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Background

» Central Dogma of Molecular Biology
— Genotypes are the basis for phenotypic expression
» Start with simple model

— one locus that affects quantitative trait



Population

Population (N = 10)




Terminology

P alleles: variants occuring at a given genetic Locus

» bi-allelic: only two alleles, e.g., G; and G, at a given locus G
in population

> genotype: combination of two alleles at locus G in an
individual

» homozygous: genotypes G;G; and G, Gy where both alleles
identical

> heterozygous: genotype Gj G different alleles



Frequencies in Example Population

> genotype frequencies

F(G1GY) = & = 0.4

10
3

f(G1G2) = 5 =03
3

f(G2Ga) = 75 = 03

> allele frequencies

1
f(G1) = f(G1G1) + 5 f(G1Gy) = 0.55

1
f(Go) = F(G2Go) + 5 + f(G1Gy) = 0.45



Hardy-Weinberg Equilibrium

> allele frequencies
f(Gl)=p f(G)=qg=1-p

> genotype frequencies

Alleles Gy Go

G1 f(GlGl) = p2 f(Gle) =p*q
G f(GG)=pxq f(GG)=q?

f(G1G1) = p?, f(G1Gy) = 2pq, f(G2Gp) = ¢°



Genotypic Values
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G1G2
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Population Mean

» Expected value of genotypic value V as discrete random
variable

n= Vi1 * f(GlGl) + Vio * f(GlGQ) + Voo * f(Gsz)
=axp?+dx2pq+(—a)*q¢>
= (p—q)a+2pqd



Breeding Values Definition

The breeding value of an animal /i is defined as two times the
difference between the mean value of offsprings of animal i and the
population mean.



Derivation of Breeding value for G; G;

Mates of S
f(G)=p | f(G2)=gq
Parent S
f(Gl)=1|f(GiG)=p | f(G1G) =¢q




Computation of Breeding value for G;G;

pi1=pxa+qx*xd

The breeding value BVj; corresponds to

BVi1 =2 (p11 — p)
= 2(pa+qd — [(p— q)a + 2pqd])
=2(pa+qd —(p—q)a—2pqd)
= 2(qd + ga — 2pqd)
=2(qa+ qd(1 — 2p))
=2q(a+d(1-2p))
=2q(a+(q—p)d)



Computation of Breeding value for G,G,

p22 = pd — qga

The breeding value BV>, corresponds to

BV = 2 (12 — 1)
=2(pd — qa—[(p — q)a+ 2pqd])
=2(pd — qa— (p— g)a— 2pqd)
= 2(pd — pa — 2pqd)
=2(—pa+ p(1-2q)d)
=-2p(a+(q—p)d)



Computation of Breeding value for G; G,

w12 = 0.5pa+0.5d —0.5qa=0.5[(p — q)a + d]

The breeding value BVj, corresponds to

BVia = 2% (12 — )
=2(05(p — g)a+0.5d — [(p — g)a+ 2pqd])
=2(0.5pa — 0.5ga + 0.5d — pa + ga — 2pqd)
=2(0.5(q — p)a+ (0.5 —-2pq)d)
=(q—p)a+(1—4pq)d

=(q—p)a+(p°+2pq+q° —4pq)d
=(g—p)a+(p° —2pq+ q°)d
=(q9—p)a+(qg—p)°d

= ( )

q—p)[a+(qg—p)d]



Summary of Breeding Values

Genotype Breeding Value

G1 G1 2qu
G1Gy (g — p)a
G2G2 —2pa

with a = a+ (g — p)d



Allele Substitution

BVip — BV = (g — p)a — (—2pa)
q — p)a + 2pa
q—p+2p)a

q+ p)
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BVi1 — BVi2 = 2qa — (g — p)a

= (29— (q9—p))



Dominance Deviation |

Vi1 — BVi1 = a — 2qa
=a—2qla+(q—p)d]
=a—2qa—2q(q—p)d
= a(1 —2q) — 2¢%d + 2pqd
=[(p — q)a+2pqd] — 2¢°d
= p+ D11



Dominance Deviation I

Vig — BV =d — (g — p)a
=d—(q—p)la+(qg—p)d]
= [(p — q)a+ 2pqd] + 2pqd
=u+ D2

Vo — BVoy = —a — (—2pa)
=—-a+2pla+(q—p)d]
=[(p— q)a+ 2pqd] — 2p°d
= p+ D



Summary of Values

Dominance Deviation

Genotype | genotypic value | Breeding Value
G,' GJ V, B\/I_] DU
G1Gy a 2qa —2¢°d
G162 d (9 - p)a 2pqd
G2 G2 —a —2pa —2p2d




Decomposition of Genotypic Values

Vij = i+ BVjj + Dj



Variances

Var [X] = 3~ (i — )2 * F(x)

X €EX
where X set of all possible x-values
f(x;)  probability that x assumes the value

of X
5% expected value E [X] of X



Variance Computation

0% = Var[V] = (Vi1 — u)? x f(G1Gy)
+ (Vi2 = p)? + (G G2)
+ (Va2 — p)? 5 £(G2G2)

where = (p — g)a+ 2pqd the population mean.



Simplification

0% = Var[V] = (BV41 + D11)? * f(G1Gy)
+ (BVi2 + D12)? % f(G1G)
+ (BVao + D23)? % (G2 Gy)



Result

0% = 2pqa® + (2pqd)”

:af\—i—aﬁ,



Two and more Loci

» Two loci G and H having an effect on the same quantitative
trait.

» Effect of one locus can have an influence on the effect of the
other locus

— Interaction between loci.

» Interaction is quantified by

lgn=V —Vsg—Vy

where V' is the total genotypic value, Vs and Vp correspond to the
genotypic values due to loci G and H, respectively



Decomposition and Collecting Terms

» Genotypic values can be decomposed as
Ve = pe + BVs + Dg
Vi = pH + BVy + Dy

» Collecting terms leads to

V:VG—I-VH—I—/GH:,LL—FU—I-D—I-/

with p = pug + puy, U=BVs+ BVy, D= D¢+ Dy and | = Igy

» Can be generalized to more than two loci.



More Than Two Loci

» Genotypic value V influenced by an unknown number of loci:
ABC,...
» Decomposition of V

V=Va+Veg+Vc+...+ lagc..

where Iagc... is a generic Interaction term which we do not specify
further here.



Decomposition

» Genotypic value of single loci

Vaa; = iia + BVaa; + Daa;
V., = 1 + BVp,5, + Ds;5,
Ve, = e+ BVe g + Deg



Collecting Terms

» for a given animal k, BV and D terms are collected

Uy = BV = BVA,-Aj + BVB,-Bj + BVC,-Cj + ...

Dy = DA,‘Aj + DB,‘Bj + DC,-Cj + ...



Phenotype

» Including phenotypic observations y
» Central Dogma of Molecular Biology
» Decomposition

y=V+E

where V' is the genotypic value and E is the non-genetic or
environmental rest

» Insert decomposition of V' as shown above



