −2.000 0.000
0.000 −2.000 −2.000 1.000 6.000 0.000 −2.000 0.000

−2.000 −2.000 1.000 0.000 0.000 6.000 0.000 −2.000
0.000 0.000 0.000 −2.000 −2.000 0.000 5.000 0.000
0.000 0.000 −2.000 0.000 0.000 −2.000 0.000 5.000

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

XT y =
[

13.0
6.8

]

ZT y =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.0
0.0
0.0
4.5
2.9
3.9
3.5
5.0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3.0 0.0 0.0 0.0 0.0 1.0 0.0 0.0 1.0 1.0
0.0 2.0 0.0 0.0 0.0 0.0 1.0 1.0 0.0 0.0
0.0 0.0 3.7 1.0 0.0 −1.3 0.0 −2.0 0.0 0.0
0.0 0.0 1.0 4.0 1.0 0.0 −2.0 −2.0 0.0 0.0
0.0 0.0 0.0 1.0 4.0 0.0 −2.0 1.0 0.0 −2.0
1.0 0.0 −1.3 0.0 0.0 4.7 1.0 0.0 −2.0 0.0
0.0 1.0 0.0 −2.0 −2.0 1.0 6.0 0.0 −2.0 0.0
0.0 1.0 −2.0 −2.0 1.0 0.0 0.0 6.0 0.0 −2.0
1.0 0.0 0.0 0.0 0.0 −2.0 −2.0 0.0 5.0 0.0
1.0 0.0 0.0 0.0 −2.0 0.0 0.0 −2.0 0.0 5.0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b̂M

b̂F

â1
â2
â3
â4
â5
â6
â7
â8

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

13.00
6.80
0.00
0.00
0.00
4.50
2.90
3.90
3.50
5.00

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

b a
M

ŝ = M−1 ∗ r

ŝ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4.359
3.404
0.098

−0.019
−0.041
−0.009
−0.186

0.177
−0.249

0.183

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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